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PREFACE. 



To the first edition of this work, published in 1856, the 
following was prefixed : — 

" In the present Treatise will be found all the ordinary 
propositions, connected with the Dynamics of particles, which 
can be conveniently deduced without the use of D'Alembert's 
Principle. 

*'Its publication has been delayed by many unforeseen 
occurrences ; more especially by the early and lamented death 
of Mr Steele, whose portion of the work was left uncompleted, 
and whose assistance in its final arrangement and revision 
would have been invaluable. The principal portions due to 
him are the greater part of Chapters III., V. and VIII. 
together with a few pages of Chapter I. 

"Considerable use has been made of Pratt's Mechanical 
Philosophy : indeed a large portion of Chapter XI. is reprinted 
verbatim from that work. 

" Throughout the book will be found a number of illus- 
trative examples introduced in the text, and for the most part 
completely worked out; others with occasional solutions or 
hints to assist the student are appended to each Chapter. 
Per by far the greater portion of these the Cambridge Senate- 
House and College Examination Papers have been applied 

tO.^fs. 
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Tl PREFACE. 

To this was added, in the second edition, published in 
1865 :— 

" I am glad of the opportunity, presented by the call for 
a second edition, to make reparation for many of the faults 
of the first. Numerous trivial errors, and a few of a more 
serious character, have now been corrected; many sections 
and several new examples have been added ; and the whole 
of the second Chapter has been rewritten, upon the basis of 
the corresponding portion of Thomson and Tait's Natural 
Philosophy which, though as. yet unpublished, was printed off 
nearly two years ago. 

" When I wrote that Chapter, in 1855, I had not read 
Newton's admirable introduction to the Principia; and I 
endeavoured to make the best of the information I had then 
acquired from English and French treatises on Mechanics. 
These five pages, faulty and even erroneous as 1 have since 
seen them to be, cost me almost as much labour and thought 
as the utterly disproportionate remainder of my contributions 
to the volume. And I cannot but ascribe this result, in part 
at least, to the vicious system of the present day, which 
ignores Newton's Third Law of Motion, though constantly 
assuming it (tacitly) as an axiom; and erects Statics upon 
a separate basis from Kinetics, thereby necessitating several 
additional Physical Axioms, the splitting of Newton's Second 
Law into two, and the introduction of a so*called Statical 
measure of Force. 

" To be enabled to preserve the title of the work, I have 
added (apropos of the Second Law of Motion) a few hints 
about Statics of a particle. 

" The examples are, for the most part, reprinted verbatim 
from the papers in which they were set; in a few the lan- 
guage has been altered, or the theorem involved has been 
generalized ; several, however, have defied all attempts at 



PKEFACE. Vll 

improvement, and now stand in their unintelHgibility as a 
warning, to the Candidate for Mathematical Honors, of the 
ordeal he may have to pass through* 

** To several important theorems more than one demonstra- 
tion has been appended : with the object of exhibiting the 
use of the various processes by applying them to the de-' 
duction of results of real value, instead of to the solution of 
' Problems' of unquestionable absurdity. 

" Various friends to whom I have applied for suggestions 
as to any important changes which they might think desirable 
in this second edition, and especially I. Todhuntee, Esq. 
of St John's, have replied that they had none to offer, as 
they liked the book well enough in its original form. This 
has prevented me from attempting a thorough alteration of 
style which I had contemplated, viz. to cease breaking up 
the subject into detached propositions — specially fitted for 
'writing out' I retain ray own opinion, however, that 
this is not the form in which such a treatise ought to be 
written; although there can bei no doubt that it offers certain 
advantages to the student whose sole object in reading is to 
pass an examination, 

" The treatise is intended to be merely an analytical one : 
for the full discussion and experimental demonstration of the 
elementary principles on which the analysis is founded, the 
reader must be referred to works on Natural Philosophy ; of 
which, so far as mere Abstract Dynamics is concerned, we 
have a most admirable example in the Principia, For the 
general application of modern theories to the whole range of 
physical phenomena, the reader is referred to the forthcoming 
work on Natural Philosophy by Professor W. Thomson and 
myself, in which the subject will be developed from the grand 
basis of Conservation of Energy. 






Via PREFACK, 

" I have been dissuaded from introducing into this work 
the Newtonian notation for Fluxions. It is true that in Kinetics 
of a particle it is not very greatly superior to the ordinary 
notation of differential coefficients : though, when the general 
equations of motion of a system have to be treated, in the 
beautiful manner invented by Lagrange, a partial use of it is 
absolutely necessary. Newton's idea of Fluxions was purely 
Kinematical; and, in fact, the fundamental ideas of the Dif- 
ferential Calculus are' essentially involved in the most ele- 
mentary considerations regarding velocity. It is also to be 
observed, that, whenever we write f'{x) for the differential 
coefficient of /(a?), we are really employing the principal fea- 
ture of Newton's notation, though in a form* somewhat more 
expressive than his. 

" It is possible that in this edition a few of the objection- 
able terms or methods, which the first edition contained^ may 
have remained undetected — but I hope that in every essential 
respect the volume will be found to be an improvement on 
its predecessor. 

" I am encouraged in this hope by the fact that the sheets 
in passing through the press have been read by J. Stirling, 
Esq. of Trinity, to whose care and knowledge I am indebted 
for many valuable suggestions." 

To the above I have now little to add save this — ^that the 
work of weeding and improvement, combined with cautious 
and I hope judicious addition, has been carried still farther. 

Some of the newly added Examples bear witness to the 
great improvement which has recently taken place in . the 
Tripos Examination papers. For this the University has 
mainly to thank the combination of genuine scientific know- 
ledge with extraordinary originality presented by Dr Clerk 
Maxwell, of Trinity, formerly of St Peter's. 



PREFACE. IX 

I am indebted to W. D. Niven, Esq. of Trinity, for a 
careful revision of the proofs, for the selection of numerous 
additional Examples, and for a few foot-notes indicating the 
processes now most commonly employed in certain parts of 
the analysis. 

P. GUTHRIE TAIT. 



College, Edinburgh, 
January, 1871. 
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CHAPTER I. 

KINEMATICS. 

1. Dynamics is the Science which investigates the action 
of Force; and naturally divides itself into two parts as 
foUows. 

2. Force is recognized as acting in two ways : in Statics 
80 as to compel rest or to prevent change of motion, and in 
Kinetics so as to produce or to change motion. 

3. In Kinetics it is not mere motion which is investi- 
gated, but the relation of forces to motion. The circumstances 
[of mere motion, considered without reference to the bodies 
moved, or to the forces producing the motion, or to the forces 
called into action by the motion, constitute the subject of a 
branch of Pure Mathematics, which is called Kinematics. 
To this, as a necessary introduction, we devote the present 
chapter. 

4. The rate of motion (or the rate of change of position) 
of a point is called its Velocity. It is greater or less as the 
space passed over in a given time is greater or less : and it 
maybe uniform, i,e. the same at every instant; or it may be 
variable. 

Uniform velocity is measured by the space passed over in 
unit of time, and is, in general, expressed in feet per second ; 
if very great, as in the case of lignt, it may be measured in 
miles per second. It is to be observed, that Time is here 
used in the abstract sense of a imiformly-increasing quantity 

; T. D. 1 
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— ^what in the differential calculus is called an independe] 
variable. Its physical definition is given in Chap. ii. 

5. Thus, a point moving uniformly with the velocity 
describes a space of v feet each second, and therefore vt fc 
in t seconds, t being any number whatever. Putting s fij 
the space described in t seconds, we have 

Hence with unit velocity a point describes unit of space ij 
unit of time. 

6. It is well to observe that since, by our formula, 
have generally 

8 

and since nothing has been said as to the magnitudes of 
and ty we may take these as small as .we choose. Thus 
get the same result whether we derive v from the space descrti 
in a million seconds, or from that described in a millionth of 
second. This idea is very useful, as it will give confidenc 
in results when a variable velocity has to be measured, ai 
we find ourselves obliged to approximate to its value 
considering the space described in an interval so short, tl 
during its lapse the velocity does not sensibly alter in value. 

7. Velocity is said to be variable when the moving poiijj 
does not describe equal spaces in equal times. The vetocii 
at any instant is then measured by the space which wout 
have been described in a unit of time, if the point had mom 
on uniformly for that interval with the velocity which it hi 
at the instant contemplated This is a most important, 
in fact a fundamental, conception, which the student mi 
thoroughly realize before he can usefully proceed farther, 
lies at the root of all the correct methods ever devised for tl 
purpose of measuring the rate at which change^ of any kin(| 
is going on. 

Let V be the velocity of the point at the time t, measi 
from a fixed epoch, s the space described by it during tl 
time, and s + hs the space described during a greater inter 
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I t+ Bt. Suppose Vj to be the greatest, and v, the least, velo- 
city with which the point moves daring the time Bt; then 
VjBt, vJSt would be the spaces which a point would describe 

■ in that interval, moving uniformly with these velocities 
respectively. But the actual velocity of the point is not 
greater than v^, and not less than v,, therefore as regards the 
actual space described, 

Sa is not greater than vj&t, and hot less than v^St, 
Sa 

^^ Si ""^ ^«' 

however small St may be. But, as St continually diminishes, 
v^ and Vj, tend continually to, and ultimately become each 
equal to, v. Therefore, proceeding to the limit, 

da 
dt^'' 

If V be negative in this expression, it indicates that a 
diminishes as t increases ; the positive case, which we have 
taken as the standard one, referring to that in which a and t 
increase together. It follows that, if a velocity in one direc- 
tion be considered positive, in the opposite direction it must 
I be considered negative; and consequently the sign of the 
velocity indicates the direction of motion. 

This is, of course, on the supposition that the velocity 
alters continuously, and not by jerks. It would require an 
infinite force to produce in an infinitely short time such a 
change of velocity in a material particle. Hence as we are 
. preparing for physical applications only, such cases may be 
excluded for the present They will be treated in the chapter 
on Impact, 

8. It will be easily seen that the idea of velocity ex- 
plained above is equally applicable whether the point be 
considered as moving in a straight, or in a curved, line. In 
the latter case, however, the direction of motion continually 
: changes ; and it will be necessary to know at every instant 
! the direction, as well as the magnitude, of the point's velo- 
, city. This is usually, and in general most conveniently, done 

I 1—2 
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hj considering the velocities of the point parallel to th< 
three co-ordinate axes respectively. For, if the co-ordinates ' 
the point be represented by x, y, «, the rates of increase ^, 
these, or the velocities parallel to the corresponding axes, will 
by reasoning analogous to the above be 

dx dy dz 
^' Tt' di' 

Denoting by v the whole velocity of the point, we have 

and, if a, iS, 7 be the angles which the direction of motion 
makes with the axes, 

dx 
dx dt 

dt 

dx 
or -^ = «co8a = »^ suppose. 

Similarlj, -^ = » cos /8 = r^, 

dz 

Hence, -^ , -^ , ^ are to be found from the whole velo- 
city Vy by^ resolving as it is called; i.e. by multiplying by 
the direction-cosines of the direction of motion. They are 
called the Component Velocities of the point : and, with refer- 
ence to them, V is called the Resultant Velocity, 

9. It follows from the above, that, if a point be moving 
in any direction, we may suppose its velocity to be the result- 
ant of three coexistent velocities in any three directi6n8 at 
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right angles to each other ; or, more generally, in any three 
directions not coplanar. But the rectangular resolution is 
the simplest and test except in some yery special appUcations. 

Let v„, Vy, V, be the rectangular components of the velo- 
city t? of a moving point, then the resolved part of v along 
a Une inclined at angles \, fi, v io the axes will be 

Vg. cos \ + Vy COS /A + V, COS V. 

For, let a, /3, y be the angles which the direction of the 
point's motion makes with the axes, the angle between 
this direction and the given line. Then since 

cos ^ = cos a cos \+ cos ^8 cos /a + cos 7 cos v, 

the resolved part of v along that line is 

t? cos ^ = t? {cos a cos \ + cos ^ cos /a + cos 7 cos v] 

= Va, cos \ + t?y cos /A + V, COS V* 

10, These propositions are virtually equivalent to the 
foUowing obvious geometrical construction :— 

To compound any two velocities as OA, OB in the figure ; 
where 0-4, for instance, represents in magnitude and direc- 
tion the space which would be described in one second by 
a point moving with the first of the given velocities — ^and 



similarly OB for the second ; from A draw A C parallel and 
equal to OB. Join 0(7:— then 0(7 is the resultant velocity 
in magnitude and direction. For the motions parallel to OA 
and OB are independent* 

0(7 is evidently the diagonal of the parallelogram two of 
whose sides are 0-4, OB. 
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Hence the resultant of any two velocities as 0-4, A C^ in 
the figure is a velocity represented by the third side, OC^ ofj 
the triangle OAC, 

Hence if a point have, simultaneously, velocities repre- 
sented by OA^ AC, and (70, the sides of a triangle taken tn\ 
the same order, it is at rest 

Hence the resultant of velocities represented by the sides 
of any closed polygon whatever, whether in one plane or not, 
taken all in the same order, is zero. 

Hence also the resultant of velocities represented by all 
the sides of a polygon but one, taken in order, is represented 
by that one taken in the opposite direction. 

When there are two velocities or three velocities in two 
or in three rectangular directions, the resultant is the square 
root of the sum of their squares — and the cosines of the in- 
clination of its direction to the given directions are the ratios 
of the components to the resultant. 

[Newton's Method of Fttianons was devised simply to 
express this and other fundamental conceptions in Kinematics. 
To him s, x, y, z, or (as we now somewhat le$s conveniently write 

them) I , g , I . I , are simply the velocity of the moving 

point and its components parallel to the axes. It may be 
convenient, or even necessary, to use the idea of Limits or of 
Infinitesimals to calculate their values; but the Fluxions 
themselves do not involve any such idea.] 

11. When a paint moves in a plane curve, to eatress its 
component velocities at any instant along, and perpendicular 
to, the radius vector dravm from a fioced point in the plane of 
the curve* 

Let X, y be its rectangular, r, 6 its polar, co-ordinates ; so 

that 

a? = r cos ^, y = r sin 0. 



r^ 
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We have at once, by differentiation, 



and 




dx dr ^ . ^dO^ 

-^ = -3- cos ^ — r sin ^ -j- 
dt at at 

dy dr , rt , n^^ 



(1), 



which are the velocities parallel to x and y. But by § 9 the 
velocity along the radius vector is 

dy , ^ ^ dx a dr ^ ,^. 

and the velocity perpendicular to it is 

dy A ^ ' is dd , f^. 
^cos^--7-sin^=r-^, by (1). 



dt 



dt 



dt 



12. The velocity of a point is popularly said to be 
accelerated or retarded according as it increases or diminishes, 
but the word Acceleration is scientifically used in both senses; 
and may be defined as the rate of change of the velocity per 
unit of time. 

Acceleration may be either uniform or variable. It is 
said to be uniform when the point receives equal increments 
of velocity in equal times, and is then measured by the actual 
increase of velocity generated in unit of time. Let the unit 
of acceleration be so taken that a point under its action would 
receive an increment of a unit of velocity in a unit of time ; 
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then a point under the influence of a units of acceleration 
would receive an increment of a units of velocity in a unit of 
time, and consequently at units of acceleration in t units of 
time. If the point starts from rest we have 

v^at, 

where v denotes the velocity at the' end of the interval ^, and 
a the acceleration. 



13. Acceleration is variable when the point does not re- 
ceive equal increments of velocity in equal increments of time. 
The acceleration at any instant is then measured by the in- 
crement of velocity which would have been generated in a 
unit of time had the acceleration remained constant during 
that interval and equal to the value at its commencement. 

Let V be the velocity of the point at the end of the time 
ty a the acceleration at that instant, v + Bv the velocity at the 
end of the time t + St; and let a^, a^ be the greatest and least 
values of the acceleration during the interval St, then a^St, 
aJSt would be the increments of velocity in that interval, of a 
point under those accelerations respectively. But the actual 
acceleration is not greater than a^ and not less than o^, there- 
fore the actual increment of velocity 

Sv is not greater than a^St and not less than a^St, 

Bv 
^^ Jc - ""^ ««' 

however small St may be. But, as St continually diminishes, 
Oj and ttj tend continually to and ultimately become each 
equal to a. Therefore, proceeding to the limit, 

dv 

The positive sign given to a shews that v increases with (, 
while a negative sign would shew that v decreases as t in- 
creases, in other words a negative acceleration is a retardation. 
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Combining the above equation with 

ds 

we have 

d*3 

considering t as the independent variable. 

[Here, again, Newton employs the symbol 's to represent 
the rate of increase of s, a quantity whose conceplion is alto- 
gether independent of the methods (infinitesimal or not) 
which may be employed to calcalate its value,] 

14. Thus far we have been dealing with a point's 
motion in some definite path, which may be either straight 
or curved, but in which there is only one degree of freedom 
to move, and in which therefore the position at any time is 
determined by one variable, «. 

If the path be curved, the accelerations of the rates of in- 
crease of the co-ordinates of the moving point are called the 
Component Accelerations parallel to the axes. If these be 
denoted by a,, o^, a„ we shall have ^ <> 

d^x __ d^y __ d^z _ ^ V f * 

rf?"""*' "S^"""^*" rf?""^' " 



With reference to these, Ja^ + ay + «/ is called the iiJe- 
mUant Acceleration. 

d^3 
15. The acceleration -j^ is not tjie complete resultant 

^ d^x d^y d'z -i i. r 'j. 

^^ 1^* ~J^^ T^^ ^ ™^y easily be seen: for its square 

does not equal the sum of the squares of those three accelera- 
tions. It is, however, the only part of their resultant which 

dh 
has any effect on the velocity ; in short -^ is the sum of the 



.» 
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resolved parts of -^ , -^ , -^ i^ ^^ direction of motion, 
as the following identical equation shews : 

d^B _ dx d^x dy d^ dz^ d^ 
^"""S W^dsW^did?' 

This follows immediately from the equation of § (8). 

/^Y _ fdxV (dyV /&Y 
\dt) " \dt) "^ \dtj "^ \dt) 

by differentiation. And it shews that acceleration is to be 

resolved according to the same law as velocity. For to find 

d s d OS dn* 

-^ , the acceleration along Sy -^ has to be multiplied by -r- , 

&c. &c. which is the law of the cosine. 

The other part of the resultant is at right angles to this, 
and its sole effect is to change the direction of the motion 
of the point And this leads us to another form of accelera- 
tion, viz. when the velocity of the moving point is unaltered, 
but the direction of motion changes. Its value in terms of 
the velocity and the curvature wiU be given later. 

The above equation also shews, since -t", -^, ^ ar© 

the direction-cosines of the small arc da which may have any 
direction whatever, that to obtain the acceleration along any 
line inclined at given angles to the axes, we must resolve 
the component accelerations parallel to the axes along it, 
and take the sum of the resolved parts. Thus the acceleration 
along a line inclined at angles X, /i, v to the axes is 

a, cos X + tty cos /A + a, cos v. 

16. A point moves in a plane curvCy to express its com' 
ponent accelerations at any instant along, and perpendictdar 
tOy the radius vector. 

Let a?, y be the rectangular, r, 6 the polar, co-ordinates ; 
so that 

x = r cos dy 

y = r sin. 6 1 



we have 
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dx dr ^ , fyd9 






^- ( 



11 



fV t 'I r J 




and 






\de 



r ( -^ I !• cos 5 



dtj ) 



(2 — — 
\ dt dt 



+ r^8in0. 



Similarly, 



d'y (d\ (d0\\ . ^ , /„ <?r <W , d^ff\ . 

These are the accelerations parallel to x and y. And 
since^ by § 15, the acceleration along the radius vector Is 

^sm5 + -^cos^, 

the above expressions give it in the form 

d\ /d^' 



de 



-KS)' 



The acceleration perpendicular to the radius vector is 



that is, 



_^cos5--^sm^, 

^^d9 d^ 
dtdt'^^d^' 

1 d f .dd' 



which may be written - -j-A^ -y;] • 
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17. When a point is tn motion m any curve, to find tlf* 
accelerations ahng^ and perpendicular to, the tangent^ at any] 
instant 

Let a;, y, z be the co-ordinates of the point at the end 
of the time t, s the length of the arc described during that 
interval. Then, since by the equations of the curve a?, y and 
z are fnnctions of s^ 

dx ^dx ds ^ 
dt ds dt ^ 

•t d*x __ d^x fdsV dx d^s 

WW[di) '^d^W 



Similarly ^ = ^ (^^ + ^^ ^ 

CMmiiariy, ^^ ^, ^^^j ^ ds de' 



d^_d^z (ds\\dzd^ 
de" ds'\dt) "^ds de^ 

Remembering the law of resolution of acceleration, the 
form of these equations shews that in them are resolved 



d'^s 



along a?, y, z^ 1st an acceleration -^ , whose direction-cosines 

dx dy dz 5 « -• i x« 1 fds\^ , 

are -7- , -^, -T-, and 2nd, an acceleration - ( ^ ) > whose 

,. ^. . d^x d\ d^z n^, . 

direction-cosmes are p-rji P~J?^ ^TT** process 

might have been employed with advantage in some previous 
sections. But, for the beginner, we must take a more la- 
borious method. 

18. To find the acceleration along the tangent, we must 

dx dti dz 
multiply these component accelerations by -7- > -r-^ ;t- , re- 
spectively, and add. Thus the tangential acceleration is 

dx d^x dy d^y dz d^z _ d^s 

dsle'^ts~de'^ls'de'"de' 
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as 'we have already seen. Also in the normal, towards the 
center of carrature, we have the acceleration 

(SPx d*x . \ fdsy (fd'xy ^ /d*u\* ^ fd'z\') 



P \dt) ' 



We have assumed, in the above, the following equations 
from Analytical Geometry, 



1 _ /d*x\* fdW /d*z\* 



P 
where p is the radius of curvature, whose direction-cosines 



are 



and 



d^x d^y d*z 
Pd^' P'ds^' ^d^' 

(S)"HI)"-©"-. 



whence ^^ + ^A,^^_0» 

wnence ds ds*^ dsH^ ds ds?' ' 



* The accelerations of the moving point may he found in the following man- 
ner. There is ohviously no acceleration perpendicular to the osculating plane, 
as that plane contains two consecutive directions of the point's motion. Of the 
two consecutive directions let the first make an angle B with any fixed line in 
i the osculating plane, then vcos^ and vsin^ are the velocities of the point pa- 

; raUel and perpendicular to the fixed line respectively. Consequently ;T-(t; cos ^) 

I and -j-^o 811x6) are the accelerations in the same directions. These expressions, 

'' when expanded, become -- cos^-vsin^ -^ , and -r sin ^+1; cos ^ -7-. There- 
'.• dt dt dt dt 

fore the accelerations along the tangent and the normal are -^ and v -z- , the 
last being positive in the direction of the center of curvature. Since -j^— -> the 
i normal acceleration, being =1; j- • 7; > may he expressed as — . 
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19. We might have treated the component accelerations 
thus, 

(Sy + (Sy + ^ej ^^ ('"'^^^^* acceleration)' 



- 1 (^\ 4. (^L^ 



by adding the squares of their values as given in § 17. 

Now -1-5 is the acceleration along the tangent, and the 

other part ~ (;/:)> ^^ ~" j acts at right angles to it as the 

form of the equation shews, and consequently is the accelera- 
tion perpendicular to the tangent 



From the expressions for -^ 



d^x d^y d^z 



de' dt 



J, we also obtain 



d^x (dy d^z dz d^y\ 
~di^\^ d^'dil?) 

d^y fdz d^x _ dx d^z\ 

'^de[d^W"d^~d?J 



+ 



d^z (dx d^y ^ dy <?'a? \ __ ^ 
df\di'd?''d^WJ''' 

which may be written in the form of a determinant 



df 

dx 

da 

d^x 

ds^ 



d^ 

de 

dy 

ds 
d'y 

ds^~ 



d^ 

de 

dz 
ds 
(Pz_ 
ds' 



= 0. 



This signifies that the Kesultant Acceleration lies in the 
plane containing the tangent and the radius of absolute cur- 
vature, or that there is no acceleration perpendicular to the 
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^ 



osculating plane. The acceleration — must therefore be along 

a normal to the path drawn in the osculating plane ; that is, 
along the radius of absolute curvature. 

20. We are therefore led to expand the definition given 
in § 12 thus : — ^Acceleration is the rate of change of velocity 
whether that change tahepkice in the direction of motion or not. 

What is meant by change of velocity is evident from § 10. 
For if a velocity Oa (in the figure of that section) become 
OGj its change is -4(7, or OB. 

Hence, just as the direction of motion of a point is the 
tangent to its path — so the direction of acceleration of a 
moving point is to be found by the following construction. 




From any point draw lines OP, OQ^ etc., representing 
in magnitude and direction the velocity of the moving point 
at every instant. The points, P, Qy etc., form in all cased of 
motion of a material particle a continuous curve, for an infi- 
nitely great force is requisite to change the velocity of a par- 
ticle abruptly either in direction or magnitude. Now if Q be 
a point near to P, OP and OQ represent tv*'o successive values 
of the velocity. Hence PQ is the whole change of velocity 
during the interval. As the interval becomes smaller, the 
direction PQ more and more nearly becomes the tangent at P. 
Hence the direction of acceleration is that of the tangent to 
the curve thus described, called by its inventor, Sir y7. E. 
Hamilton, the Eodograph. 
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The amount of acceleration is the rate of change of velo-. 
city, and is therefore measured by the velocity of P in the. 
curve PQ. 

21. The Moment of a velocity about any point is the 
rectangle under its magnitude and the perpendicular from the 
point upon its direction. The moment of the resultant veto- 
city of a point about any point in the plane of the components 
is equal to the algebraic sum of the moments of the components^ 
the proper sign of each moment depending on the direction of 
motion aiout the point. The same is true of moments of 
acceleration, and of momentum as defined later. 

Consider two component velocities, AB and A G, and let 
AD be their resultant (§ 10). Their half moments round 




the point are respectively the areas OAB, OCA. Now 
OCA, together with half the area of the parallelogram CABD, 
is equal to OBD. Hence the sum of the two half moments 
together with half the area of the parallelogram is equal to 
A OB together with B OB, that is to say, to the area of the 
whole figure OABD. But ABB, a part of this figure, is 
equal to half the area of the parallelogram ; and therefore the 
remainder, OAB, is equal to the sum of the two half mo- 
ments. And OAB is half the moment of the resultant velo- 
city round the point 0. Hence the moment of the resultant 
is equal to the sum of the moments of the two components. 
By attending to the signs of the moments, we see that the 
proposition holds when is within the angle CAB. 

22. Now if one of the components always passes through 
the point 0, its moment vanishes. This is the case of a motion 
in which the acceleration is directed to a fixed point, and we 
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thus prove the theorem that in the case of acceleration always 
directed to a fixed point the path is plane and the areas ae* 
scribed by the radius-vector are proportional to the times / for 
the moment of velocity, which m tnis case is constant, is evi- 
dently double the rate at which the area is traced out by the 
radius-vector. 

23. Hence in this case the velocity at any point is 
inversely as the perpendicular from the fized point upon the 
tangent to the path, the momentary direction of motion. 

For evidently the product of this perpendicular and the 
velocity at any instant gives double the area described in one 
second about the fixed point, which has just been shewn to 
be a constant quantity. 

24. The results of the last three sections may be easily 
obtained analytically, thus. Let the plane of motion be 
taken as that of Xy y ; and let the origin be the point about 
which moments are taken. Then if x, y be the position of 
the moving point at time t, the perpendicular from the origin 
on the tangent to its path is 

dy dx ^d0 , 1 n» M 

jp = aj --^ — y -- = r -T , m polar co-ordmates. 

From this we have at once 

ds dy dx ^dd ,,. 

Pdr^'tt-yir^m (')• 

or with the notation of § 8, 

pv — xVy — yv^ 
which is the theorem of § 1$. 

Also |(^)=;,g«yj (2). 

T. D, 2 



A- 
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Now, if the acceleration be directed to or from 0, its mo- 
ment about 0, which is evidently 

must vanish. Hence (2) gives 
\yyZ pv = constant, which is § 2jf. 

By means of (1) this gives 

r" -7- = cpnstant, which is § HL; 

since, if -4 be the area traced out by the radius-vector, 

dA_r^ 
dd''^' 

26. To determine the motion of a point when the accelera' 
turn of its velocity is given. 

This is one of the most general of the Problems suggested 
by the Kinematics of a point, for it includes, as will be seen, 
the determination of the motion when the component velo- 
cities are given. 

Let a, )8, 7 be the components of the given acceleration? 
we have 



d^x 



di 

d\ 



i2 Hi 



(1). 



Now a, /8, 7 may be functions of a;, y, «, f, -t-, -^ > or -t;? 

or of two pr more of these quantities. Equations (1) must 
be integrated as ^simultaneous differential equations if possible. 
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Thus by one integration we have the values of -7- , ~-^, -j- , 

in terms of one or more of the quantities x, y, z and t ; that is, 
the component velocities are known* 

Another integration, if it can be performed, gives x, y, and 
z, in terms of t ; and, if the latter variable be eliminated from 
the three integrated equations, we have the two equations of 
the path in space : and thus, theoretically at least, the motion 
i3 completely determined. 

It is unnecessary to give examples of the integration of such 
equations here, as the major part of the following chapters 
will be devoted to them. 

26. So far for a single point. When more points than 
one are considered. Kinematics enables us to determine, from 
the given motions of all, their relative motions with respect 
to any one of them ; or conversely, from the actual motion 
of one, and the motions relative to it of the others, to de- 
termine the actual motions of the latter in space. This de- 
pends on the following self-evident proposition. 

If the velocity of any point of a system he reversed in 
direction^ and be communicated to each point of the system in 
composition with that which it already possesses, the relative 
motions of all about the first, thus reduced to rest, will be 
the same as their relative motions about it when all were in 
motion. 

For the prpof it is sufficient to notice that if at every 
instant the distance of two points, and the direction of the 
hue joining them be the same as for two other points, the 
relative motions of one of each pair about the other will be 
the same. The simplest illustrations of this proposition are 
furnished by the relative motions of objects in a vessel or 
carriage, which are independent of the common velocity of the 
whole — or, on a grander scale, of terrestrial objects, whose 
relative motions are unaflfected by the earth's rotation, or by 
its motion in space. 

Since accelerations are compounded according to the same 
law as velocities, the above theorem is true of them also. 

2—2 
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27. Two points describe similar orbits about each other 
and about any point dividing in a given ratio the line which, 
joins them. 

Let A and B be the points, G a point in AB such that 

AG ^ ^ 

y^-^ = a constant 

The path of B about A will evidently be the same as 
that oi A about B, since the length and direction of the 



line AB are the same whichever end be supposed fixed. 

Also if G be fixed the path of B about it will evidently 

difier from that of B about A by having corresponding radii- 

BO 
vectores diminished in the ratio --r^ • ^^t this is the defi- 

AB 

nition of similar curves. The same of course would hold with 

respect to the relative path of A with respect to G. This 

proposition will be found of considerable use afterwards, as it 

enables us materially to simplify the equations of motion of 

two mutually attracting free particles. 

28. As an instance of relative motion, consider two points^ 
one of which moves uniformly in a straight line, while the 
other moves uniformly in a circle about the first as center; to 
determine the path of the second point, the motion being in one 
plane. 

Take the line of motion of the first as the axis of x, v its 
velocity, the plane of the circle as that of xy, a the radius of 
the relative circular orbit, co the angular velocity in it, § 3^. 
Suppose the revolving point to be initially in the axis. Alsft 
at time t suppose the line joining the points to be inclined 
at an angle to the axis of x. Then for the co-ordinates of 
tlie revolving point we have 

y = a sin 0, 

x = vt-\- a cos ft 
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But tf = 6)« ; 



hence a; = - sin"^ - + ^ (a^— y') 



Q> a 



is the equation of the absolute path required. This belongs 
to the class of cycloids ; it is prolate or curtate according as 
V is greater or less than cuoy or the absolute motion of the 
first point greater or less than that of the other in its circular 
orbit. If the two are equal, or v = ao), we have the equation 
of the coirimon cycloid, as is indeed evident, for the circular 
path may be supposed the generating circle, and the velocity 
of the center in its rectilinear path is equal to that of the 
tracing point about that center* 

29. It is evident that, whatever be the relative path, if 
r, denote the relative co-ordinates of the second point with 
respect to the first at time t, x, y, and x the absolute co-ordi- 
nates at the same time, 

x^x + rcosd) , ' 

y =r sin^ J w* 

Now in the first case, when the motion of the first point, 
and tbat in the relative orbit are ^ven, "", r, and are known y y 
functions of <; if therefore these values oe substituted in (1), 
and t be eliminated, we shall have the equation between x 
and y, which is required. 

Again, if the absolute orbits of both are given, a?, y, and 
X are known in terms of t, and thus equations (1) serve to 
give r and ^ in terms of t, which furnishes the complete 
determination of thd relative path, and the circumstances of 
its description. 

30. The following is a most useful case, having many 
important applications in Physical Optics, &c. 

A point A 18 fixed. B describes uniformly a circle about 

A, and C describes uniformly {in the same plane) a circle about 

B. Find the motion ofQ relative to A. 



p^' 






y 
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Let a be the length of AB, h that of BG, r that of A C; 
and at time t let them make angles ^, %, d with some fixed 
line in the plane of motion. Then 

r cos ^ = a cos ^ + i cos ^ 
. r sin &= a sin ^ + & sin j^. 

But <f) and ^ increase uniformly. Hence 

^ = m^ + a, 

where m, n, a, )8, are constants. Thus 

rcos5= acos(m< + a) +Jcos (n^ + )S), 

r sin 5 = a sin (mt + a) + i sin {nt + )3). 

These are the general equations of Epicycloids and Hypo- 
cjcloids ; and from them all their properties may be derived. 

We confine ourselves to on6 or two very simple cases. 

(I) Let m = n, a=^b. (This is the composition of two 
equal circular motions, in the same direction and of. equal 
period.) We have 

a — )8 / a + 8\ 

r cos ^ = 2a cos --— — cos ( mt H — -^j , 



r sm a = 2a cos — ~ sm ( w« + 



whence 



u.(-+^i 



a-/3 
r = 2a cos ^ , 

This also denotes uniform circular motion, and of the same 
period, and in the same direction, as the components. 

(2) Let w = — w, a = J. (Here we compound equal 
circular motions, of equal period, but in opposite directions.) 
As before we have 

^ a-fi8 / a — fix 

r cos ^ = 2a cos cos [ mt + 1 , 

.^ .a-fS / a — fl\ 
r sm ^ = 2a sm — - — cos ( mtA -—I . 
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Therefore 



f-.^. 



r = 2a cos { mt + 

and this denotes vibratory motion in a definite straight line. 

31. In any system of moving points^ to determine the rela- 
tive^ from the absolute^ motions; and vice versd. 

Let ajj y^ z^, a?, y^ z^ be the co-ordinates of two of the points, 
X, y, z the relative co-ordinates of the second with regard to 
the first, u^ v^ w^, w„ t?,, w^ the velocities of each parallel to the 
axes, u, Vy w the velocities of the second relatively to the first. 

Then 



X^X^ — X^y 


U^U^-^U^y 


y==y%-yv 


t;=t;, -v^, 


z=z^-z^, 


w^w^^ w^. 



The second group biay be derived from the first by differ- 
entiation with respect to t 

Now, when the actual motions of the two are given, all 
the subscribed quantities are known. Hence the above 
equations give the circumstances of the relative motion. 

Or if the actual motion of the first, and the relative motion 
about it of the second, be known, we have x y z, u v to, x^y^ z^, 
1*1 v^ w^j to find the other six quantities for the actual motion 
of the second in space. 

A second differentiation proves the statement in § 26 re- 
garding relative acceleration. 

32. Some of the best illustrations of this part of our sub- 
ject are to be found in what are called Curves of Pursuit. 

These questions arose from the consideration of the path 
taken by a dog who in following his master always directs 
his course towards him. 

In order to simplify the question the rates of motion of 
both master and dog are supposed to continue uniform ; or at 
least to have a constant ratio* 



24 



KINEMATICS* 



33. As an instance of the carve of pursuit, suppose it be 
required to determine the path xf a point P whick contintuiUy, 
with uniform velocity u, moves towards another point Q tohidh 
is describing a straight line with uniform velocity y. 

The curve of course is plane. Take the line of motion 
of the second point Q as the axis of Xy and let x denote 
its position at the instant when the co-ordinates of the first, 




P, are x, y. The axis of y is chosen as that tangent to the 
•curve of pursuit which is perpendicular to the axis of x, and 
the distance between the points in that position is a. 



V 

Let - = e, then by the conditions of the problem we have 

eAP=OQy 
and PQ a tangent at P. 

• Expressed analytically these lead to the following equa- 
tions ; 

_ dx 

es^x^x — y-y , 
^ dy 

The mode of solution is precisely the same whether x or y 
be taken as independent variable : but y is to be preferred as 
it leads to less cumbrous expressions. 

Differentiating therefore with respect to y, we have 

ds ^ d*x 



.«• 
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Sut a increases as y diminishes, 



Hence - = ,, ^ . f .» ^ . 






' vhm 



Integrating, and noting that y = a, -7- =* 0, together, 
.■og^...g[y{..(|)}.|]. 

and therefore, taking reciprocals, 
Subtracting, we have finally 

»i=©"-(i)' ■■•■(■>■ 

o* (6 + 1) y (e — 1) 
But a; = 0, y=!a, together; which gives (7=-^ 






Heaoe 2(.+^). J^ + -^ p). 

This is the correct integral for all values of e except unity, 
-when it ceases to have any meaning. To this case we will 
presently recur. 

There are two cases of curves represented by equation (2). 
1st, 6> 1, 2nd, e<l. 
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In the first case Q moves the faster, and P can never over- 
take it ; the curve therefore never meets the axis of x, which 
indeed will be seen by (2) to be an asymptote. 

In the second case equation (2) becomes 

and for aj = - « we have y = 0, and also by (1) -^^ infinite. 

l — e ^ <^y 

Hence the curve touches the axis at this point. The re- 
mainder of the curve satisfies an obvious modification of the. 

question, whence it is called the Curve of Flight. > -lit is to be 

observed, however, that a? =-— ogives alsoy=iaf——rk 
The distance between P and Qy being 

is easily seen by the fundamental equations to be 

ds 

or, by (I), 



*!{©-©]' 



where the sign is to be chosen so as to make the expression 
positive. 

When e > 1, this expression is infinite both for y = oc and 
for y = 0. The minimum value is easily found to be 



_ ae f e — V \^ 



When e< 1, the distance vanishes, as we have seen it 
must, when y = 0. 

34. When e = 1, the corrected integral of (1) is 



<^+i)=l^-«i^g!-. * 
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This is the only case in which we do not obtain an alge- 
braic curve. Here again the axis of x is an asymptote^ and 
we easily find 



a 



which shews that the limit to which the distance tends is - . 

The same result may at once be obtained by putting e= 1 in 
the expression for the minimum distance found above in the 
case of 6 >1. 

35. As an instance of relative motion let us consider the 
path of P with regard to Q. It will be easy to see that this 
corresponds exactly to the following question. 

A boat, propelled {relatively to the water) with uniform 
velocity u, starts from a point A in the hank of a river which 
runs with velocity v parallel to Qx, and tends continually to 
the point Q, on the other hank, directly opposite to A; to find 
its path. 

The constant velocity of the stream in this case com- 
municated to P corresponds to the constant velocity of Q in 
the last example, but is in the opposite direction. In fact, 




—x 



if the earth- were to be supposed moving in the direction xQ 
with uniform velocity v, the river would be at rest in space; 
and the actual motions of P and Q would be the same as in 
the last example. (See § 26.) 
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To investigate the path, take Q as origin, Qx, QA as the 
axes. Then the component velocities of P are t? parallel ta 
Qx and u along PQ, and the tangent to its path is in the 
direction of the resultant of these two. Putting for PQx, 

we have -j-^^v — ucobO, and -^ = — wsin!?, 



whence 



<7y _ u^inO _ sin 
dx v — ucosti "" e — costf 



.7 



eV(-»*H-.v') -a?* 



This, being a homogeneous equation, is easily integrated, 
and we have, taking a; = 0, y == «, as co-ordinates of -4, 



•v=v(aj'+3/V^ •• a). 






or -^y 2x = ay^y^a'^ 

(p sin 6\* 1 — cos 5 

in polar co-ordinates. This evidently gives a parabola about 
Q as focus, if e= 1. \ 

\Note. The student is not unlikely to be led into a curious 
error in looking at this problem from ^ geometrical point of 
view. Thus, the velocity along PQ is always in a definite 
ratio to that in MP produced ; why is not the path always 
a conic section of which ^ is a focus ? The idea is coni' 
pletely erroneous (as in fact the above investigation shews), 
out it forms the very best training in a science like Kinematics 
to seek to explain such difficmties without any aid from 
analysis.] CiS.t^.-.y'a-r ' /v./ ,• ' *. ^ft. 

36. To find the time of crossing the stream. 
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This may easily be effected by considering the actual 
velocity parallel to the axis of y, 

-r- = — M sm ^ 
at 

y 



Now taking quotients of y^ by both sides of (1), 

Hence 2 V (^ + /) = a'y^ + or^y'^'l 

and therefore ^ (aV"^ + a'y'^l) = - 2wt^^ 

Taking the integral from a to 0, and putting T^ for the 
time of crossing, 

a rp ^ rp _ ^^ 

But, if there had been no current, we should have had for 
the time of crossing, 

T^ = - ; whence 777= a^ , . 

In the integration we have, of course, e< 1, else the boat 
could not reach Q. 

If*e = 1, the boat will reach the farther bank but not at 
Q, The solution of this case presents no special difficulty* 

37. If the motion of a point in a plane be considered 
livith reference to a fixed point in that plane, the rate of in- 
crease of the angle made by the line joining the two, with 
some fixed line in the plane, is called the Angular Velocity of 
the former point about the latter. Unit of angular velocity 
corresponds to the description of an arc equal to radius in 
tmit of time. 




/ 
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Suppose the above-mentioned angle to be represented 
by at time t ; then at time t-^-ht it has the value 6 + SO, 
and it may be shewn as before (§ 7), that if to represent the 
angular velocity required, then 

d0 

Ex. A point moves umformli/, vnth velocity v, m a straight 
line ; to fina at any instant its angular velocity about a fixed 
point whose distance from the straight line is a. 

Taking as initial line the perpendicular from the fixed 
point on the line of motion ; the polar equation of the path is 

r = a sec ft 
Also, if 5 = 0, when < = 0, we have 

r sin 5 = vt. 
Hence, a tan = vt, 

d0 va va 



and o) = 



dt a^ + ^^^r** 



38. A point describes a circle with uniform velocity / it 
is required to find the actual velocity y and the angular velocity 
(about the center) in any orthographic projection. 

Let ApA' be an ellipse and APA' the auxiliary circle. 
Then the former will be the orthographic projection if its axes 
be made in the ratio of the cosine of the angle (a) between 
the planes of projection. Also if PpM be perpendicular to 
AA\ P and p will be corresponding points in the two. Draw i 
the tangents jpT, PjT; then 

actual velocity at^^ g^ ^^^ .^ ^^^^ ^^ 
velocity at ^ _ V [PT sin'g 4- P'T cos' cos" a) 



P PT 

= V (sin'5 + cos' cos* a) 

= V (1 — sin' a cos* ^). 



r 
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■KT ./. my^ , anffular velocity at p d6 
Now, if TOp = 4», —^ ^ C= ;j^ 



P M 




J 

-7^ tan"^ (cos a tan ff) 

cos a 
cos'^+cos^asin*^ 

cos a 



« yl • 



1 — sin* a sin'* ^ 



TT 



This is a maximum if 5 = — , when its value is sec a, 

minimum = cos a. 

Hence, if ©j and ©, be the greatest and least angular 
velocities in the projection, 

V(®i®j,) is the angular velocity in the original path. 

39. Evidently, the product of the radius-vector into the 
angular velocity is the velocity perpendicular to the radius- 
vector. This is to the whole velocity as the perpendicular on 
the tangent is to the radius-vector ; and therefore the product 
of the square of the radius-vector by the angular velocity is 
equal to the product of the whole velocity by the perpen- 
dicular on the tangent, V.e. to the moment of velocity about 
the pole, § 24, (1). 

40. The rate of increase or diminution of the angular 
velocity when variable is called the Angular Acceleration, 
and is measured with reference to the same unit angle. 
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41. The motion of a point in a plane heing given wiA 
respect to fixed axes^ to investigate expressions for its velociij 
and axiceleration relative to axes in trie same planer which re' 
volve about a common origin with uniform angular velocity. 



Let to be this angular velocity, then, if at time * = 
fixed and revolving axes coincide, at time t they will bei 
inclined to one another at an an^le at Hence, if x, y^ ^, 17 tej 
the co-ordinates of the point at time t, referred to the fixed an' 
to the revolving axes respectively, we have by the ordin; 
ibrmulce for transformation of co-ordinates 



) 



^= a; cos fot'\-y sin (ot 
rj=^y cos cot^x sin at 

These give, by differentiation, 

rff dx dv . , • X 

-r=--p COS cot + -#-sm o)< — 0) [x sin o)t — y cos a>t) 



dt dt 



dt 



dx dy • 

= -^ cos ©^ + -^ sm <ot + aw. 
dt dt 



Similarly, -j:=^-j- cos tot 



dx . . o 
-^ sm tot — ft)f 



y 



(2), 



which determine the velocities relative to the revolving axes. ; 
Again, 

— 2a) {--t: sin ©* — ;£ cos tot\ — ©'I 

(dy . dx \ o 

^sina)^+-^cosa)M — a)iy 



J = -^cosa,^ + Jsma,^ 

d^ri d^y ^ d^x . 

-7^ = -5§ cos tot ~-j^ sm tot 
dt* dv dr 



(3) 



or 



^ 
de 

^ 
dC 



de 



-,-i co8o>« + -^^ sin «»< + 2© -^ + «»'f I 



A 



df 
d*x 



di 



ay ax* at • I 



y 



(3'). 



the relative accelerations. 
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Now tlie component accelerations along f^ed axes, with 
vrhich at the time t the moving axes coincide, are evidentlj 
represented by the first two terms of the right-hand sides of 
these eqaatioas ; or, in terms of the co-ordinates with respect 
to the moving axes, by 



d^% « rft? 



^^ . ..M 



de 



|-2«-^-o)'f, and-T;j + 2ft)J-ft)»i; (4). 



dt 



de 



'Jt 



Ex. * If the point be at rest, x and y are constant, and 



dt 



= aij, 






Also J = -«»f, ^ = _o,«^. 



dt" 



de 



These expressions are obvious, as in this case the relative 
motion of the point with respect to the moving axes is a 
uniform circular motion about the origin, in the negative 
direction, i.e. from the axis of 9; to that of ^. 

« 

42. Suppose the new axes not to revolve uniformly. 

In this case the investigation is precisely the same as the 
jaboVe, with the exception that ft a given function of t^ must 
be substituted for tot If o), now no longer constant, be put 

for -r- , the student will have no diflSculty in verifying the fol- 
at 

lowing expressions, which take the place of (2), (3') an J (4) of 
the preceding section. 



d^ dx ii , dy . ^ . "^ 

dt] dy ^ dx .' a f, \ 

m ^ 

d*P tPx n , d^V . /I . j». . „ dn dm 



(2J. 



<&" 



di' 



dt dt 



d'ri (pM a d'x . a . t ^ ^S dot t. 



dt" df 

,^ Id, f. d't) 
d^-'^^-^dt^'^^' 



dt 

Id 



dt 



(3'J. 



d«--"*'' + |^<*"^') 



W. 
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These expressions might have been deduced at once from 
the expressions in § 16, by the consideration of relatiye accele- 
rations as in § 26. Let OM^ f, MP^ rf, be the co-ordinates 
of the point referred to the moving axes. Then, \>y § 16, the 
acceleration of M along OM is 

Also, as MP revolves with angular velocity oi, the ac- 
celeration of P relative to M in the direction perpendicular, 
to MP, is 

This is in the direction of the negative part of the axis of 
{. Hence the resolved part parallel to 0^, of the relative 
acceleration of P with respect to 0, is 

43. The principles already enunciated, and the examples 
given of their application^ will suffice for the solution of pro- 
blems on this part of the subject 

Other examples of the application of these principles, 
such as the kinematical part of the investigations of the 
Hodograph, Tractory, &c., will be more appropriately intra* 
duced in future chapters. 



EXAMPLES. 

(1) A point moves from rest in a given path, and its 
velocity at any instant is proportional to the time elapsed 
since its motion commenced; find the space described in a 
given time. 

(?) If a point begin to move with velocity v, and at 
equal intervals of time a velocity u be communicated to it 
in the same direction ; find the space described in n such 
intervals. 
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[ • (3) A man six feet high walks in a straight line at the 
I fate of four miles an hour away from a street lamp, the height 
fof which is 10 feet; supposing the man to start from the 
[lamp-post, find the rate at which the end of his shadow 

travels, and also the rate at which the end of his shadow 

^separates from himself. 

(4) If the position of a point moving in a plane be 
determined by tne co-ordinates p and ^, p being measured 
from a fixed circle (radius a) along a tangent which has 
revolved through an angle <j> from a fixed tangent; investi- 
gate the following expressions for the accelerations along and 
perpendicular to p respectively, 

d'p Jd4>\^^^d'4^ 






de 

and 



-pitYTtj^^ydt)- 

(5) Prove that it is not possible for a point to move so 
that its velocity in any position may be proportional to the 
length of the path which it has described from rest : also that 
if its velocity be proportional to the space it has to describe, 
however small, it will never accomplish it. 

(6) The velocity of a point parallel to each of three 
rectangular axes is proportional to the product of the other 
two co-ordinates; what are the equations of the path, and 
what is the time of describing a given portion when the 
curve passes through the origin ? 

(7) A point moves in a plane, its velocities parallel to 
the axes of x and y are 

w + ey and t? + €a? respectively, 

shew that it moves in a conic section. 

(8) Two points are moving with uniform velocity in two 
\ straight lines, 1st in a plane, 2nd in space; given the initial 

circumstances, find when they are nearest to each other. 
Shew also that in both cases the relative path is a straight 
line, described with uniform yelocity. 

3—2 
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(9) A nnml)er of points are moving with uniform vel( 
city in straight lines in space ; determine the motion of th< 
common center of inertia. (§ 58.) 

(10) A cannon-ball is moving in a direction making 
acnte angle Q with a line drawn from the ball to an observer 
if F be the velocity of sound, and wFthat of the ball, prov< 
that the whizzing of the ball at diiferent points of its coui 
will be heard in the order in which it is produced, or in thei] 
reverse order, according as w <> sec 9. 

(11) A particle projected with a velocity u, is acted on b] 
a force, whicn produces a constant acceleration /*, in the plane I 
of motion, inclined at a constant angle a to the direction of] 
motion. Obtain the intrinsic equation of the curve described, 
and shew that the particle will be moving in the opposite 
direction to that of projection at the time 



fcosa\ J 



(12) Shew that any infinitely small motion given to Zy 
plane figure in its own plane is equivalent to a rotation' 
through an infinitely small angle about some point in the^ 
figure. 

(13) The highest point of the wheel of a carriage rollingi 
on a road moves twice as fast as each of two points in thej 
rim whose distance from the ground is half the radius of the| 
wheel. 

(14) A rod of given length moves with its extremities 
in two given lines which intersect ; shew how to draw a tan- 
gent to the path described by any point of the rod. 

(15) Investigate the position of the instantaneous center 
about which the rod is turning, and apply this also to solve 
the preceding question. 

(16) One circle rolls on another whose center is fixed. 
Prom the initial and final positions of a diameter in each 
iletermine what portions of their circumferences have been in; 
contact. 
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(17) One point described the diameter AB of a circle with 
Hniform velocity, and another the semi-circumference AB from 
rest with uniform tangential acceleration ; they start together 
from A and arrive together at -B; shew that the velocities 
at J3 are as 9r : 1» . 

(isy In the example of § 33 find in the case of 6 < 1 the 
length of time occupied in the pursuit. 

(19) In the example of § ^ find the greatest distance ^^ 
the boat is carried down the stream, and shew that when 

it is in that position its velocity is *J{u*-^v^. ^ 

When w = i;, shew directly that the curve described is a 
parabola. 

(20) Shew that if p be the radius of curvature of the *^ 
curve of pursuit, we have in the figure of § 33, 

(21) In the case of a boat propelled with velocity u 
relatively to the water in a stream running with velocity v, 
shew that the boat passes from one given point to another in 
the least possible time when its actual path is a straight 
Une. 

(22) The velocity of a stream varies as the distance from 
the nearest bank ; shew that a man attempting to swim di- 
rectly across will describe two semiparabolas. (Shew that the 
snb-normal is constant.) Find by how much the mean velo- 
city is increased. 

(23) A point moves uniformly in a circle ; find an ex- 
pression for its angular velocity about any point in the plane 
of the circle. 

(24) If the velocity of a point moving in a plane curve 
vary as the radius of curvature, shew that the direction of 
motion revolves with uniform angular velocity. 

(25) Two bevelled wheels roll together; having given 
the angular velocity of the first wheel and the inclinations of 
the axes of tlie cones, find their vertical angles that the 
Becond may revolve with given angular velocity. 



} 
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(26) SappoBing the Earth and Yenus to describe in tlie 
same plane circles about the Sun as center ; investigate aa 
expression for the angular velocity of the Earth about Yetm 
in any position, the actual velocities being inversely as the 
square roots of their distances from the Sun. 

(27) A particle moving uniformly round the circular base 
of an oblique cone is projected by generating lines on a sub- 
eontrary section ; find its angular velocity about the center of 
the latter. 

(28) If f , V denote the co-ordinates of a moving point re- 
ferred to two axes, one of which is fixed and the other rotates 
with uniform angular velocity o), prove that its component 
accelerations parallel to these axes are 

-j^ — 2fil COSeC (Ot -jr , 

--t4 — ck)'iy + 2a> cot (Dt ^ . 

(29) Two lines are moving in their own plane about 
their point of intersection with uniform angular velocities 
to, w'l if the co-ordinates of a moving point referred to them 
be a;, y at a time t, prove that its accelerations parallel to the 
Axes are 

-T^ — o)'ic — 2a) cot (o) — ©j^-TT — 2o) cosec(o) — ®)^;5i 

d^y a , t K dx I M f r \ dit 

^ — o)'y - 2fi) cosec (o) — ©) ^-^ — 2© cot ((»—«) <—-. 

(30) Employ the formulae of § (30) to trace approximately 
the form of the path of C about A, when m is nearly, but not 
exactly, equal to + n or to — n. 

(31) Ifanoddnumbernofrods 0-4^,-4,^^,-4^^3,.. .whose 
lengths are a, r, o>'-' -> are hinged together at -4^, -4 j,... and 
revolve with wifom^ angular accelerations a, 2ol^ 3a,... no, 
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about their extremities 0^.4^-4,,. ,.-4^^, shew that the direction 
of motion of the point A^ at any time is perpendicular to the 
direction of the middle rod ; the motion commencing from rest 
with the rods in a straight line. 

(32) A man is in a boat, on a river, at a distance a 
from the shore, and b from a fall of water ahead. If the velo- 
citjr of the stream be F, prove that he cannot escape the fall 

unless he can row with a velocity , ^ F: and that in case 

^ Ja^ + b* 

he can just row at this pace, the direction in which he must 

row is at right angles to the line joining his position with the 

point of the bank opposite the fall. Find also the direction 

m which he will have the least distance to row to reach the 

hank, supposing his velocity greater than this minimum. 

(33) If a point is moving in a hypocycloid with velo- 
city u; and v, F represent the velocities of the center of cur- 
vature and the center of the generating circle corresponding 
to the position of the point, prove that 



.2 -.« 47^2 



nr ■ V 



(c-6)» • {c + b)* (c-bf 

c being the distance between the centers of the generating 
circles, and b the radius of the moving, circle. 

(34) ^particles are arranged equably along the circum- 
ference of a circle of radius a ; each continually moves towards 
the next in order with a constant velocity v ; shew that they 
will all arrive together at the center of the circle in the time 

a IT 

— cosec -Tj.. 

^ (35) A point P moves with uniform velocity in a circle ; 
Q is a point in the same radius at double the distance from the 
centerj PR is a tangent at P equal to the arc described by P 
from the beginning of the motion : shew that the acceleration 
of the point J2 is represented in direction and magnitude 

(36) If a point move in an orbit so that the area de- 
scribed in any time by the radius of curvature is proportional 
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to that time, prove that the direction of the acceleration of t!ie 
point is perpendicular to the line joining the point to the 
corresponding center of curvature of the evolute, and its 
magnitude {F) is given by the equation 



?-'•{©■-•}. 



"where u is the index of curvature at the point, and c is twice 
the area described in a unit of time. 

(37) A bodv P is describing an ellipse in any manner: 
Q is a fixed point on the major-axis and PG the normal at 
P. Shew that at the moment when G coincides with Q, the 
angular velocity of P about Q is to its angular velocity about 
G 2^ CD" to Cff. 

(38) A plane is moving about an axis perpendicular to it, 
and a point is moving in a given curve traced on the plane; 
in any position a> is the angular velocity of the plane, v the 
velocity of the particle relative to the plane, r its distance 
from the axis, p the perpendicular on the tangent, s the arc 
described along the plane ; prove that the acceleration along 
the tangent to the curve is 

/dv . da}\ , dr 

(39) A particle moves on a surface : v, v' are the com- 
ponents of its velocity along the lines of curvature, /t>, p the 
principal radii of curvature ; prove that the acceleration along 

the normal to the surface = — + -7 , 

P P 

(40) The intrinsic equation of a curve being s =/(^)» 
the curve is described by a point with accelerations XY pa- 
rallel to the tangent and normal at the point for which ^ =0; 
prove that 



<'°«'^(f-3^)-«-^(f+3r) 



+-C^(rcos^-Xsm^)=0. 
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(41) Obtain expressions for the accelerations of a moving 
point whose co-ordinates are r, 0, ^, (1) in the direction of r, 
(2) in the direction perpendicular to the radius vector and in 
the plane of 0^ (3) in the direction perpendicular to the plane 
of^. 

A point describes a rhumb line on a sphere in such a waj 
that its longitude increases uniformly; prove that the re- 
sultant acceleration varies as the cosine of the latitude, and 
that its direction makes with the normal an angle equal 
to the latitude. 

(42) A rigid plane sheet is deprived by guide-pieces of 
all freedom of motion save parallel to a fixed line in its plane. 
If it be set in motion by the end of a crank, describing a 
given path^ in a given manner and working in a slot of given 
form cut in the sheet, form the equation of rectilinear motion 
of the sheet 

(43) Investigate completely the cases of Example (42) 
irhen 

(a) the slot is straight, 

(&) the slot is a circular arc, 
the motion of the crank being circular and unifomu 



(42) 



CHAPTER IL 



LAWS OF KOTIOK. 

44. Having, in the preceding chapter, very briefly- 
considered the purely geometrical properties of the motion of 
a point or particle, we must now treat of the causes which 
produce various circumstances of motion ; and of the experi- 
mental laws, on the assumed truth of which all our succeeding 
investigations are founded. And it is obvious that we now 
introduce for the first time the ideas of Matter^ and of Force. 

We commence with a few definitions and explanations, 
necessary to the full enunciation of Newton^s Laws and their, 
consequences. 

45. The Quantity of Matter in a body, or the Mass of 
a body, is proportional to the Volume and the Density con- 
jointly. The Vensity may therefore be defined as the quan- 
tity of matter in unit volume. 

If Jf be the mass, p the density, and Fthe volume, of a 
homogeneous body, we have at once 

M^Vp\ 

if we so take our units that unit of mass is the mass of unit 
volume of a body of unit density. If the density vary from 
point to point, we have, of course, 

M^JjjpdV. 

As will be presently explained, the most convenient n it 
mass is an Imperial Pound of matter. 

46. A Particle of matter is supposed to be so small th t, 
though retaining its material properties, it may be treated h, 
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as its co-ordinates, &c. are concerned, as a geometrical 
^int« 

47. The Quantity of Motion^ or the Momentum^ of a 
loving body is proportional to its mass and velocity con- 
Jointly* 

Hence, if we take as unit of momentum the momentum 
>f a unit of mass moving with unit velocity, the momentum 
>f a mass M moving with velocity v is Mv. 

48. Change of Quantity of Motion, or Change of Momen^ 
turn, is proportional to the mass moving and the change of its 
velocity conjointly. 

Change of velocity is to be understood in the general 
sense of § 10. Thus, with the notation of that section, if a 
velocity represented by OA be changed to another represented 
by (?(!/, the change of velocity is represented in magnitude 
and direction by AC. 

49. Rate of Change of Momentum^ or Acceleration of Mo- 
mentum, is proportional to the mass moving and the accelera- 
tion of its velocity conjointly. Tbus (§ 17) the acceleration 

cPs 
of momentum of a particle moving in a curve is Jf ^^ along 



.v' 



the tangent, and ilf — in the radius of absolute curvature. 

• 

BO. The Via Viva, or Kinetic Energy,- of a moving body 
is proportional to the mass and the square of the velocity, 
conjointly. If we iadopt the same units of mass and velo- 
city as before, there is particular advantage in defining kinetic 
energv as half the product of the mass into the square of 
its velocity. 

Bl. Hate of Change of Kinetic Energy (when defined as 
above) is the product, of the velocity into the component of 
acceleration of momentum in the direction of motion. 
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62. Matter has an innate power of resisting external 
influences, so that every body, as far as it can, remains at rest^ 
or moves uniformly in a straight line. 

This, the Inertia of matter, is proportional to the quan-. 
tity of matter in the body. And it tbllows that some cause 
is requisite to disturb a body's uniformity of motion, or to' 
cliange its direction from the natural rectilinear path. 

63. Impressed Force^ or Force simply, is any cause which 
tends to alter a body's natural state of rest, or of uniform mo« 
tion in a straight line. 

The three elements specifying a force, or the three ele- 
ments which must be known, before a clear notion of the force 
under consideration can be formed, are, its place of application, 
its direction, and its magnitude. 

64. The Measure of a Force is the quantity of motion 
which it produces in unit of time. According to this method 
of measurement, the standard or unit force is that force 
which, acting on the unit of matter during the unit of time^ 
generates the unit of velocity. 

Hence the British absolute unit force is the force which, 
acting on one pound of matter for one second, generates a 
velocity of one foot per second. 

[According to the common system followed in modem 
mathematical treatises on dvnamics, the unit of mass is g 
times the mass of the standard or unit weight ; g being the 
numerical value of the acceleration produced (in some par- 
ticular locality) by the earth's attraction on falling bodies. 
This definition, giving a varying and a very unnatural unit 
of mass, is exceedingly inconvenient. In reality, standards of 
weight are masses, not forces^ They are employed primarily 
in commerce for the purpose of measuring out a definite quan- 
tity of matter ; not an amount of matter which shall be at- 
tracted by the earth with a given force.] 

55. To render this standard intelligible, all that has to 
be done is to find how many absolute units will produce, in 
any particular locality, the same effect as the force of gravity. 
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The way to do this is to measure the effect of gravity in pro- 
ducing acceleration on a body unresisted in any way. The 
most accurate method is indirect, by means of the pendulum. 
The result of pendulum experiments made at Leith Fort, by 
Captain Kater, is, that the velocity acquired by a body falling 
imresisted for one second is at tnat place 32*207 teet per 
second. The variation in the force of gravity for one degree 
of difference of latitude about the latitude of Leith is only 
•0000832- of its own. amount. The average value for the 
whole of Great Britain differs but little from 32*2 ; that is, 
the force of gravity on a pound of matter in this country is 
82*2 times the force which, acting on a pound for a second, 
would generate a velocity of one foot per second ; in other 
words, 32*2 is the number of absolute units which measures 
the weight of 4 pound. Thus, speaking very roughly, the 
British absolute unit of force is equal to the weight of about 
half an ounce. 

56. Forces (since they involve only direction and mag- 
nitude) may be represented, as velocities are, by straight 
lines in their directions, and 6f lengths proportional to their 
magnitudes, respectively. 

Also the laws of composition and resolution of any number 
of forces acting at the same point, are, as we shall presently 
shew, § 62, the same as those which we have already proved 
to hold for velocities ; so that, with the substitution of force 
for velocity, § 10 is still true. 

57. The Component of a force in any direction, sometimes 
called the Effective Component in that direction, is therefore 
found by multiplying the magnitude of the force by the cosine 
of the angle between the directions of the force and the com- 
ponent The remaining component in this case is perpen- 
dicular to the other. 

It is very generally convenient to resolve forces into com- 
ponents parallel to three lines at right angles to each other; 
each such resolution being effected by multiplying by the 
cosine of the angle concerned. 

* The magnitude of the resultant of two, or of threcj forces 



46 LAWS OF UOTION. 

in directiona at right angles to each other, is the sqaare root 
of the sum of their squares. 

66. The Center of Inertia or Mass of any system of 
material points whatever (whether rigidly connected with 
one another, or connected in any way, 'or quite detached), 
18 a point whose distance from any plane is eqnal to the anm 
of the products of each mass into its distance from tlie same 
plane divided by the sum of the masses. 

The distance from the plane 6f yz, of the center of inertia 
of masses m,, m,, etc., wnose distances from the plane are 
«j, x^ etc., is therefore 

_ m,x^ + m^, + eic. _ 2 (wix) 
m^ + m^ + etc. 2nt 

And, similarly, for the other co>orditiates. 

Hence its distance from the plane 

8 = Xx + /iy + i-jT - a = 0, 

is D = 'Kx + fiy + vz — a, 

'S,{mC>^ + ny + vz-a)] _'%(mS) 

8B stated above. And its velocity perpendicular to that 
plane is 

dD 1 „ f A (Ze , (?v dz\\ ^ V'dt) 

from which, by multiplying by 2m, and noting that S ia the 
distance of x, y, « from 5 = 0, we see that the sum of the mo- 
menta of the parts of the system in any direction is eqnal to 
the momentum in that direction of the whole mass collee d 
at the center of inertia. 

69. By intiodncing, in the definition of moment of re' >- 
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citj (§21), tlie mass of the moving bodj as a factor, ^^e have 
an important element of dynamical science, the Moment of 
Momentum^ The- laws of composition and resolution are 
the same as those already explained. 

60. A force is' said to do Work if it moves the body to 
irhich it is applied, and the work done is measured by the 
resistance overcome, and the space through which it \s over^ 
eome, conjointly. 

Thus, in lifting coals from a pit, the amount of work done 
is proportional to the weight of the coals lifted; that is, to 
the force overcome in raising them ; and also to the height 
, through 'which they ai*e raised. The unit for the measure- 
ment of work adopted in practice by British engineers, is that 
required to overcome the weight of a pound through the space 
of a foot, and is called a foot-pound. 

In purely scientific measurements, the unit of work is not 
the foot-pound, but the kinetic unit force (§ 54) acting 
through unit of space. 

If the weight be raised obliquely, as, for instance, along 
a smooth inclined plane, the space through which the force 
has to be overcome is increased in the ratio of the length to 
the height of the plane ; but the force to be overcome is ndt 
the whole weight, but only the resolved part of the weight 
parallel to the plane ; and this is less than the weight in the 
ratio of the height of the plane to its length. By multiplying 
these two expressions together, we find, as we might expect, 
that the amount of work required is unchanged by the sub* 
atitation of the oblique for the vertical path. 

61. Generally, if « be an arc of the path of a particle, ^8^ 
the tangential component of the applied forces, the work done 
on the particle between any two points of its path is 



^8d8, 



taken between limits corresponding to the initial and final 
positiona, 
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Referred to rectangular co-ordinates, it is easy to see, if 
the law of resolution of forces, § 67, that this becomes 

Thus it appears that, for any force, the work done during 
fin indefinitely small displacement of the point of application 
is the product of the resolved part of the force in the direction 
of the displacement into the displacement. 

From this it follows, that if the motion of a body be 
always perpendicular to the direction in which a force acts, 
such a force does no work. Thus the mutual normal pressure 
between a fixed and a moving body, the tension of the cord 
to which a pendulum bob is attacned, the attraction of the 
Bun on a planet if the planet describe a circle with the son 
in the center, are all cases in which no work is done by the 
force. 

In fact the geometrical condition that the resultant of 
X, Yj Z, shall be perpendicular to ds is 

as as as ^ 
and this makes the above expression for the work vanish. 

62. Work done on a body by a force is always shewn 
by a corresponding increase of vis viva, or kinetic energy, 
if no other forces act on the body which can do work or have 
work done against them. If work be done against any forces, 
the increase of kinetic energy is less than in the former case 
by the amount of work so done. In virtue of this, however, 
the body possesses an equivalent in the form of Potential, 
Energy^ if its physical conditions are such that these forces 
will act equally, and in the same directions, if the motion of 
the system is reversed. Thus there may be no change of 
kinetic energy produced, and the work done may be wholly 
stored up as potential energy. 

Thus a weight requires work to raise it to a height, a 
spring requires work to bend it^ air requires work to com- 
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press it, etc.; but a raised weight, a bent spring, compressed 
air, etc., are stores of energy which can be made use of at 

pleasure. 

These definitions being premised, we give Newton's Laws 
of Motion, 

63. Law I. Every hody continues in its state of rest or of 
uniform motion in a straight line^ except in so fofr as it may 
be compelled by impressed forces to change that state. 

We may logically convert the assertion of the first law 
of motion as to velocity into the following statements: — 

The times during which any particular body, not com- 
pelled by force to alter the speed of its motion, passes through 
equal spaces, are equal. And, again — Every other body in 
the universe, not compelled by force to alter the speed of 
its motion, moves over equal spaces in successive intervals, 
during which the particular chosen body moves over equal 
spaces. 

64. The first part merely expresses the convention uni- 
versally adopted for the measurement of Time. The earth, 
in its rotation about its axis, presents us with a case of motion 
in which the condition of not being compelled by force to 
alter its speed, is more nearly fulfilled thstn in any other 
which we can easily or accurately observe. Hence the nu- 
merical measurement of time practically rests on defining 
equal intervals of time, as tim^s during which the earth turns 
through equal angles. This is, of course, a mere convention, 
and not a law of nature ; and, as we now see it, is a part of 
Newton's first law. 

The remainder of the law is not a convention, but a great 
truth of nature, which we may illustrate by referring to small 
and trivial cases as well as to the grandest phenomena we 
can conceive. 

65. Law IL Change of motion is proportional to the tm^ 
pressed force^ and takes place in the direction of the straight 
l>ine in which the force acts^ 

We have considered change of velocity, or acceleration, 

T.D. 4 
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as a parelj geometrical quantity/ and have seen how 
may be at once inferred from the given initial and final ye 
cities of a body. By the definition of motion, or quantity 
motion (§ 47), we see that, if we multiply the change of velc 
city, thus geometrically determined, by the mass of the body,l 
we have the change of motion (§ 48) referred to in Newton*! 
law as the measure of the force yirhich produces it 

It is to be particularly noticed, that in this statement thera 
is nothing said about the actual motion of the body before ii 
was acted on by the force : it is only the change of motioa 
that concerns us. Thus the same force will produce precisely 
the same change of motion in a body, whether the body be at 
rest, or in motion with any velocity whatever. 

66. Again, it is to be noticed that nothing is said as to 
the body being under the action of om force only ; so that we 
may logically put part of the second law in the foUowizig 
(apparently) amplified form : — 

When any forces whatever act on a hody^ then^ whether, 
the body he originally dt rest or moving with any velodtg 
and in any direction, each force produces in the body tht 
exact change of motion which it would havfi produced- if U 
had acted singly on the body originally at rest. 

67. A remarkable consequence follows immediately from 
this view pf the second law. Since forces are measured by 
the changes of motion they produce, and their directions 
assigned by the directions in which these changes are pro- 
duced ; and since the changes of motion of one and the same, 
body are in the directions of, and proportional to, the changes 
of velocity — a single force, measured by the resultant change 
of velocity, and in its direction, will be the equivalent of anj 
number of simultaneously acting forces. Hence 

The resultant of any number of forces {applied at cm 
point) is to be found by the same geometrical process as thi 
resultant of any number of simultaneous velocities. 

From this follows at once (§ 10) the construction of 
the Parallelogram of Forces for finding the resultant of tiro 
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forces acting at the same point, and the Poly ff on of Forces for 
Ae resultant of any number of forces acting at a point. And, 
10 far as a single particle is concerned, we hare at once the 
whole subject of Statics. 

68. The second law gives n3 the means of xneaBuring 
force, and also of measuring the mass of a body. 

For, if we consider the actions of various forces upon 
the same body for equal times, we evidently have changes 
of velocity produced, which are proportional to the forces. 
The changes of velocity, then, give us in this case the means 
: of comparing the magnitudes of different forces. Thus the 
velocities acquired in one second by the same mass (falling 
freely) at different parts of the earth^s surface, give us the 
relative amounts of the earth's attraction at these places* 

Again, if equal forces be exerted on different bodies, the 
changes of velocity produced in equal times must be inversely 
as the masses of the various bodies. This is approximately 
I the case, for instance, with trains of various lengths drawn by 
tibe same locomotive. 

I Again, if we find a case in which different bodies, each 
Acted on by a force, acquire in the same time the same 
changes of velocity, the forces must be proportional to the 
inasses of the bodies. This, when the resistance of the air 
is removed, is the case of fsdling bodies ; and from it we 
conclude that the weight of a body in any given localityy 
or the force with which the earth attracts ity is proportional 
h its mass. The student must be careful to observe that this 
|b no mere truism, but is an important part of the grand Law 
gf Oravitation. 

69. It appears, lastly, from this law, that every theorem 
Kinematics connected with acceleration has its counter- 
in Kinetics. Thus, for instance (§ 18), we see that 

le force, under which a particle describes any curve, may 

resolved into two components, one in the tangent to the 

re, the other towards the center of curvature; their 

litudes being the acceleration of momentum, and the 

luct of the momentum into the angular velocity about 

center of curvature, respectively. In the case of uni- 

4—2 
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form motion, the first of these vanishes, or, the whole foi 
is perpendicular to the direction of motion. When there | 
no force perpendicular to the direction of motion^ there 
no curvature, or the path is a straight, line. 

Hence, if we resolve the forces, acting on a particle 
mass m whose co-ordinates are a;, y, z^ into the three 
angular components X, Y, Z; we have 



In many of the future chapters these equations will 
somewhat simplified by assuming unitj as the mass of tl 
moving particle. When this cannot be done, it is sometim^ 
convenient to assume X, Y^ Z 9A the component forces 
unit mass, and the previous equations become 

m-y^^mXy &c.; 

firom which m may of course be omitted. 

[Some confusion is often introduced by the division 
forces into " accelerating '' and " moving " forces ; and it 
even stated occasionally that the former are of one, and 
latter oi four linear dimensions. The fact, however, is 
an equation such as 

mBj be interpreted either as dynamical, or as merely kin] 
matical. If kinematical, the meanings of the terms 
obvious ; if dynamical, the unit of mass must be understoc 
as a factor on the left-hand side, and in that case X is 
^-component, per unit of mass, of the whole force exerted 
the moving body.] 

If there be no acceleration, we have of course equilibrii 
among the forces. Hence the equations of motion of a partii 
are changed into those of equilibrium by putting 

d*x » 

^ = o.&c 

70. We have, by means of the first two laws, arrii 
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1^ a definition tod a measure of force ; and have also found 
low to compound, and therefore also how to resolve, forces ; 
and also how to investigate the conditions of equilibrium or 
motion of a single particle subjected to given forces. But 
more is required before we can completely understand the 
more complex cases of motion, especially those in which we 
lave mutual actions between or amongst two or more bodies ; 
snch as, for instance, attractions or pressures or transference 
of energy in any form. This is perfectly supplied by 

71. Law III. To every action there is always an equal and 
contrary reaction: or^ the mutual actions of any two bodies are 
always equal and oppositely directed in the same straight line. 

If one body presses or draws another, it is pressed or 
drawn by this other with an equal force in the opposite 
direction. If any one presses a stone with his finger, his 
&iger is pressed with an equal force in the opposite direction 
by the stone. A horse, lowing a boat on a canal, is dragged 
backwards by a force equal to that which he impresses on the 
towing-rope forwards. By whatever amount, and in what- 
ever direction, one body has its motion changed by impact 
upon another, this other body has its motion changed by the 
same amount in the opposite direction; for at each instant 
during the impact they exerted on each other equal and op- 
posite pressures. When neither of the two bodies has any 
rotation, whether before or after impact, the changes of velo- 
city which they experience are inversely as their masses. 
When one body attracts another from a distance, this other 
attracts it with an equal and opposite force, 

' 72. We shall for the present take for granted, that the 
mutual action between two particles may in every case be 
imagined as composed of equal and opposite forces in the 
straight line joining them. From this it follows that the 
iWin of the quantities of motion, parallel to any fixed direc- 
^on. of the particles of any system influencing one another in 
toy possible way, remains unchanged by their mutual action ; 
also that the sum of the moments of momentum of all the 
particles round any line in a fixed direction in space, and 
passing through any point moving uniformly in a straight 
nne in any d&ection, remains constant. From the first of 
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these proporitions we infer that the center of inertia of 
8T8tem ot mntuallT inflnencing particles, if in motion, 
tinues moving tmiformly in a straight line, unless in so far 
the direction or velocitj of its motion is changed hy fc 
acting mntoally between the particles and some other mal 
not belonging to the system ; also that the center of inertia 
anj system of particles mores just as all their matter, if 
centrated in a point, would move nnder the influence of foi 
equal and parallel to the forces really acting on its drSerei 
parts. From the second we infer that the axis of resaltanfc 
rotation through the center of inertia of any system of par- 
ticles, or through any point either at rest or moving uniformly 
in a straight line, remains unchanged in direction, and tlid 
sum of moments of momenta round it remains constant if that 
system experiences no force from without. [This principle is 
sometimes called Conservation of Areas, a very misleading 
designation.] These results will be deduced analytically in 
Chap. XII. 

73. What precedes is founded upon Newton's own com- 
ments on the tnird law, and the actions and reactions coor 
templated are mere forces. In the scholium appended, h» 
makes the following remarkable statement, introducing another, 
specification of actions and reactions subject to his third law :-- 

8t assttmetur agentis actio ex ejus vi et velodtate conjurui^ 
tim; et similiter resistentis reactio cestimetur conjunctiva ex «;tia 
partium singularum velocitatibus et viribus resistendi ah earum 
attritionCy cohassione, . pondere, et acceleratione oriundis; ertad 
actio et reactio^ in omni instrumentorum usuy sibi invicem sem* 
per asquales* 

In a previous discussion Newton has shewn what is to 
be understood by the velocity of a force or resistance ; i e^ 
that it is the velocity of the point of application of the force 
resolved in the direction of the force. Bearing this in mind, 
we may read the above statement as follows : — 

If the Action of an agent be measured by its amount €md ^ 
velocity conjointly ; and if similarly, the Reaction of the resist^ 
ance be measured by the velocities of its several parts and their^ 
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poeral amoufits conjointly^ whether these arise from friction. 
wiesioUy weighty or acceleration ; — Action and Reaction^ in all 
fomhinatzons ofnuuMneSf will he equal and opposite* 

74. Newton here points out that forces of resistance 
inst acceleration are to be reckoned as reactions equal and 
l^posite to the actions by which the acceleration is produced.- 
Thufi, if we consider any one material point of a system, its 
Reaction against acceleration must be equal and opposite to the 
tesultant of the forces which that point experiences, whether 
hj the actiona of other parts of the system upon it, or by the 
influence of matter not belonging to the system. In other 
words, it must be in equilibrium with these forces. Hence 
Newton's view amounts to this, that all the forces of the 
system, with the reactions against acceleration of the material 
ipoints composing it, form groups of equilibrating systems for 
these points considered individually. Hence, by the prin- 
ciple of superposition of forces in equilibrium, all the forces 
acting on points of the system form, with the reactions against 
acceleration, an equilibrating set of forces on the whole sys- 
tem. This is the celebrated principle first explicitly stated 
and very usefully applied by D'Alembert in 1742 and still 
known by his name. 

Newton in the sentence just quoted lays, in an admirably 
distinct and compact manner, the foundations of the abstract 
theory of Energy^ which recent experimental discovery has 
raised to the position of the grandest of known physical laws* 
He points out, however, only its application to mechanics. 
' The actio agentis, as he defines it, which is evidently equiva^ 
lent to the product of the effective component of the force, into 
the velocity of the point on which it acts, is simply, in modern 
English phraseology, the rate at which the agent works. The 
subject for measurement here is precisely the same as that for 
which Watt, a hundred years later, introduced the practical 
tmit of a ^^ Horse-power,^^ or the rate at which an agent works 
when overcoming 33,000 times the weight of a pound through 
the space of a foot in a minute ; that is, producing 550 foot- 
pounds of work per second. The unit, however, which is most 
generally convenient is that which Newton's definition im- 
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plies, nnmely, the rate of doing work la which the nnit ol 
energy is produced in the unit of time. 

75. Looking at Newton's words in this light, we see hy 
§ 51 that they mi^ be logically converted into the following 
I'orm : — 

"Work done on any system of bodies (in Newton'a stated! 
ment, the parts of any machine) has its equivalent in work 
done against friction, molecular forces, or gravity, if there be 
no acceleration ; but if there be acceleration, part of the work 
is expended in overcoming the resistance to acceleration, and 
the additional kinetic energy developed is equivalent to the 
work so spent." 

"When part of the work Is done against molecular forces, 
as iu bending a spring ; or against gravity, as in raising a 
weight ; the recoil of the spring, and the fall of the weight, 
arc capable, at any future time, of reproducing the work 
originally expended {§ 62). But in Newton's day, and long 
afterwards, it was supposed that work was dbsolutelt/ lost by 
friction. 

76. If a system of bodies, given either at rest or in mo- 
tion, be influenced by no forces from without, the sum of the 
kinetic energies of all its parts is augmented in any time by 
an amount equal to the whole work done in that time by the 
mutaal forces, which we may imagine as acting between its 
points. When the lines in which these forces act remain all 
unchanged in length, the forces do no work, and the sum of 
the kinetic energies of the whole system remains constant. 
If, on the other hand, one of these lines varies in length during 
the motion, the mutual forces in it will do work, or will con- 
sume work, according aa the distance varies with or against 
tJiem. 

77. Experiment has shewn that the mutual forces be- 
tween the parts of any system of natural bodies always per- 
form, or always consume, the same amount of work during 
any motion whatever, by which the system can paaa from one 
particular configuration to another : 80 that each configuration 
cori-espcnds to a definite amount of kinetic energy. [For the 
apparent violation of this by Iriction, impact, &c. see § 78*.] 
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Hence' no 'arrangement is possible, in whicli a gain of kinetic 
pnergy can be obtained when the system is restored to its 

itial configuration. In other words, "fAe Perpetual Motion 

impossible,^* 

78. T^he potential energy (§ 62) of such a system, in the 
jjConfiguration which it has at any instant, is the amount of 
fwork that its mutual forces perform during the passage of the 
isystem from any one chosen configuration to the configura- 
ftion at the time referred to. It is generally convenient so to 
|fix the particular configuration, chosen for the zero of reckon- 
ling of potential energy, that the potential energy in every 
other configuration practically considered shall be positive. 

[ To put this in an analytical form, we have merely to 
notice that by what has just been said, the value of 



^/(^s 



as as) 



IS mdependent of the paths pursued from the initial to the 
final positions, and therefore that 

%{Xdx^Ydy^-Zdz) 

is a complete differential. If, in accordance with what has 
just been said, this be called — dV^ F is the potential energy, 
and 

\ ^^ ^' 

Also, by the second law of motion, if m be the mass of 
I a particle of the system whose co-ordinates are a?, y, «, we 
have 

m^ —r^ = Xj, &c. = &c. 

= -dV. 
The integral is 
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that is, the sum of the kinetic and potential energies is ccn^ 
stanL This is called the Conservation of Energy. 

In abstract dynamicSy with which alone this treatise 
is concerned, there is loss of energy by friction, impact, &c. 
This we simply leave as loss, to be afterwards accounted for 
in physics. 

78*. [The theory of energy cannot be completed until we 
are able to examine the physical influences which accompany 
loss of energy. We then see that in every case in "which 
energy is lost by resistance, heat is generated ; and we learn 
from Joule's investigations that the quantity of heat so gene- 
rated is a perfectly definite equivalent for the energy lost 
Also that in no natural action is there ever a development of 
energy which cannot be accounted for by the disappearance 
of an equal amount elsewhere by means of some known phy- 
sical agency. Thus we conclude that, if any limited portion 
of the material universe could be perfectly isolated, so as to 
be prevented from either giving energy to, or taking energy 
from, matter external to it, the sum of its potential and kinetic 
energies would be the same at all times. But it is only when 
the inscrutably minute motions among small parts, possibly 
the ultimate molecules of matter, which constitute light, heat, 
and magnetism; and the intermolecular forces of chemical 
aflSnIty; are taken into account, along with the palpable 
motions and measurable forces of which we become cognizant 
by direct observation, that we can recognise the universally 
conservative character of all natural dynamic action, and per- 
ceive the bearing of the principle of reversibility on the whole 
class of natural actions involving resistance, which seem to 
violate it It is not consistent with the object of the present 
work to enter into details regarding transformations of energy. 
But it has been considered advisable to introduce the very 
brief sketch given above, not only in order that the student 
may be aware, from the beginning of his reading, what ?>n 
intimate connection exists between Dynamics and the mode i 
theories of Heat, Light, Electricity, &c. ; but also that we m; r 
be enabled to use such terms as ^^potential energy,^'' &c. ii - 
stead of the unnatural ^^ Force-functions^^ &c. which disfigui i 
most of the modem analytical treatises on our subject.] 
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CHAPTEK III. 

ItECTlLINEAR MOTIOIT. 

- 79. The simplest case of motion of a particle which we 
have to consider is that in a straight line. Tnis may be caused 
by the applied force acting at every instant in the direction of 
motion ; or the particle may be supposed to be constrained 
to move in a straight line by being enclosed in a straight 
tube of indefinitely small bore. As already mentioned, § 69, 
we shall in every case suppose the mass of the particle to be 
unity. 

80. A particle moves in a etraight line, under the action 
of any forces^ whose resultant is in that line; to determine 
the motion. 

Let P be the position of the particle at any time t, f the 
resultant acceleration along OP, being a fixed point in the 
line of motion. 



Let OP=^Xf then the equation of motion is 

d'x_j. 
df^' 

In this equation /may be given as a function of x, of -j- , 

or of t, or of any two or all three combined ; but in any case 
the first and second integrals of the equation (if they can be 

obtained) will give-r- and x in terms of ^; that is, the position 

Mid velocity of the particle at any instant will be known. 

The only one of these cases which we will now consider 
18 that in which /is given as a function of x ; those in which 

/• doB dos 

18 a function of --^, or. of — and a?, being reserved for the 
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Chapter on Motion in a Resisting Medium : while those In 
which f involves t explicitly possess little interest, as they 
cannot be procured except by special adaptations; and can 
even then appear only in an incomplete statement of the cir- 
comstances oVtiie p«ticalar arran^ment. 

The simplest supposition we can make is that y* is constant. 

81. A particle, projected from a given point with a given 
velocity, is acted on by a constant force in the line of its motion; 
to determine the position and velocity of the particle at any 
time. 

Let A be the initial position of the particle, P its position . 
at any time t^ v its velocity at that time, and / the constant 



axiceleration of its velocity. Take any fixed point in the 
line of motion as origin, and let 0-4= a, OP=^x. The 
equation of motion is 



Integrating once, we have 



(1). 



^"-M 0. 

G being a constant to be determined by the initial circum- 
stances of the motion. Suppose the particle projected from 
A in the positive direction with velocity F, then when < = 0, 
v^V\ hence (7= F, and 



dX TT A 



dt 



(2). 



Integrating again, 



x^O'+Vt^./-, 



ItECTIUNBARMOTIOKt §1 

Bat when t = 0,a: = a; hence C = a, aqd 

x=a+Vt+f^ (3). 

equations (2) and (3) give the velocity and position of the 
particle in terms of t ; and the velocity may be determined in 
terms of x by eliminating t between them : but the same 
result will be obtained more directly by multiplying (1) by 

-T- and integrating. This gives the equation of energy 
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But when a? = a, t; == F; hence G" = -^ — ^, and 

«" F* 

| = Y +/(«-«) W. 

82. The most important case of the motion of a particle 
under the action of a constant force in its line of motion is 
that in which the force is gravity. For the weights of bodies 
at a given latitude may be considered constant at small dis* 
tances above the Earth's surface, and therefore if we denote 
the kinetic measure of the earth's attraction by g, and con- 
sider the particle to be projected vertically downwards ; equa* 
tions (2), (3), (4) of § 81 become 



v=V+gt 
x^a-^-Vt + ^ge 

^' ^\ f ^ 



(^), 



x being measured as before from a fixed point 
in the line of motion. As a particular mstance 
suppose the particle to be dropped from rest at 0. 
At that instant A coincides with 0. and a = 0, 



P 



62 BBCnLDtEAB MOTIOK. 

Hence vgt (I), 

x = ^e (2), 

^=9^ (3). 

The last of these equations may also be obtiuned from 
d*x _dv _dv dx _ do 
^^'dF~dt~dxdi~''d^ 
hy a single integration, 

83. As another patticolar instance, suppose the particle 
to be projected vertically upwards. Here it moat be re- 
membered that if we meaanre x upwards from the point of 
projection, the force tends to diminish x and the equation of 

motion ia 

d'x 

In other respects the solution is the same. Taking, 
t}icre.fore, a — in equations {A) and changing, the &i^ of ^, 
we obtain 

o-r-gl (4). 

«-F«-f (5), 

'i'T-^^ (»>■ 

From equation (4) we see that the velocity continually 

diminiahes, and becomes zero when ( = — ; and from (6) that 

9 
the height corresponding tov=0, or the greatest height to 

yt 
wliich the particle will ascend, is — . After this the veloaty 

becomes negative, or the particle begins to descend, and 
(5) sliewa that it will return to the point of projection when 

( = ^^ , as « then becomes ; and the velocity with which 
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it returns to that point is, hj (6), equal to the velocity of 
projection. 

84. A particle descends a smooth inclined plane under 
the action of gravity ^ the motion taking place in a vertical plane 
perpendicular to the intersection of the inclined with any hori- 
zontal plane y to determine the motion. 

Let P be the position of the particle at any time t on the 
inclined plane OA, OP^ a? its distance from a fixed point 




in the line of motion, and let a be the inclination of OA to 
the horizontal line AB, The only impressed force on the 
particle is its weight g which acts vertically downwards, and 
this may be i^esolved into two^ g sin a along, and g cos a per- 
pendicular io, OA. Besides these there is the unknown 
force JK, the reaction of the plane, which is perpendicular 
to OA : but neither this nor the component g cos a can aflfect 
the motion along the plane. The equation of motion is 
therefore 

* d'^x 

the solution of which, as^ g sin a is constant, is included in 
that of the proposition of § 82, and all the results for particles 
moving vertically under the action of gravity will be made 
to apply to it by writing g sin a for g. Thus, if the ^ "' ' 




■^•^ ■'., > 
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Start from rest at 0, we get from equations (1), (2), (3) of 
§ 82 bj this means, 

v^^gsina.t ....,....(1), 

a? = i^ sina.t" {2)^ 

— ='ff&ma.x (3)i. 

86. Equation (3) prores an important property with 
regard to the velocity acquired at any point of the descent. 
For, draw P-^ parallel to AB, and let it meet the vertical line 
through in N, then if t? be the velocity at P, we have 

-- = flrsina. OP 

^g.ON. 

Comparing this with equation (3) of § 82, we see that 
the velocity at F is the same as that which a particle would 
acquire by falling freely from rest through the vertical dis- 
tance ON; in other words the velocity at any point, of a 
particle sliding down a smooth inclined plane, is that due to 
the vertical height through which it has descended ; a par- 
ticular case of the conservation of energy. 

86. Again from (2) we derive immediately the following 
curious and usefiil result. 

The times of descent down all chords drawn through the 
highest or lowest point of a vertical circle are equal. 

Let AB be the vertical diameter of the circle, AG any 
chord through A ; join BG\ then if Tbe the time of descent 
down A Oj we have by equation (2) of § 84, 

AG^\gTiiosBAC. 
But AG^ AB cos BA G ; whence 

AB^yr, 

rp MB 
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rhich, being independent of the position of the cliordj gives 
he same time of descent for all. 




It may similarly be shewn that the time of descent down 
ill chords thronffh B is the same. In fact parallel chords, 
bawn through A and B respectively, are of equal length* 




, To find the straight line of swiftest descent to a given cu/rve 
rm any point in the same vertical plane, all that is required 
5 to draw a circle having the given point as the upper ex- 
fenuty of its vertical diameter, and the smallest which can 
aeet the curve. Hence if BO be the curve, A the point, 
iiaw AD vertical ; and, with center in AD, describe a circle 
«88ing through A and touching BC. Let P be the point of 
ontact, then AF is the required line. For, if we take any 

T.D. R 
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other point, o, in 5(7, Ap cuts the circle in some point j, anj 
time down Ap > time down A^, i. e. > time down AP. 

If the given curve be not plane, a sphere must be descril 
passing through -4, with center in AD, so as to touch tl 
curve ; and the proof is precisely as before. 

^ 87. In § 84 we have supposed the inclined plane to 
smooth, but the motion will still be uniformly acceleral 
when the plane is roush. For since there is no motion pe 
pendicular to OA (see ng. § 84), we must have 

JJ s=ff cos a* 

If fi then be the coefficient of kinetic friction, which ij 
known by experiment to be independent of the velocity of 
particle, the retarding force of friction will be fiR or fiff cos 
and the equation of motion will become 

cPx 
^=^sma-/[yrcosa, 

the second member still being constant, and the solution th( 
fore similar to those we have already considered 

88. When a particle moves under the actum of a force 
its line of motion, the force varying directly as the distai 
of the particle from a fixed point in that line, to determii 
the motion. 

Let be the fixed point, P the position of the particle al 
any time t, v its velocity at that time, and let OP=x. TheJ 



jujc 



if /jb be the acceleration of a particle at a unit of distance froi 
0, which is supposed known, the acceleration at P will 
fix, and if it be directed towards will tend to diminish 
Therefore the equation of motion is 

de ^' 
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or -^ + iix = (1). 

Multiplying this equation by ^, and integrating, we 
oltain 

Ksy-ft^'-"^ <^)' 

the equation of energy. This may be written 
^ dt_ 1 1 

the negative sign being employed if we suppose the motion 
to be towards 0, and A being the opnstftnt mtroduced in the 
integration* Integrating again, "^ 

^/) ^ (U^t + B)^coa-\^; 

or x = Aco&yfit + B] ,.(3), 

the complete integral of (1) ; involving two arbitrary constants 
A and ^, the values of which are to be determined from the 
initial distance, and the velocity of projection. Thus from (3), 

— =:t? = — V/^^sin{V/A^4--B} (4). 

89. Suppose the particle to be projected from A in the 
positive direction with the velocity F, and let OA = a ; then 
when <=0, we have a? = a, v=F; and therefore from (3) 
and (4) 

a = -4 cos B, 

* F=-VMsin5, 

[which determine A and -B, and then (3) and (4) give the 
iposition and velocity of the particle at any instant. The 
velocity in terms of a? is obtained directly from (2), for when 
= a, we have i; = F; whence V^= fju (J." — a"), and 



k 



5—2 



^^I^^"-'- 
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90. EqoationB (3) and (4) give periodical values of x and 1 
(, such that all the circomstances of motion are the s 



Telocity becomes zero when V/*' + -B = 0, and that the cor- 
responding value of iT is the ^eatest possible. Hence the par- 
ticle will move in the positive direction to a distance A from 
0, and then begin to return. Also, since when n/fit + 5= tt, 
we have « = again, and x = — A, it will pass through 0, 
move to an equal distance on the other side, and so on : the 
time of a complete oscillation, that is, the time from its leav- 
ing any point until it passes through it again in the same 



that the time of oscillation is independent of the velocity and 
distance of projection, and depends solely on the intensity of 
the force. 

The above proposition includes the motion of a paitii?li 
within a homogeneous sphere of ordinary matter, in a stiiugkt 
bore to the center. For the attraction of such a sphere on a 
particle within it is proportional to the distance from the 
center, and the equation of motion is therefore the same as 
that which we have just considered. 

91. Suppose itself to be in motion in the line OA, and 
let ^ denote its position at time t. The equation of motion 

and is integrable when f is given in terms of (. This may 
be at once changed into the equation of relative motion 

which is the same aa when the point is at rest if ■—=: 0, 

i.e. if the velocity of be constant. If move with const nt 
acceleration, a, the oscillatory motion will be the same as e- 

fore, but the mean position will be - behind 0. 
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i 92. If the force in § 88 be supposed repulsive or di- 
JTected always from the center instead of towards it, the equa- 
tion of motion becomes 

the integral of which is known to be 

and the motion is not oscillatory. If, when ^ = 0, x = B, 
v = ^ JBi^fjkf the particle constantly approaches the center but 
never reaches it. 

93. It is to be remarked that we cannot always apply 
the same equation of motion to the negative and positive sides 
of the origm as we have done in the case of § 88. Gur being 
able to do so arises from the fact that the expression, /jlx, for 
the force changes sign with x ; for by looking at the figure 
it will be seen that when x is negative the force tends to 
increase x algebraically, and the equation ought properly to 
be written 

In general, when the force is proportional to the w* power 
of the distance, the equations of motion for the positive and 
negative sides of the origin are respectively 

d^x -, 

and -^ = «^(-a?)*. 

The only cases, therefore, in which the same equation of 
motion will apply to both sides of the origin, occur when n is 

of the form -^-—, — - , where m, m! are any whole numbers in- 

duding zero, since it is only in these cases that we have 

•^{-^xy^x\ 

^ 94. In all other cases the investigation of the motion will 
generally consist of two parts, one for each side of the origin ; 
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and in one case even when n is of the form -- — -, — - it i 

2m + 1 

necessaiy to consider these parts separately, because the form 

of the integral is not sufficiently general to include both. 

This is when m = and w' = — 1, for in that case the equation 

of motion becomes 



d^x 



- f^ 



df X 

dx 
Multiplying this by 2 -^ and integrating we have 



(sy=^-2^^^ea', 



which becomes impossible when x is negative. But it is evi- 
dent that we may then write the integral 

(iy=o-2;.iog(-.), 

which is, of course, the proper form for the negative side of the 
origin. These equations cannot generally be integrated far- 
ther, but we will shew towards the end of the Chapter how 
the time of reaching the origin may be determined. 

95. A particle^ constrained to move in a straight Une^ is 
acted on by a force always directed to a point outside the line, 
and varying directly as the distance of the particle from that 
point, to determine the miction. 

The constraint here contemplated may be conceived by 
considering the particle either as an indefinitely small ring 
sliding on a smooth rod, or as a material particle sliding in a 
smooth straight tube of indefinitely small bore. 

Let AB be the straight line, P the position of the particle 
at any time, the point to which the force on P is alw lys 
directed. Draw OJSt perpendicular to AB, and let NP= x; 
then if OP=r, and if fi as formerly be the acceleration s t a 
unit of distance, the acceleration of P along PO is fir. 7 bis 
may be resolved into two, one along and the other perj in- 
dicular to AB, of which the latter has no effect on the mo on 
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>f the particle. The equation of motion Is, therefore, since 
the acceleration Is /*rcos OPN or /iPN, 

the same as in § 88^. The motion of the particle will there- 
fore be oscillatory aboat N, the time of a complete oscillation 




being -j-, and all the circnmstances of motion the same 

as for a free particle moying in AB under the action of an 
equal center offeree placed at -N'* 

96. A particle moves in a straight line under the action 
of a force always directed to a point in that line and varying 
inversely as the square of the distance from that point-; to de^ 
termtne the motion. 

Let be the fixed point, P the position of the particle at 






A 



the time t, OP = x ; the equation of motion is 

[L being, as before, the acceleration at unit distance from 0. 

dx 
Multiplying by -i- and integrating, we get 
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the equation of energy. 

gnppose tbfl particle to start from rest at a point A dia 
taut a from 0, then when x = a,v = 0; 

hence, G= — ~, and 

1 fdx\^ w» /I IN ■ 



2\dt} 



which g^vea the velocify of the particle at any distance x 
from the origin. Again from (1) 

dx ,—~ la — x 

the negative sign being taken, since in the motion towarda 0, 
X. diminiahes as ( increases. This gives 

dA__ _ j a_ X -^ 

dx~ y ^' >J{ax~3?) " ""^ 

_ /g fl a-2a; a 1 1 

V 3/i 12 V(oa; - aO 2 ^/{ax - 7?)\ ' 
Integrating, we have 



'-V'|;-h'»-»^-5 



a _,2 



■+0' 



Now, when < = 0, a: = a, and therefore C" = -^ . 

Hence y^« = V(««-a^-^Ter8-^^ + Y , 

which is the relation between x and t, 

97. Putting 35 = 0, we find that the time of arrivii^ at 
Ois 



IT /a' 
2V2/i' 



RECTILINEAB MOTION. 73 

and (1) shews that the velocity at is infinite. On this 
account we are precluded from applying our formulae to 
determine the motion after arriving at 0; but it is to be 
observed that, although at any point very near to there is 
a very great force tending towards 0, at the point itself 
there is no force at all : and therefore the particle, approaching 
the center of force with an indefinitely great velocity, must 
pass through it. Also, everythiijig being the same at equal 
distances on either side of the center, we see that the motion 
must be checked as rapidly as it was generated, and therefore 
the particle will proceed to a distance on the other side of S 
equal to that fi:om which it started. The motion will then 
continue oscillatory. 

98. The above case of motion includes that of a body 
&lling firom a great height above the Earth's surface. For a 
sphere attracts an external particle with a force varying 
inversely as the square of the distance of the particle from 
its center, and therefore if a? be the distance of a body from 
the Earth's center, jB the Earth's radius, and g the kinetic 
measure of gravity on unit of mass at the Earth's surface, the 
equation of motion will be 

dt "" -^ a?* ' 

the same equation as before, if we write \l for gW. The re- 
sults just obtained will therefore apply to this case. Thus if 
we wish to find the velocity which a body would acquire in 
falling to the Earth's surface firom a height A above it, we 
have firom (1), putting /a =5^-iS*, 



¥=^^S-:bta)5 



and therefore if V be the velocity when x = B, Le. the re- 
quired velocity, 

If A be small compared with JK, this may be written 



L 
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from which we see the amount of error introduced by the 
ordinary formula, § 82, 



2 



V'^gh. 



If the &11 be from an infinite distance^ A = oo ^ and we 
have 



99. A particle is constrained to move in a straight line, (nd 
is acted on by a force, always directed to a point outside that Im^ 
ar^ varyina inversely as the square of the distance from thai 
point; to determine the motion* 

Let AB be the straight line, P the position of the particle 
at any time, Othe point to which the force is always directed, 




fi the acceleration at unit distance. Draw ON perpendicular 
to AB and let ON^h, NP=x; then the acceleration oiP 

along PO is ^^, and, as in § 95, the only part of this 

which produces motion is the resolved part along PN. There- 
fore the equation of motion is 



fix 

(a^ + by 



(1). 
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Multiplying by 2 -^ and integrating, we have 

2/^ 



(S)"-"- 



G^ 



where G is to be determined in the usual manner. 

100. This equation cannot generally be integrated farther, 
but in this and every similar case the integration can be per- 
formed if we suppose x always very small Suppose the 
S article to have been at rest at N, and to have been slightly 
isplaced from this position of equilibrium, the displacement 

a? 
being so small that throughout the motion -^^ maybe neglected 

in comparison with t . We have from (1), 



^x 



= - ^ nearly ; 



d'^x wx . 

the same form of equation of motion as that of § 88. The 
motion will therefore be oscillatory, the time of each small 






101. A particle moves in a straight line under the action of 
a force varying inversely as the n**" power of the distance of 
the particle from a fioced point in that line ; to determine th& 
motion. 

Measuring x as before, the equation of motion will be 

d*x _ fjb 
5? """5*" 



r 



ITVW' 
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Multiplying by 2 ^ and integrating, we nave 



(S)-'"- 



n^l^ti 



>»-! 




)Ose the particle to start from rest at a distance a from 
the fixed point ; then when a? = a, t^ = ; therefore 



102. This equation cannot generally be integrated farther, 
but if we suppose the particle to have started from a point at 
an infinite distance, we have a = oo , and 

«»= 2/. 1 



n-r- 1 X 

where v is the velocity from infinity, at the distance x. 
We have therefore in this particular case 

dx _ / 2/t y 1 



dx 



^'^W- 



Integrating this between the limits x = a, x = fi, we have 
for the time of moving from a? = a to x^fi^ 

103. If we expand (I) into a series, we obtain 
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Integrating between the limits x^a, a? = 0, we get for 

the time of falling to the center from a distance a the 
expression — 



fl+1 



which therefore for different distances varies as a * . 

Or, better, thus. Put -^z. and we have, for the time 

a 

of fall to the center from rest at distance a, the expression 

/n-iy r^ p z^dz _ f__JL__l* T^ F Jj?±i- 1 
U/.;"* j^(i-0* 12M(^-I)r '^t2(n-l)'2j' 

where F is ''Euler's first integral." 

104. The above solution fails when ti = 1, but the time of 
falling to the center may be found as. follows. The equation 
for this case, as given in § 94, is 

'dx\ 



(|J=a-2;.loga, 



since wben a? = o, -y- = 0; Hence, 



V^^s^' 
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the negative sign 'hemg taken sinceasdimiiuBlics as t increases. 
Pot Tioi the required time, then 



To transform the integral, pot ^log - =^ j/. Then we 
have 

fl! SI oc"**, and -j'= — 2a€"**y, 

and the limits of ^ are and oo . Hence 

which {Gregory's Examples, p. 46G) 

Hence ^-..y/j, 

and is therefore directlj as the space traversed. 

105. A particle is constrained to move in a slra^M liite, 
and is acted on hy a force directed to a point -not in that line, 
and expressed by a function <f) (r) of the distance ; to determine 
the time of a small oscillation. 

Employing the same notation as in § 99, the acceleration 

along FO being ^ (r), its component along PN ia ^ (r) ^ ; 

therefore the equation of motion is 

But r = y(i' + a:0 = J^(l+^ 

«= ft approximately. 
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Hence -^ + ^r-^a? = 0, 

and therefore by § 90, the time of a small oscillation is 

h 



27r 



y 



4>{b)' 



EXAMPLES. 

(1) A body is projected vertically upwards with a velocity 
which will carry it to a height 2ff feet ; shew that after three 
seconds it will be descending with a velocity g. 

(2) Find the position of a point on the circumference of 

a vertical circle, in order that the time of rectilinear descent /- 
from it to the center may be the same as the time of descent 
to the lowest point 

(3) The straight line down which a particle will slide in 
the shortest time from a given point to a given circle in the 
same vertical plane, is the line joining the point to the upper 
or lower extremity of the vertical diameter, according as the 
point is within or without the circle. 

(4) Eind the locus of all points from which the time of 
rectilinear descent to each of two given points is the same. ^/ 
Shew also that in the particular case in which the given 
points are in the same vertical, the locus is formed by the 
revolution of a rectangular hyperbola. 



2^ 



(5) Eind the line of quickest descent from the focus to 
a parabola whose axis is vertical and vertex upwards, and 
shew that its length is equal to that of the latus rectum. 

(6) Find the straight line of quickest descent from the ^ 
focus of a parabola to the curve when the axis is horizontal. J^ 

^ (7) The locus of all points in the same vertical plane^for 
which the least, time of sliding down an inclined plane to 
a circle is constant .is another circle. 



r?^.^:-- 
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^ (8) Two bodies fall in the same time from two given 

Soiuts in space in the same yertical down two straight lines 
rawn to any point of a surface, shew that the surface is an 
equilateral hyperboloid of revolution, having the given points 
as vertices. 

^ (9) Find the form of a curve in a vertical plane^ such 
that if heavy particles be simultaneously let fall from each 
point of it so as to slide freely along the normal at that point, 
they may all reach a given horizontal straight line at the 
same instant. 

(10) A semicycloid is placed with its axis vertical and 
vertex downwards, and from different points in it a number of 
particles are let fall at the same instant, each moving down 
the tangent at the point from which it sets out; prove that 
they will reach the involute (which passes through the vertex) 
all at the same instant. 

(!/ (11) A particle moves in a straight line tmder the action 

of a force varying inversely as the f-j power of the distance, 

shew that the velocity acquired by falling from an infinite 
distance to a distance a from the center is equal to the velocity 
which would be acquired in moving from rest at a distance a 

to a distance -r . 

(12) A particle moves in a straight line from a distance a 
towards a center of force, the force varying inversely as the 
cube of the distance ; shew that the whole time of descent 



a« 



(13) A particle is placed at a given point between two 
centers of force of equal intensity attracting directly as the 
distance ; to determine the motion and the time of an oscil- 
lation. 

Let 2a be the distance between the centers, x the distance 
of the particle at any time from the middle point between 
them, then the equation of motion is 
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^ = - /A (a + a:) +^ (a-ic) 
= — 2 fix. 

TT 



Hence, the time of an oscillation = 



V(2/t) • • . 

(14) If a particle begin to move directly towards a fixed 
center which repels with a force = /Lt (distance), and with an 
initial velocity = /Lt* (initial distance), prove that it will con- 
tinually approach the fixed center, but never attain to it. 

(15) A particle acted upon by two centers of force, each 
attracting with an intensity varying inversely as the square of 
the distance, is projected fi'om a given point between them, 
to find the velocity of projection that the particle may just 
arrive at the neutral point of attraction and remain at rest 
there. 

If fi, fi be the absolute forces of the centers ; a., a^ the 
distances of the point of projection from them ; and V the 
initial velocity ; we have 

(16) Supposing the Earth a homogeneous spheroid of 
equilibrium, the time of descent of a body let fall from any 
point P on the surface down a hole bored to the center G, 
varies as GP, and the velocity at the center is constant. 

(17) A material particle placed at a center of attraction 
varying as the distance, is urged firom rest.by a constant force 
which acts for one-sixth of the time of a complete oscillation 
about the center, ceases for the same period, and then acts as 
before, shew that the particle will then be retained at rest, 
and that the spaces moved through in the two periods are 
equal. 

(18) A body moves from rest at a distance a towards 
a center of force, the force varying inversely as the distance, 
shew that the time of describing the space between I3a and 

*. . 1 

fi'a will be a maximum if ^ = — j— • 



2j«t»-« 



T. D. 
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^ (19) If the time of a body's descent in a straight line 
towards a given center of force vary inversely as the square 
of the distance £Gkllen through, determine the law of the 
force. 

(20) Assuming the velocity of a body falling to a center 
of force to be as a /— ^^ — , where a is the initial and x the 
variable distance from the center, find the law of the force. 

(21) Find the time of falling to the center when the forcel 
^ Gc (dist.)"*- 

(22) Shew that the time of descent, to a center of force 
oc (dist.)~^, through the first half of the initial distance, is to 
that through the last half as tt + 2 : tt — 2. 

(23) A particle descends to a center of force x (dist)*. 
Find n so that the velocity acquired from infinity to distance 
a, shall be equal to that acquired from distance a to distance 
Ja, from the center. 

(24) A particle is placed at the extremity of the axis of a 
thin attracting cylinder of infinite length and of radius a, 
shew that its velocity after describing a space x is propor- 
tional to 



V^^S a -' 



(25) A particle falls to an infinite homogeneous solid 
bounded by a plane face, find the time of descent. 

(26) Every point of a fine uniform ring repels with a 
force oc (dist.)~', find the time of a small oscillation in its 
plane, about the center. 

(27) Shew that a body cannot move so that the ve- 
locity shall vary as the space from the beginning of the 
motion. And if the velocity vary as the cube root of that 
space, determine the force, and the time of describing a given 
space. 
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(28) Shew that the time of quickest desecnt down a focal k 
chord of a parabola whose axis is vertical is 

m 



m 

W 9' 



9 

where I is the latos rectum. 

(29) An ellipse is suspended with its major axis vertical, 
find the diameter down which a particle will fall in the least 
time, and the limiting value of the excentricitj that this may 
not be the axis major itsel£ 

(30) Particles slide down chords from a point to a curved 
surface, under the action of a plane whose attraction is as the 
distance, and the^ reach the surface in the same time ; shew 
that the surface is generated bj the revolution (about a line 
whose length is a through perpendicular to the plane) of 
the curve whose polar equation about is 

p cos 5 = a {1 — cos (i cos 0)]. 

(31) If the particles commence their motion at the surface, 
and reach after a given time, the equation of the generating 
curve is 

p cos d = a {sec (icos ^ — I}. 

(32) Prove that the times of falling through a given space 
-40 towards a center of force /S, under the action of two forces, 
one of which varies as the distance, and the other is constant 
and equal to the original value of the first, are as the arc 
(whose versed sine is ^(7) to the chord, in a circle whose 
radius is A8. 

(33) The earth being supposed a thin uniform spherical 
shell, in the surface of which a circular aperture of given radius 
is made, if a particle be dropped from the center of the aper- 
ture, determine its velocity at any point of the descent 

(34) If a particle fall down a radius of a circle under the 
action of a force qc (i))' in the center, and ascend the opposite 
ladius under the action of the same force supposed repulsive, 
shew that it will acquire a velocity which is a geometric mean 
between the radius and the force at the circumference. 

6—2 
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(35) If a particle fall to a center of force x (2)) ; detei 
mine the constant force which would produce the effect in tl 
same time, and compare the final velocities, 

(36) Find the equation of the curve down each of whos 
tangents a particle will slide to the horizontal axis in a givi 
tim6, 

(37) A sphere is composed of an infinite number of 
particles, equally distributed, which gravitate to each oth( 
without interfenng ; supposing the particles to have no initial 
velocity, prove that the mean density about a given particlf 
will vary inversely as the cube of its distance from the ceni 

(38) Prove that if PQ be a chord of quickest descent fix)i 
one curve in a vertical plane to another, the tangents at P am 
Q are parallel and PQ bisects the angles between the normj 
and the vertical . 

(39) A rough horizontal plane has the co-efficient of fri( 
tion at any point proportional to the distance from a fixe 
point 8 to which a force tends whose accelerating effect 
fjL (dist.)"*, prove- that if a particle be placed at a distant 
a tan a from 8 it will arrive at 8 in time 



a 



Jf^ 



log (sec 2a), 



a being the distance at which the particle must be placed 
as to be on the point of moving. 

(40) If a particle P move from rest under the action of 
force tending to a point 8 measured by the acceleration n*SP\ 
determine the time from rest to rest ; and shew that, if a sm; 
constant force whose retarding effect is /act through a portiottl 
of the path extending equally on each side of S the time 
will be unaltered, and the diminution of the amplitude of oi 

oscillation will be -4 cos nrj t being the time when the 

turbance begins. 
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(41) A fine thread having two weights each equal to P 
suspended at its extremities is hung over two smooth pegs in 
the same horizontal line ; a weight Q is then attached to the 
middle point of the portion of the string between the pegs, 
and allowed to descend by its weight ; show that the velocity 
of Q at any depth ^ below the horizontal line is 

^'"■^''V Q(ai' + «==) + 2Px' • 

(42) An elastic string has its ends fastened to the ends 
of a rod of equal length. The middle point of the string is 
fastened, and at that point is placed a center of force which 

repels every particle of the rod with a force = ,. . The 

rod is then moved parallel to itself through a distance equal 
to half its length. If in this position the elasticity of the 
string is such that the rod is in equilibrium, shew that if 
slightly displaced perpendicular to its length, the time of a 
small oscillation 
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CHAPTER IV. 

PABABOLIC MOTION. 

106. In this chapter we intend to treat principally of the 
motion of a free particle which is subject to the action of 
forces whose resultant is parallel to a given fixed line. 

The simplest case of course will be when that resultant is 
constant. The problem then becomes the determination of 
the motion of a projectile in vacuo, since the attraction of the 
earth may be considered within moderate limits as constant 
and parallel to a fixed line. This we will now consider. 

^ 107. A free particle moves under the actum of a vertical 
force whose magnitude is constant; to determine the form of the 
pathy and the circumstances of its description. 

Taking the axis of x horizontal and in the vertical plane 
and sense of projection, and that of y vertically upwards, it 
is evident that the particle will continue to move in the plane 
of xy, as it is projected in it, and is subject to no force which 
would tend to withdraw it firom that plane. 

The equations of motion then are 

d^x _ ^ d^y _ 

if ^ be the kinetic measure of the force. 

Suppose that the point from which the particle is projected 
is taken as origin, that the velocity of projection is F^ and 
that the direction of projection makes an angle a with the 
axis of 07. 

The first and second integrals of the above equations will 
then be 

g = Fcos«. g=FBma-^<..... (1). 

aj= 7cosa.<, y= VmiOL.t — ^gf (2). 



r 
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These equations give the co-ordinates of the particle and 
Its yelocitj parallel to either axis for any assumed value of 
the time. 

Eliminating t between equations (2) we obtain the equa- 
tion of the trajectory, viz. 

y = agtana — ^Tra « ^ (3)> 

^ 2F*cos*a ' 

which shews that the particle will move in a parabola whose 
axis is vertical, and vertex upwards. 

108. Equation (3) may be written 

- 2 F* sin a cos a 2 F' cos' a 

SI 9 ^ 

[ F^sInacosaV 2 F' cos' a/ F'sin'a\ 

By comparing this with the equation of a parabola re- 
ferred to its vertex as origin, we find for the co-ordinates x^^ y^ 
of the vertex 

F' sin a cos a F' sin' a 
^. -g '2'» 2^- 

Hence we obtain the equation of the directrix 

, , F'sin'a F'cos'a F' 
y = yo + i (parameter) ^ __ + ___=_ 

Now if V be the velocity of the particle at any point of 
lits path, 

= (F»co8'a) + (F»sin»o-2Fy8ma.« + //) 

= V*-1g{Vwa.a..t-\gf) 

= F» - 2yy, bj (2). ' 



J'«i| 
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To acquire this Telocity in falling from rest, the par- 
tide must have fallen, § 82, through a height — , or 

y, i.e. through the distance from the directrix. 

"^ 109. To find the time of flight along a horizontal plane. 

Put y = in equation (3). The corresponding values 

2F . 
of X are and - — sin a cos a. But the horizontal velocity 

9 
is V COS a. Hence the time of flight is ; and, ceteris 

paribus, varies as the sine of the elevation (inclination to the 
horizon) of the direction of projection. 

^110. To find the time of flight along an inclined plane 
passing through the point of projection. 

"Let its intersection with the plane of projection make an 
angle ^ with the horizon ; it is evident that we have only to 
eliminate y between (3) and t/=^x tan ^» 

This gives for the abscissa of the point where the pro- 
jectile meets the plane, 

2F* 
a, = (sin a cos a — tan i8 cos" a) 

9 
_^ 2 F* cos a sin (a — /5) 

gcosfi 
Hence time of flight 

_ x^ ^2F sin(a-ff) 
"" Fcosa"" S^ cos)8 

'^lll. To find the directum of projection which gives thit 

greatest range on a given plan^, 

F' 
The range on the horizontal plane is — sin 2a. For a 

if 

given value of F this will be greatest when 
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That on the inclined plane is — ^^ , or 

^ -cosp 

27-2 

TTb COS a sin (a — B). 

That this may be a maximum for a given value of V we 
must equate to zero its differential coeflScient with respect to 
a, which gives the equation 

cos a cos (a-^) — sin a sin (a-^^) = 0, 

whence *=^(§ + ^)- 

Hence the direction of projection required for the greatest 
range makes with the vertical an angle 



i-«=K?"'^)' 



that is, it bisects the angle between the vertical and the plane 
on which the range is measured. 

y 

112. To find the elevation necessary to the particle's pass- 
ing through a given point 

Suppose the point in the axis of x and distant a from the 
origin. Then we must have 

— sin 2a = a. 
9 

Xiet a' be the smallest positive angle whose sine is ^ . 

The admissible values of a arfe — and ; so that we 

2 2 ' 

see there are two dir(Bctions in which a p^-rticle may be pror 

jected so as to reach the given point, and that these are 

equally inclined to the direction of projection ( a= j J which 

gives the greatest range. , 



\ \ • * 
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Suppose the given point to lie in the plane which makes 
an angle fi with the horizon. Then if its abscissa be a, we 
must have 

' 3 COS a sin (a — /8)=a. 

gr cos y8 \ r-/ 

If a'y a" be the two values of a which satisfy this equa* 
tion, we must have 

cos a' sin (a'-^) = cos a" sin (a"-^); 
and therefore «" — /S = ;: — «'> 

Hence, as before, the two directions of projection, which 
enable the particle to strike a point in a given plane through 
the point of projection, are equally inclined to the direction of 
projection required for the greatest range along that plane. 

113. To find the envelop of all the trajectories correspofnA- 
ing to different values of a. 

Differentiating equation (3) with respect to a, we get 

, qx sin a ^ 
sec" a — -=75 — 3- = 0, 
F^cos'a ' 

F* 

or tana = — (4). 

gx ' 

The elimination of a between (3) and (4) gives us as the 
equation of the required envelop 

_F' go? 
^""2^ 2F*' 



or 






This represents a parabola, whose axis is vertical, whose 
focus is the point of projection, and whose vertex is in the 
conmion directrix of the trajectories. 



PARABOLIC MOTION. 91 

It will easily be seen from what has gone before that there 
are two directions of projection, so that the particle may pass 
through any given pomt within this parabola, only one for a 
point in it ; and of course there is no possibility of its reaching 
(with the given velocity V) any point without this parabola. 

114:. By a somewhat simpler method of considering the 
problem we might easily have arrived at some of the more 
obvious properties of the trajectory, thus. 

Take the direction of projection as the axis of x, and the 
vertical downwards from the point of projection as that of y. 
By the second law of motion we may consider the velocity 
due to projection to be maintained constant (= F) parallel to 
the axis of x, while we have in addition parallel to the axis 
of y the portion due to gravity as investigated in § 82. 

Hence aj= Vt] . 

, -}• at any time, 

and therefore a' = y , 

the equation of a parabola referred to a diameter and the 
tangent at its vertex. The distance of the origin from the 

directrix, being J"" of the coefficient of y, is — , and the 

velocity due to a fall through that space is as before 



v/( 



^•g)-'-- 



115. Many properties of parabolic motion are more easily 
obtained by geometry than by analysis. We proceed to give 
a few examples. 

Thus suppose in the figure to be the point of projection, 
MN the directrix common to the trajectones of all particles 
projected from in the plane of the figure with a given velo- 
city, and suppose it be required to determine the direction of 
projection for the greatest range along the plane OS, Since 
IS a point in each trajectory and MN Oiq common directrix, 



^2 
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the foci of all possible trajectories lie in the circle MFFF" 
described with center and touching MN in M, 

Take any point in this circle as F\ then the path whose 
focus is F will intersect 08 again in a point P' such that if 
FN' be drawn perpendicular to MN, FF = FN. Now in 
order that F may be as far as possible from 0, at P suppose, 
it is evident (ex absurdo) that tne focus must be taken at the 
point F where 08 meets the circle. But the tangent at 
bisects the angle between the diameter MO and the focal 
distance OF. Hence the direction of projection for the 
greatest range on an inclined plane bisects the angle betweea 
the plane and the vertical. 

Again, if with center P and radius PF an arc be de- 
scribed cutting F'FF' mF\ it is evident that the trajectories 




whose foci are F, F\ will intersect 08 in the same point P. 
Hence, since the directions of projection for these cases will 
bisect the angles MOF\ MOF' respectively, we see that to 
strike a given object there are in general two directions of 
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projection, and fKat these are equally inclined to the di- 
rection which gives the greatest range on the plane passing 
through the object and the point of projection. 

Again, for the envelop of all the trajectories. It is evi- 
dent that P must be a point in the envelop; since it is the 
ultimate position of P, when the two parabolas .which inter- 
sect in that point have become indefinitely nearly coincident. 
Draw P^ perpendicular to MN^ and produce' it till NQ = FO. 
Draw QB parallel to NM, and cutting OM in B. BQ ia a, 
fixed line since BM = MO, and as OP = PQ we see that the 
envelop is a paraboja whosQ focus is and directrix BQ. 

It may be seen at once that it touches in P the only tra- 
jectory which can pass through that point. For the tangent 
to either curve at P bisects the angle OPQ or FPN, 

116. Ex. It IS required to throw a shell with given 
velocity so as to strike at right angles an inclined plane through 
the point of projection. 

The letters being the same as before, join 8T cutting 




MFF' in P". Draw F'PIT perpendicular to M8 cutting 
08 in P. Find F' so that Fr = FF"=PN\ F is a 
point in the trajectory whose focus is F\ Hence the tangent 



^' 
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at P bisects FFIT. But OP bisects FPF\ Hence the 
trajectory at P' is perpendicular to 08. 

Also as jP'' is the focus of the other path by which the 
point F might be reached, P' will be the yertex of that path, 
and therefore the particle will be moving horizontally when 
it reaches P'« 

117. Even if the plane along which the range is mea- 
sured do not pass through the point of projection, a somewhat 
similar construction wiU enable us to find the direction of 
projection for the maximum range. Thus, 

' Let it be required to find the direction of projection fi»>m 



p'p 




Q' Q 



with velocity due to -4 in order that the range on a hori- 
zontal line MNmaj be a maximum. 

Suppose ^ the point where the projectile falls. Join 
QF, FO, F being the focus of the path. Then if QF be 
vertical and meet the horizontal line through A in P*, we 
have FQ^ QfF. This is true of each of the paths, and 
QP* is constant. The farthest point Q which can be reached 
will therefore be determined by inflecting 0^ to MNj where 
OQ^ OA + PQy and therefore if ^ = a, AM— S, the cosine 

of double the requisite angle of elevation will be (t^— ) • 

Should JkCATbe an inclined plane, we must evidently draw 
a line QO, and the correspondmg vertical QP\ such that if 
QO meet the circle in F, FQ = QP. 
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This resolves itself into the well-known geometrical 
problem of describing a circle whose center is in a given line, 
and which touches a given circle, and a given straight line. 




Of the two solutions, which this problem admits of, one be- 
longs to Jlf^, the other to MN produced to the other side of 
the point of projection. 

118. Perhaps, however, the most satisfactory method of 
solving all such problems about the maximum range, is to 
describe the parabola which envelops all the trajectories. 
The point where this cuts the plane, &c. on which the range 
is estimated, gives the maximum value of the range, and it is 
then easy from known properties of the envelop to construct 
for the required path. 

119. Let P be any point in the trajectory, 8 its focus, 
BNy ALy the directrix, ana the tangent at the vertex. 



^ - If 
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Then (velocity at F}' = 2y PN'= 2g 8P 



Hence velocity at PaiSW; and, since by tlie figuie 
8L = LN, PL is the tangent at P and ia perpendiculir to 
8N. 

Hence as 8N is perpendicnlar to the direction of molion 
at P, proportional to the velocity at P, and drawn from a fixed 
point S, the locus of N is the Hodograph (§ 20) turned throagh 
a right angle about S. As this is a norizontaL Btraight line, 
the Hodograph is a vertical line. 

This result will be foond of conaiderahle utUitj- in 
solving various problems in the common vacuum theorr of 
projectiles. It is evident that SB, BN represent the Iiori- 
zontal and vertical velocities at P, in the same scale in whicb 
jSjV represents the entire velocity at that point. 

120. It may be interesting to anticipate a little here, by 
introducing matter properly belonging to the next chapter. 
We wish to show that the above geometrical constructions 
can easily be extended to paths of projectiles when they ite 
so large as to require ns to take account of the variatioos in 
the direction and amount of gravity. The following secUona 
are taken from the Proc R.8.E. 1865-6. 

121. When, instead of supposing gravity to be of constsnt 
amount, and to act in parallel lines, we take the more accurate 
assumption that it tends to the center of the Earth, and vaiiffl 
inversely as the square of tlie distance from that point, Cbap- 
ter V. shows us that in general the path of a projectile is w 
Ellipse, one of whose foci is at the Earth's center, and tbe 
lengtli of whose major axis depends only on the vehcitv rf 
projection. The following propositions (among manv otW 
analogous to those just given) may then be enuntiated. 

1, The locuB of the second foci of the paths of all pio- 
jectilea leaving a given point, with a given velocity, in i 
vertical plane, is a circle. 
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2. The direction of projection, for the greatest range on 
a given line, passing through the point of projection, bisects 
the angle between the vertical and the line* 

3. Any other point on the line, which can be reached at 
all, can be reached by two different paths, and the directions 
of projection for these are equally inclined to the direction 
which gives the maximum range. 

4. If a projectile meet the line at right angles, the point 
which it strikes is the vertex of the other path by which it 
may be reached. 

5. The envelop of all possible paths in a vertical plane 
is an ellipse, one of whose foci is the center of the earth, and 
the other the point of projection. 

The proofs of these propositions are extremely simple* 
Thus, let E be the earth's center, P the point of projection, 




A the point which the projectile would reach if fired vertically 
upwards. With center J?, and radius EA, describe a circle in 



T.D. 
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the common plane of projection. This corresponds to the 
common directrix of the parabolic paths in the ordinary theoiyj 
If 2^ be the second focus of any path, we must have EP + Pl 
constant, because the axis major depends on the velocity, not 
the direction, of projection. Hence (1) the locus of F is the] 
circle AFO. Again, since, if F be the focus of the patl 
which meets PR in Q, we must have FQ = QS, it is obvioi 
that the greatest ran^e Pa is to be found by the conditloi , 
Oq — qa. is therefore tne second focus of this trajectoTy,j 
and therefore (2) the direction of projection for the greates 
range on PR bisects the angle APR. If QF=QF = Q8, 
and F' are the second foci of the two paths by which Q may 
reached ; and, as ^ FPO = ^ F'PO, we see the truth of (3). 
If Q be a point reached by the projectile when moving ii 
a direction perpendicular to PR, we must evidently have 
PQF^^PQF=^^8QR = ^EQP; i.e., FQ passes through] 
F[. This case is represented on the other side of the diaj^ 
— where /'^=^A=j?7. The ellipse whose second focus is 
evidently meets Pr at right angles: and that whose secon( 
focus is/' has (4) its vertex at g. The locus of j is evident!] 
the envelop of all the trajectories. Now 



Hence 



Pj = P04- Oq = PA+ Oq, 
Fq^Es-sq^HA - Oq. 

Pq + Fq = PA + AEy 



or (5) the envelop is an ellipse, whose foci are E and P, ant 
which passes through A* 



122. When a particle moves subject to the action of ti 
centers of force where the law is the direct distance and thy 
absolute intensities the same, hut one attractive and the oihi 
repulsive, its motion will he the same as that of a pre 
jectile in vacuo. 

For the whole force on the particle resolved perpendicnlaj 
to the line joining the centers is evidently zero, and tb 
parallel to this line is equal to that which would be exerte 
by either of the centers on. a particle placed at the other; ani 
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always tends in the direction parallel to that from the n^elj 
to the attracting, center. It corresponds therefore exactly 
to the force of gravity, within moderate elevations above the 
earth's surface, 

123. Again ^f a particle moves on a plane inclined to the 
horizon at an angle ^, the whole force on it is, by § 84, g sin 6 
parallel to the line of greatest slope on the plane, and there- 
fore the trajectory will still be a parabola, whose dimensions 
will depend upon A 

Ex. . A 'particle is 'projected from a given point 'with a 
given velocity^ and moves on an inclined plane ; find the locus 
of the directrices of its path for different inclinations of the 
plane. 

It will be easily seen that when a particle moves op an 
inclined plane, the velocity at any point is equal to that 
Which would have been acquired by sliding from the directrix ; 
that is (§ 85) equ^l to the velocity due to the fall from a hori- 
zontal plane through the directrix. Now the velocity is given 
constaQt, hence the locus of the directrices is a horizontal 
plane. 

124. A particle moves subject to the action of a force 
always perpendicular to a given plane, its magnitude being a 
function of the distance of the particle from the plane: to deter^ 
mine the motioru 

It is evident that the motion will be confined entirely to 
a plane through the direction of projection perpendicular to the 
attracting plane. Let us take the plane of motion as that of 
ay, the axis of x lying in the attracting plane. Let <l> (D) be 
the acceleration at distance D, where (j)' is the derived function 
of ^. Then the equations of motion are 






d^ ' de 

Suppose the particle projected from a point (a, V), in a 
direction making an angle a with the axis of a;, and with a 
Telocity F. 

7-2 
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Multiplying by 2 ^ , 2 ^ , wd integrating we 



= const = F*co8*a, 



Bget J 

■ (1). 



(I)' 

(f)'=C-2*M= r«iii'a + 2*(S)-2,f (JO. 



t.'.7>+2(*(S)-*(,)), 

and therefore depends only on the distance from the attracting ' 
plancp a particular case of conserration of energy. 

To find the differential equation of the path, we have 
3x fix FcoBa * 



an equation integrahle for particular forms only of the fanctioii 
<p. An interesting case is that in which the attraction of tlu 
plaue is inversely as the cube of the distance, i 

or ^' (y) = — , and therefore ^ (y) = — in* I 

The differential equation becomes 

dx Kcos a 

There are three cases according as the quantity 

7* sin* a -^, 
o 

is positive, zero ot negative. 
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1st Let it be positive and = — » , 

^ dx Ffljcoaa^ ' *'' 

the equation of a hyperbola whose tranaverae axis is the 
axis of a;. 

2nd. Let 7*siD*a-g = 0, 

aic Kcoaa' 






and 

the equation of a parabola whose axis is the axis of x. 

3rd. Let F' Bin* a - ^ be negative, and = - A . 
° a. 



' Va, cos ct ^' 
the equation of an ellipse of which the axia of a: is an axis. 

We might have obtained the above results by integrating 
separately the two ei^nations of motion, and then eliminating 
t between them. 

If the force be repnlsive, instead of attractive, it is easy 
to see, by a slight modification of the above process, that there 
is only one case, and that the curve described is a hyperbola 
whose conjugate axis lies in the totersection of the plane of 
projection and the attracting plane. 
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From tliia we see that the conic sectiona are the onl; 
curves wliicli cau be described by a free particle moving in 
a plane subject to a force in the direction, and inversely 
as the cube, of the ferpendicolar diBtance firom a given line in 
that plane. 

The converae of either of the above propoaitiona is easily 
investigated; thus, taking the first, our problem becomes 

126. To find the law of force perpendicular to an i 
thai a free particle may describe a conic section. 

Take the axis as that of x, and the vertex as origin, then 
the equation 

y' = 2nia; + na!' (1) 

will represent, by properly taking m and n, any parabola, ray 
hyperbola referred to its transverse axis, ot any ellipse re- 
ferred to either axis. 



Since the force 


is perpendicnlar to the axis, we have 




dx 
dt-'- 


Hence 


dii 
t/-^^=mo + nxc; 




/^-(i)"-"-- • 


From these 


t=Jp-(S)l 




-W'--^^] 




.|(„S'-«'-2«>«;.-»'i') 




!= J- by equation (1). 



^mt^^'^ 
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For the second case, that of a hyperbola referred to its 
conjugate axis taken as the axis of Xy the equation is 

Hence yt^^'^di 

^jp^cx, 
from which we have immediately 



That is. 



2 2 2 

__ p qc 

"IT* 

. 126. To find the force which must act perpendicular to a 
plane, in terms of the distance from that plane, that a given 
path may he described. 

Take the axes as before; then, F being the required force 
(a function of y only), we have 

utiK dx 

-i-j 5= 0, or -TT = const. = a, suppose ; 

^=F m 

d^ ^ '• 

Let y =f{x) be the equation of the given curve, then 



§ = «/(-). 
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or by (I), y-o'/'W 

—■/•(rw), 

by the equation of the curye. Hence, Bs/is a given fnnctioo, 
the law of force repaired is found. 

127. It ia necessaiT to ohseire that, in the case of § 124, 
when the particle actually reaches the axis, it will not proceed 
to describe the portion of the same cnrre which liea on tbe 




other side of the axis, as this would involve a chan^ in mpi 
of the constant horizontal velocity. It is, in fact, evident that 
in such cases the particle having described ABC will, instead 
of pnrsuing the course CAa, actually describe CDE aiimlar and 
equal to Cba, hut turned in the opposite direction. And * 
similar remark applies to the general problem in § 126. 

Although, in the case of ^5 (7 being a conic, one of whose 
axes is GG, and therefore cutting it at right angles in' C.it 
might seem that at the horizontal velocity vanishes, yet it 
is to be recollected that the velocity at C is infinitely great; 
and it may easily be shewn by independent methods, such « 
the method of limits, if the foregoing analysis do not appeu 
Batisfactory, that the velocity parallel to CG is really constant 
throughout the motion. 

128. It may be useful to notice that cases of this kind 
are reduced at once to investigations similar to those of laat 
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Chapter, by considering, separately, the equations of motion, 
parallel and perpendicular to the attracting plane. 

Whenever, then, we can completely determine the motion 
of a particle towards a center of force, in a straight line, we 
can also completely solve the problem of the motion of a 
particle anyhow projected, and attracted by an infinite plane ; 
the law of force in terms of the distance being the same in 
the two cases. 

129. Oenerally, when a particle i$ anyhow projected and 
subject only to the action of a force whose direction is perpen* 
dicular to a given plane, and whose magnitude depends solely 
on the distance from the plane ; the velocity parallel to thai 
plane is constant ; and, in passing from any point to another^ 
the square of the entire velocity is altered by a quantity de^ 
pending only upon the distances of those two points from the 
given plane. 

Take the axis of y perpendicular to the given plane, and 
the axis of x in it, so that the direction of projection lies 
in xy. This will evidently be the plane of motion ; and the 
equations are . 

de" ' de^^' 

Hence -77 = ^» 

at 

F being the velocity of projection, and y, the co-ordinate of 
the point of projection; which proves the proposition. 

This is, of course, merely a particular case of the general 
principl0 of Conservation of Energy (§ 78). 

130. As another example of the motion of a particle 
under the action of forces whose direction is constant, let us 
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considif the motion of a particle of light in the corpusailar 
theory, at the confines of two homogeneous media vihoae boiatd- 
ing surface is plane. 

In this theory the hypothesis is that the attractive or repnl- 
sivc forces, exerted by the particles of any medium on » 
p^irticle of light passing through it, are insensible at sensible 
distances but enormously great at infinitely small distances. 
Hence of course the path of such a particle in a homogeneous 
medium will be a straight line, and will be described with 
coii.'itant velocity, until the particle is infinitely near to the 
hoiinding surface of the medmm. 

Thns, suppose AB to be the common plane surface of two 
such media. Draw CD at a distance from AB equal to thst 
at which the intensity of the attractive forces of the particles 
of tlie medium begins to he sensible ; and draw EF parallel to 
CD and equidistant from it with AB. By what we have just 
noticed, a particle of light moving along PQ will arrive at Q 
without any change of velocity or direction. Also from the 
symmetry of the figure, the resultant of all the sensible forces 
on it will always be perpendicular to AB. This shews, § 129, 
that, the velocity resolved parallel to AB is constant through- 
out the motion, and also that whatever be the direction of PQ, 
the change in the square of the velocity in passing from Q to 
any point of the path will depend only on the distance of tiiat 
point from AB. 

Let FQR represent a portion of the path. 

We have no means of determining its actual form, since 
the extent through which the force is sensible, the law of its 
yaiiation, and whether it change from attractive to repnlsire 
with the distance, are unknown. 

Tlirotigh any point B draw KML parallel to AB, and let 
Gil be equidistant from KL with AB. 

Then at R the particle is subject only to the actions of the 
upper medium beyond GH, and of the lower medium. 

If the resultant effects of these two should, at a point 8h 
tVift superior medium, destroy the velocity perpendicular to 
AJ3, the particle will evidently pursue a course SIt'QP 
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Similar and equal to 8BQP, and the angles FQfC and PQD 
will be equal, as also the velocities in PQ and P'Q'. (§ 129.) 
Sere we have the case of a ray reflected at a plane surface. 

If, however, the attraction of the lower medium should so 
prevail that the particle actually enters it, then we may con- 
sider its motion, while it is still within the range of action of 
both media, precisely as before ; but there will be two cases. 

I. At some point as 8 whose distance from AB (the 
bounding surface) is less than that of AB from CD, the velo- 
city perpendicular to AB may be destroyed ; then, as before, 




the particle will pursue the path 8T'QP\ similar and equal 
to aTQPy and will be reflected at an angle equal to that of 
incidence and with its original velocity. 

11. The particle may pass into the lower medium so far 
as to be independent of the action of the upper medium. 
After this it will move in a straight line as before, and the 
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change of the square of its velocity will be, § 129, independent 
of the path pursued. Hence, if V be the velocity, and a the 
angle, of incidence ; V\ a those of refraction, we have, by the 
condition that the velocity parallel to the surface is unaltered, 

Fsina= F'sina'. 

Also by the fixed amount of change in the square of the 
whole velocity, 

where a is a constant depending on the nature of the two 
media. 



^^'*' S^T^vl^ + T*)' 



and, therefore, for particles of light which have the same velo- 
city the ratio of the sines of the angles of incidence and 
refi-action is constant. This is the known law of drdtnary 
refraction. Unfortunately, however, in order that a ray may 
be bent, at refraction, towards the normal to the refracting 
surface (i.e. so that a'<a) we must have F'> F; a result 
lately shewn to be inconsistent with experiment. 

We have introduced this example, although belonging to 
a theory now completely exploded, as it forms a good illus- 
tration of the application of the results of this Chapter, and 
afibrded the first instance of the solution of a problem con- 
nected with molecular forces. It is due to Newton. 



EXAMPLES. 

(1) The time of describing any portion PQ of the para- 
bolic path of a particle acted on by gravity, is proportional to 
the difference of the tangents of the angles which the tangents 
at P and Q make with the horizon. (§ 119.) 

(2) The sights of a gun are set- so that the ball may 
strike a given object ; shew that when the sights are directed 
to any other object in the same vertical line, the ball will 
ako strike it. 
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(3) Shew that the time of a projectile's describing an 
arc of its path cat off by a focal chord is equal to the time 
of falling vertically from rest through a space equal to the 
chord. 

(4) If a shell burst, all the fragments receiving equal 
velocities from the explosion ; shew that the locus of the foci 
of the paths of the fragments is a sphere, of the vertices an 
oblate spheroid^ and of the particles themselves at any time 
a sphere. 

(5) Two bodies, projected from the same point Ay in 
directions making angles a, ol with the vertical, pass through 
the point B in the horizontal plane through A ; prove that 
if ^, ^ be the times of flight from Aio B^ 

sin (a + a') t'*+ £" ' 

(6) With what velocity must a projectile be fired at an 
elevation of 30^, so as to strike an object at the distance of 
2500 feet on an ascent of 1 in 40 ? 

(7) ABC IB a right-angled triangle in a vertical plane 
with its hypothenuse AB horizontsd; a particle projected 
from A passes through C and falls at B\ prove that the tan- 
gent of the angle of projection =2cosec24, and that the 
latus rectum of the path described is equal to the height of 
the triangle. 

(8) If a body be projected at an angle a to the horizon 
with the velocity due to gravity in 1^ its direction is inclined 

at an angle - to the horizon at the time tan - , and at an 
angle —z — at the time cot - . 

(9) A plane AB inclined at an angle a to the horizon, 
leads up to a horizontal plane BC\ a particle is projected 
with a velocity V from the point 4, traverses the plane AB^ 
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and falls upon the horizontal plane BC; if the times of moti(N), 
from AtoB and from jS to (7 be equal, shew that 

. y^ _ 2 F* sin g (1+ sin* a) 
ff (l + 28in«a)* • 

(10) Three particles are projected simultaneously from 
the same point, and strike the horizontal plane through the 
point simultaneouslj; prove that, if their ranges be in geo- 
metrical progression, the latera recta of their paths will also 
be in geometrical progression. 

(U) If u and v be the velocities at the extremities of a 
focal chord of a projectile's path, Vg^ the horizontal velocity, 
shew that 

^. + ,4 = -^. (§U9.) 



(12) From a point in an inclined plane two bodies are 

Srojected with the same velocity in the same vertical plane in 
irections at right angles to each other ; the difference of their 
ranges is constant. 

(13) A ball is thrown up in a vertical plane passing 
through the sun, in a direction inclined at an angle to the 
horizon, and it is observed that t seconds elapse from the 
instant that the ball is in the line joining the point of projec- 
tion with the sun till it reaches the ground again, and that T 
seconds is the whole time of flight : shew that 

t tan = rtan a, 
where a is the altitude of the Sun. 

(14) Find an expression for the velocity of the shadow on 
the ground in (13); and shew that its greatest distance from the 

point of projection is r^ — - , and that it will attain 

if 

this position after a time ^ , F being the velocity 

^ ^rcosflt . . 

of projection. Prove also that the shadow moves with a uni- 
form acceleration ff cot a. 
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(15) A particle is projected from the top of a tower with 
the velocity which would be acquired in falling vertically 
down n tim'es the height of the tower, find the range on the 
horizontal plane through the bottom of the tower, and shew 
that it will be a maximum when the angle of projection is 

-sec"* (l + 2n). 

(16) Two inclined planes of equal altitudes A, and in- 
clined at the same angle a to the horizon, are placed back to 
back upon a horizontal plane. A ball is projected from the 
foot of one plane along its surface and in a direction making 
an angle fi with its fine of intersection with the horizontal 
plane. After flying over the top of the ridge it falls at the 
loot of the other pUne ; shew that the velocity of projection is 

- ^gh cosec )3 Vs + cosec* a. 

(17) Two bodies A, B acted on by gravity are projected 
from two given points in the same vertical line with the same 
velocity and in parallel directions ; shew that if A be higher 
than By pairs of tangents drawn to jB's path from any points 
of ^'s path will intercept arcs described by B in equal times. 

(18) If v, v\ v\ be the velocities at three points P, Q^ R, 
of the path of a projectile where the inclinations to the horizon 
are a, a — A a — 2)3 ; and if t, t' be the times of describing 
PQ, QB respectively, shew that 

// t "I 1 1 2 . cos 3 /O ^ * rx \ 

V t = vt\ and - + — = r-^ . (§ 119.) 

(19) If two particles be projected from the same point at 
the same instant in the same vertical plane, with velocities v 
and t?j in directions making angles a and a^ with the horizon ; 
shew that the interval between their transits through the 
other point which is common to their paths is 

2 vv^ sin (g - a^) 
g ' Vj cos a^ + v cos ot ' 
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(20) If any cbord be drawn to the trajectorj of a projectile 
the velocitiea of the particle at its extremitiea, if reBolved pei' 
pendicular to the chord, are equal. (§ 119.) 

(21) Particles elide &om rest at the highest point of a 
vertical circle dovm chords, and are then allowed to move 
freely ; shew that the locus of the foci of their paths is a circle 
of halt' the dimensions, and that all the paths bisect the ver- 
tical radius. 

(22) If the particles slide down chords to the lowest 
point, and be then suffered to move freely, the locos of the 
foci is a cardioide. 

(23) Down what chord from the vertex of a vertical circle 
must a particle slide so as to have when falling ireely the 
greatest range on a given horizontal plane ? 

(24) Find the locus of the foci of all trajectories whid 
pass through two given points. 

(25) The envelop of all the parabolas which correspond 
to a given velocity of^ projection is equal to the trajectory fi>r 
which the direction of projection is horizontal. 

(26) Particles iall down dutmetera of a vertical cirok 
the locus of the foci of their subsequent paths is the circle. 

(27) If two bodies be projected from the same point 
with equal velocities, and in such directions that they both 
arrive at the same point of a plane whose inclination to the 
horizon is 0, and if t, t' be the times of flight, and a the angle 
of projection of the first, 

j_ cos a 

(28) If the focus of the projectile's path be aa miicli 
below the horizontal plane through the point of projection, as 
the vertex is above ; shew that double the angle of projection 
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(29) From points of an inclined plane particles are simul- 
taneously projected in different directions ; if their times of 
flight are the same, shew that their locus at any instant is a 
plane parallel to the given one, 

(30) A particle is thrown over a triangle from one end of 
the horizontal base, and, grazing the vertex, falls upon the 
other end of the base. If a, /3 be the base angles, the angle 
of projection, 

tan s= tan a + tan )3. 

(31) For the greatest range on an inclined plane through 
the point of projection the direction of motion on leaving, is 
at right angles to that on reaching, the plane. 

(32) Particles are projected from the same point in a 
vertical plane: 1st, with the same vertical, 2nd, with the 
same horizontal, velocity ; shew that in each case the locus 
of the foci is a parabola whose focus is at the point of projec- 
tion, and axis vertical, but whose vertex is upwards in case 
(1) and downwards in (2). 

(33) If a be the angle of projection, T the time which 

elapses before the projectile strixes the ground, prove that at 

T 
the time , . , the angle which the direction of motion 
4 sm a ° 

makes with the direction of projection is « — a. 

(34) If a body describe an arc of a cycloid under the 
action of a force parallel to the base, shew that this force 
varies inversely as 2 sin ^ — sin 2d, 6 being the corresponding 
arc of the generating circle measured from the vertex. 

(35) If the force perpendicular to a plane vary as the 
distance, shew that the curves described nave equations of 
the form 

y = -4a' + Ba^^ 1 as the force is repulsive 

or y = -4 cos {mx + -B) ) or attractive. 

T.D. 8 
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Find the circumstances of projection in the two cases tk 
the curves may be the catenaij, and the companion to tl 
cycloid, respectively. 

(36) Particles are projected in the same plane and froi 
the same point, in such a manner that the parabolas descril 
are equal ; prove that the locus of the vertices of these pj 
bolas will be a parabola. 

(37) Find the direction of projection, with a given velo- 
city, from a given point, so that a given plane, not passing] 
through the point, may be reached in the least possible time. 

(38) Shew that the least inclination to the horizon at 
which a particle can be projected so as to strike at right angleai 



any plane through the point of projection is cos 



-il 



3' 



If the direction of projection be inclined at an angle 6 to 
the plane, and if the projection on the plane of this directioa 
be inclined at an angle <f> to the line of greatest slope, shew] 
that the range on the plane is 

2v^ ^mO f j^ , . • 8/1 • 1 1 • ft/1 • o ,\ 

T- cos cos a + sm 6 sm a — - sin 26 sm 2a cos <£» , 
r a V 2 V 



cos 



where a is the inclination of the plane to the horizon. 

(39) An ellipse is described having its major axis hori-lj 
zontal and twice its minor axes. From points in the lowei 
half of this ellipse particles are projected horizontally with th( 
velocity which would be acquired by falling from the majoi 
axis ; prove that the envelope of all the parabolic paths de- 
scribed is a parabola whose focus is the centre of the ellipse, 
and directrix the tangent at the highest point in the auxi 
circle. 

(40) Particles slide down radii vectores of the curve 
whose equation is r=f{0), the plane of the curve bein[ 
vertical and being measured from a horizontal line, prove 
that the locus of the foci of their future paths is the curve 



'""'i^O' 
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(41) Throagh a point an inclined plane is drawn, and from 
that point a particle is projected with a given velocity so that 
its direction of motion when it meets the plane again cuts it 
at right angles ; shew that the locus of the point of meeting 
for different positions of the inclined plane is an ellipse. 

(42) The force of attraction between two particles is — , - 

where m is the mass of each particle, and r the distance be- 
tween them, and they are projected with equal velocities on 
the same side of the line (c) joining them m directions not 
parallel but equally inclined to that line ; prove that the path 
of each will be an ellipse, parabola, or hyperbola according as 
the initial component of each velocity in direction of the line 

(c) is less than, equal to, or greater thaa ^ . 

c 

(43) A perfectly elastic particle is projected within a fixed 
hollow prism, which stands upright on a given horizontal 

Slane. JProve that the whole length of the path, which it 
escribes before arriving at the plane, is independent of the 
fonn of the prism. 

(44) A perfectly elastic particle is projected so as to strike 
on the inside a surface of revolution of which the axis is 
vertical amd given in position. Shew that the vertices of all 
the parabolic orbits described after successive rebounds lie 
on a surface which is independent of the surface of revo- 
lution. 

(45) If a be the angle of elevation required in order that a 
hullet may have a certain range on a horizontal plane, the 
additional elevation required above a plane inclined to the 
horizon at an angle /3, 

sin y3 sin* a 



tantf = 



sin (2a + fi) * 



(46) A heavy particle is projected from a given point with 
t^ given velocity u so that the range on a given inchned plane 

8—2 



I 
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may be the greatest possible : prove that, if v be its final 
Telocity, and a perpendicular be let fall on the given plandl 
from the pqint of intersection of the initial and final directional 

of motion, the length of the perpendicular is — . 

(47) A cvcloidal arc is placed with its axis vertical and 
vertex upwards, and a heavy particle is projected so as, after 
moving in contact with the arc for a finite distance, to describe 
a parabola freely ; prove that the focus of the parabola lie$| 
on a cycloid of half the dimensions having the same base. 
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CENTRAL FOBCES. 



131. In this part of the subject we consider the motion 
of a particle under the action of a force whose direction always 
passes through, and whose intensity is some function of the 
distance from, a fixed point. The fixed point is called the 
Center ofForce, and the force is said to be attractive or repul- 
sive according as it is directed to or from the center. The 
former, as including the most important applications of the 
subject, we will take as our standard case ; but it will be seen 
that a simple change of sign will adapt our general formulas 
to the latter. If the center of force be itself in motion, the 
methods of §§ 26, 31, enable us easily to treat it as fixed; but 
in this case the relative acceleration is not in general directed 
to the center, so that tiie problem no longer belongs to Central 
Farces strictly so called. It will be considered later. If the 
center be moving uniformly in a straight line, the results of 
this chapter are at once applicable to the relative motion. 

132. A particle is projected in a plane^ and is acted on 
hy a force P directed to the fixed point in that plane ; to de* 
termini the motion. 

The whole motion will clearly take place in the plane, as 
there is no force to withdraw the particle from it. Let Ox, 
Ovi any two lines through at right angles to each other, be 
taken as the axes of co-ordinates. Let M be the position of 
the particle at the time t ; and draw MN perpendicular to 
Oa?, and join MO. Let ON=^x, NM^y, OM = r, and the 

angle NOM= 6. Then, since cos tf = - , sin ^ = ^ , the com- 
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ponents of P, parallel to the axes and in the negative ^• 
recttons, are P-, P-. But by the eecond law of mo^on 




ve may coDBider the accelerations in the dircctionB otx and; 
separately, and we have therefore 



-n. 



.{A). 



de ■* r J 

In these, since P is a function of r, and therefore of x 
and y, the second members will generally contain both these 
variables, and the eqaations mnst be treated as simnltaneoos 

dLffereatial equations. Their integrals will give ar, y, -3- 1 -f > 

in terms of t; from which the position and velocity of the 
particle at any instant will be known, and the problem com- 
pletely solved. In one case, however, viz. when P is pro- 
portional to r, the first equation will involve x and t, and the 
second y and t, only, and each equation may be integrated 
by itself. As it is the simplest example of its class, and of 
great importance in its applications, especially to Acoustic 
and to Physical Optics, we will begin by considering it 

133. A particle moves about a center of farce, the Jbrt* 
varying directly as the distance: to determine the motion, 
Jjbt fi ba the acceleration at unit of distance, osually called 
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the absolute force of the ceater, then P=fir, and eqnationa 
(4) become 

d^x __ 






thelntegrals of which, see §J»?J are (.1' I 

x=Ai^osUid.-¥B\ (I), , 

y = ^'co8W/rf+5'].... (2), I 

A, B, A', B" lieing the constants introduced in the integration, 

to be detennined by the initial circumstances of motion, ^ 

Consider the particle projected irom a point on the axis of x, 

at distance a from the center, with velocity V, and in a i 

direction making an angle a with Ox. When ( = 0, we have I 

a.=^,y = 0, J=Fco8a,^=Fsina. Hence, I 

a = AeosB, | 

= ^' COBS', ' 

Voosa = — A*/iJ.8{aS, 

F sin o = — -4 V>t sin 5*. 

Expanding the cosines in (1) and (2), and substituting 
these expressions for the constants, we obtain ^ 

x= — ; — sin V/i* + « COS ^//if (3), 

Fsina ... /.\ 

V=—7 smtj/it W, 

which contain the complete solution of the problem. Elimi- 
nating (, we have 

(a; sin o — y coa a)' + ^ y* = a* sin' a, 



1 
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the equation to the path of the particle ; which is therefore an 
ellipse whose center is 0. Equations (3) and (4) give periodic 

doR dfi 

valnes for ^» y> "^ > 5: > ^^^^ *^** ^ *^® circumstances of 

27r 
motion will he the same at the time <+ -7- as at the time U 

The period of revolution is therefore -j- : a most remarkable 

result, as it is independent of the dimensions of the ellipse, 
and depends solely on the intensity of the force. 

By taking /i negative in equations (5), we may apply 
them to the case of a repulsive force varying as the distance 
from 0. In the integration for this supposition the sines 
and cosines would be replaced by exponentials, and the curve 
described would be a hyperbola having as center; but 
the motion would not be one of revolution, as the particle 
would necessarily always remain on the same branch of the 
hyperbola. 

134. Recurring to ecjuations (-4), it will in all cases but 
the one we have just considered be more convenient to trans- 
form them to polar co-ordinates, especiallv as the general 
polar diflferentiai equation of the orbit described by a particle 
under the action of a central force can be easily formed, as 
follows. 

135. A particle being acted on by a central force ; it is 
required to determine the polar equation of the path. 

Multiplying the second of equations {A), § 132, by a;, and 
the first by y, and subtracting, we obtain 



d\ d^x ^ 



IntegratiBg, 



dy dx 
^~Tf''y~Tf^ constant = h suppose. 

Changing the variables from a?, y, to r, d, where a: = r cos fl, 
y = r sin 8, we get as in § 24, 



r' 
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"1=* <i). 



1 

or, substituting - for r. 



f-*-' w- 



A • /I <50S ^ 

Agam^ a; = r COS 5 = 



u 



^bch gives ;p ^ 

= -ArM8in^ + cpstf ^J, by (2); 
and therefore -i-^ = — A f m cos ^ + cos O-r^ -r- 

:= — AVrwcos^ + cos^^j, by (2). 

But, by the first of equations (-4), 

-j3- = — jPcosft 

Equating these values of -^-j, and dividing by cos^, we 
have 

P=AV(J + tt) (3), 

5^+"-AV = ^ (*)• 

This is the differential equation of the orbit described ; 
and as, in any particular instance, P will be given in terms 
of r, and therefore in terms of w, its integral will be the polar 
equation of the required path. 
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136. It may easily be obtained by the formulae of § 16, 
and, as this method is mstructive as well as osefol, we give it 
in addition. 

Instead of equations (-4) we may evidently write (by §§ 16, 
69) 



dt ""Kdt) ^' 
rdl\dt)^' 



which merely express that there is no force perpendicular to 
r, and that the force along r is — P on unit mass. 

Integrating the second equation once, we have, as before, 

4-* «• 

Put - for r, as in the last section, and we hare 
u 

dr ^ 1 du ^ ydu 
dt'"'u*di''^^d0' 

Substituting these values in the first equation above, we 
have 

dd^ ' 

SPu P ^ 

S^ + «-AV = <> <*>• 

137. The general integrals of (-4), which are differential 
equations of the second order, ought to contain four constants. 
One of these has been already introduced in (1), and two 
more will be introduced bv the integration of (4). If the 
value of r in terms of 6 deduced from the integral of (4) be 
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substituted in (1), and that equation bfe then integrated, the 
remaining constant will be introduced, and the path of the 

!)article and its position at any time will be obtained. The 
bur constants involved in the resulting equations mnst 
be determined from the initial circumstances of motion; 
namely, the initial position of the particle (depending on two 
independent co-ordinates), its initial velocity, and its direction 
of projection. 

138. Equation (3) maybe used to ascertain the law of 
central force which must act upon a particle to cause it to de- 
scribe a given curve. To effect this we must determine the 
relation between u and from the polar equation of the pro- 
posed orbit referred to the required center of force as pole : we 
must then differentiate u twice with respect to 0, and substitute 
the result in the expression for P;. eliminating 0, if it be in- 
volved, by means of the relation between u and 0. In this 
way we shall obtain P in terms of u alone^ and therefore of r 
alone. 

When we know the relation between r and from (4), we 
make use of equation (1) to determine the time of describing 
a given portion of the orbit ; or, conversely, to find the posi- 
tion of the particle in its orbit at any time. 

139. The equation of the orbit between r and ^, the 
radius vector and the perpendicular on the tangent at any 
point, may be easily obtained from (4). For by Diff. Gate. 
we have 

and therefore P=K^ . 

p dr 

140. The sectorial area swept out hy the radius vector of 
Ae particle in any time is proportional to the time (§ 24). 

If -4 denote this area we have, by Diff. Gale. 

dA^r^dO^ 
dt 2 dt' 
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and therefore, by equation (1) of § 135, 

dt 2' 

whence A = \ht + C= \ht^ 

C being zero if A and t be supposed to vanish together. Let 
A' be the area described in any other interval t\ then 

A'^W; 

and therefore A : A' :: t : t' ; 

or, the areas described in different intervals are proportional 
to these intervals. We also see, by taking t=l, that the 
value of h is twice the area described in a unit of time* 

141. ITie velocity of the particle at each point of its path 
is inversely proportional to the perpendicular Jrom the cenier cf 
force on the tangent at that point, (§ 23.) 

For Velocity = v = -^ 

"dd dt 

/ r^ (JO 

= y^, hj Diff. Calc 

{p being the perpendicular on the tangent from the center of 
force) 

» - , by equation (1) of § 135. 

Hence, as above, t? oc -• 

142. This equation enables us to express h in terms of 
the initial circumstances of the motion. For, let B be the dis^ 
tance of the point of projection from the center, Fthe velocitji 
and fi the angle which the direction of projection makes witk 
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that of B. Then evidently the perpendicular on tangent at 
point of projection = jB sin ^ ; 

li sin p 
whence h = VB sin y3. 

Again, since hy Diff, Calc, 

we have 

another important expression for the velocity. 

143. The velocity at any point of a central orbit is inde- 
pendent of the path described^ and depends solely on the inten- 
sity and law of the force, the distance of the point from the 
center J and the velocity and distance of projection. 

d»]c du 
Multiply equations {A) § 132, hy , , ^ respectively, and 

add, then 

dxd^x dyd^y^_^P/ ^ dy\ 

dtW'^tt'de'^ l^V'dt'^y'dt) 

p^ 

~ dt' 

/--. • • • t dx dy dr\ 

(^Since a!* + 3^=r*, wc have a;- + y ^ = r^j. 

Also, since P is some function of r, let P = ^' (r), then 
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At the point of projection v = F, r = JB ; and therefore 

whence it?'-iF' = </) (i?) -^ (r), 

which proves the proposition. (Compare § 78.) 

144. The velocity of a particle at any point of a central 
orhit is the same as thai which would be acquired by a par- 
ticle moving freely from rest along one-fourth of the chord cf 
curvature at the point, drawn through the center of force, under 
the action of a constant force whose intensity is equal to that cf 
the central force at the point. 



By § 143, 



dt dt' 



dv p 
or v -7- = — -r*. 



dr 



And by § 141, 



h 
J? 



Diflferentiating the logarithm of the latter, we obtain 

1 dv ^ 1 dp 
V dr p dr* 

and, dividing the former equation by this, 

dp r ^ dp 

where q is the chord of curvature through the center. Hence 
the proposition, § 82. 

From this it follows that the velocity, F, of a particle 
moving in a circle of radius i?, under the action of any force 
P to the center, is given by the equation 



J 



CENTRAL F0ECE8. 127 

- r^pB, 

e, simple, and most OBeihl expiession'. 

146. Def. An Apse ia a point in a central orl^it at 
vhich the radins vector is a maximam or minimum, and the 
corresponding value of the radius vector is called an Apaidal 
IHstance. 

The analytical conditions for such a point are that 

-Ta should vanish, and that the first succeeding dlfierential 

coefficient which does not vanish should be of an even order. 
The first condition ensures that the tangent at an apse is per- 
pendicular to the radius vector, 

Evert/ apatdal line divides the orbit into two parts which 
are equal and similar. 

For -j^ changes sign in passing through an apse, and 

' Tile resolta of the lost few articles may be obtained in the following 

By §s 49 and 86 
■t;, = Eeaolved part of P aloDg tho tangent of the orbit = -P j- (1), 

t* p 

~ = Ee>olved part of i" along the nonnal=P- (2), 

Multiply (1) by ^ and integrate, then 

Prom(2) i^=2Px^hp^\ 

= 2>.|. 
Al» it in (3) we pnt - for c, § HI, andr j tor p, we obtiuii 



p" dr' 
•KUch it tiu reault contuned in Art. 139. 



r 1 
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^cftt\' . 



therefore, since f-^j is some function of u, f{u)j suppose, 

if on one side of the apse -^ be represented hj+ tjf (t*), on 

the other it will be represented by — V/M^ 

Hence if A be an apse, the centre of force, and OP, OQ 
any two lines on opposite sides of OA and equally inclined to 
it, we have 



AOP 



pop 

Jl * 



du 



v/(«) • 



OA 



(Note, These integrals have no meaning if there be an 
apse in AP or in AQ^ for then they contain an infinite 
element.) 




Hence 



or 






du 



V/(«) , 



= 0, 



oq 



roP 

Jl * 



OA 



Vf¥) 



identically. 
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Whence, if P and Q have been taken so close to -4, that 
no apse but A lies between them, which can of course always 
be done, unless the orbit is a circle having its center at 0, we 
have 

0P= OQ, 

which shews that any two radii vectores on opposite sides of, and 
equally inclined to, OA are equal. Hence the parts AP, A Q, 
into which OA divides the orbit, are equal and similar, so 
long as neither contains an apse. But if P be an apse, it is 
evident that Q will also be one ; and therefore, the portion of 
the orbit between P and the next apse being similar and 
equal to PA, and the same being true for Q, these new por- 
tions are symmetrical about OA, and so on : and the pro- 
position is completely proved. 

146. In a central orbit there cannot be more than two 
apsidal distances. 

For, since the parts of the orbit on opposite sides of an 
apse are similar, the particle after passing two apses must 
come next to one at an ec^ual distance with that of the first, 
then to one at an equal distance with that of the second, and 
so on. Hence there can be but two apsidal distances. 

147. When the central force varies as a power of the 
distance, we may obtain the above result, as well as the 
equation for determining the apsidal distances, directly from 
equation (4) of § 135. Suppose P= ^w*, then we have 

du 

Multiplying by 2A' -^ and integrating, we have 

Suppose the particle projected with a velocity equal to 
times the velocity from infinity at the same distance, and 
et c be the initial value of u, then when u » c, 

T. D. 9 



f. 
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whence 



^-^-^^^i^i*""; 



and therefore A» {(^V + tt» | = ^^ {»-' + (g* - 1) c-'}. 

To determine the apsidal distances we mnst pat ^~0,| 
which gives 

The form of this e(|uation shews that it can have at most 
two positive roots, which are therefore the two apsidal dis-| 
tances. 

Although there can be but two apsidal distances, there 
may be any number of apses, and the angle between twoj 
consecutive apsidal distances is called the apsidal angle.- 
Generally, to determine this angle, the equation of the orbit 
must first be found for the particular case considered ; but the] 
apsidal angle may be determined approximately for any lawi 
of force, without first finding the form of the orbit, if we 
assume that it does not differ much from a circle. 

148. A particle revolves in an orbit which is very nearly 
circular, and is acted on by a central force varying as any func- 
tion of the distance and directed towards the center of the circle, 
to determine the apsidal angle. 

If we put P in the form ^m' ^ (w) the differential equation 
of the orbit is 

d^u , A* , / N 

If the orbit were circular, we should have 



and 

in which case 






= 0, 



c-|,^(o) = 0. 



(a). 
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WJien the orbit is very nearly circular we may put 
t^ =s c 4- a?, where x is always very small. Hence 

-^ + c+ a? - p ^ (c + a?) = 0, 

or 5^ + ^'*"^""pt^(^) +aj^'(c)} = 0, nearly; 

and (a) enables us to reduce this to 



^.M-^y.. 



or, by St second application of (a). 







> 




the integral 


of which is 


(§88) 


• 




aj = ^cos 


7li. 


cf (c) 



] 



^ + -8 



Hence the general value of 6 which renders Tg = Oj is 
given by the equation 



^/{-fi} 



+ B=^mrj 



n "being any integer ; and consequently the difference between 
any two such successive values of is 



IT 



7FW 



tbe approximate apsidal angle. 

9—2 
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Thus if the force vaiy directly as the n*** power of the dis- 
tance, we have 

^if <j> (u) ssfiu^ ; and (p (u) = u 
whence ^' (u) = — (n + 2) u"""*, 

and the apsidal angle is 

TT 



V(3 + n)* 

This shews that n cannot be less than — 3, or that the 
force most not ybtj according to a higher inverse power of the 
distance than the third, if the circle with the center of force at 
its center is to be an approximation to the path of the particle : 
and the investisation mmishes a simple example of the de- 
termination of tne conditions of Kinetic Stability, which we 
cannot discuss in this elementary treatise. 

To find the law of force that the apsidal angle in the nearly 
circular orbit may be equal to a given angle, a suppose, we have 

from which ?4-r = "(l 1); 

^ (c) c\ aV 

or^ by integration, 

whence ^ (c) = C(^'^a*i 



and therefore the law of force, iit?j> («), is /lh/"««. 

Thus for a = w we have the inverse square of the distance, 
for a=- the law of the direct distance, while a = -7- cor- 
responds to a constant central force. 
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149. A particle ts projected from a given point in a given 
direction and with a given velocity, and moves under the action 
of a central force varying inversely as the square of the dis- 
tance ; to determine the orbit 

We have P= ^t**, and therefore 






d^ f ti\ f il\ ^ V 



the integral of which is 



Y'ij 



\ 



\;\ 



1 



u^^, = Acos{e + B), ^ \ 

or, as it is usually written, 

w = £, {l + ecos(^-a)} (1). 

Thisgives g = ^Jesm(^-a) (2). 

Let B be the distance of the point of projection from the 
center ; /3 the angle, and V the velocity, of projection ; then 
when ^ = 0, 

1 . ^ n dv> 



E' 



^"*^^-GJL- 



12 

Hence, by (1), — ^ — 1 = e cos a, 

la 

and, by (2), —^ cot ^8 = — e sin a. 

From these, tan a = p _ Va (3)> 

and e'= -J755 cosec'^S tt+I (4). 
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BatA»=F»J?8m»i8, §142; 

, , ^ VB sin /3 cog /3 ,.» 

wherefore ^'"^ ^-V^Mam'^ ^ ' 

and 1-e ^ ^^--j (4). 

Now (1) is the general polar equation of a conic section 
about the focus ; and, as its nature depends on the value of 
liie excentridty e given hj (4'), we see that 

if V^>'^y e>l, and the orbit is a hyperbola, 

7*=-^, e=l, a parabola, 

y^<-u 9 e<l, an ellipse. 

150. By § 102, the square of the velocity from infiniiy at 

distance B, for the law of force we are considering, is -^ , and 

the above conditions may therefore be expressed more con- 
cisely by saying that the orbit will be a hyperbola, a para- 
bola, or an ellipse, according as the velocity of projection 
is greater than, equal to, or less than, the velocity from 
infinity. Illustrations of this proposition are found in the 
cases of comets and meteor swarms. 

The velocity of a particle moving in a circle is also often 
taken as the standard of comparison for estimating the velo- 
cities of bodies in their orbits. For the gravitation law of 
force with which we are dealing the square of the velocity in 

a circle of radius ^ is ^; and the above conditions may 

be expressed in another form by saying that the orbit will be 
a hyperbola, a parabola, or an ellipse, according as the velo- 
city of projection is greater than, equal to, or less than */2 
times the velocity in a circle at the same distance. 
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151. Supposing the orbit to be an ellipse, we shall obtain 
its axis major and latus rectum most easily by a different pro- 
cess of integrating the differential equation. Multiplying it 

by 2A* -^ and integrating, we obtain 



'^l(iy+«i=«'=^+^'*«- 



But when « = p > v=V\ which gives 

hence A'|f^y + «*l=B*= F'-^ + 2/»m (5). 

Now to determine the apsidal distances, we most put 

du . 

and this gives us the condition 

which is a quadratic equation whose roots are the reciprocals 
of the two apsidal distances. But if a be the semiaxis major, 
and e the excentricity, these distances are 

a (1 — e) and a (1 + e). 

Hence, as the coeflScient of the second term of (6) is the 
sum of the roots with their signs changed, we have 



a (1-6) a{l + e) A" 
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And, as the third term is the product of the roots, 

1 2fi V^ 

a* (1 - ^) h'R A« • 

1 2 F" 

Substituting then ^ for 7- - F' in (5), we have 

t;« = ,*(2w-^) (9). 

Equations (7) and (8) give the latus rectum and axis major 
of the orbit, and shew that the axis major is independent of 
the direction of projection. 

Equation (9) gives a useful expression for the velocity- at 
any point. 

162. The time of describing any given angle is to be 
obtained from the formula, 

= VW (1 — ^')}i by equation (7). 

From this, combined with the polar equation of a conic 
section about the focus, we have 

dd VW(1~0} 



V( 



fi y(l + ecos^)»' 



measuring the angle from the nearest apse. To integrate 
this, let 

^ sin^ 

1 +«cos5* 



ri 



Then 
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>, , -(1 + ecos^) 

COS + e e ^ e 



137- 



dd (1 + 6 COS ey (1 + ecos^y 

1 1 l-«* 1 



e 1 4- e COS ^ e (1 + e cos 0)* ' 



•"' J (1+ecos^)'' l-e'* ■*■ 1 - eV 1 + 



e 0,0^0 



Bm0 



1— e*l+ecos^ 



H 




3ec^-d0 



9 ' 

(l+e) + (l-e)tan*- 



sind 



l-6*l+ecos^ (l-«')* 

(ife<l); 



^.-iyi^)"-!}' 



or = 



sin 



e*-lH-eco8^ (e^-i)*^^^ 



V(e+1) COS 2 + V(«-l) si^ 2 
y(e+l)cos--V(e-l)sin-l 



(if6>l). 

Hence the time of describing, about the focus, an angle 
Jneasured from the nearer apse is, in the ellipse, 

and, in the hyperbola, 



v/^h 



y(^+l)cos-— V(«— l)sin 



|V(e+l)cos- 



^____1L n 2 1^ sing 1 
-+V(e-l)sin-j J 



153. In the parabola, if d be the apsidal distance, the 
integral becomes 

{since 6 = 1, a (1 — 6) = rf, a (1 — 6") = 2c?}, 
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t 



/8^r d» 

y fi J (i+coi 



cos^* 
2(? 



-yf/i-v 



« 



=y?/('+'"'D-"^i 






/2<?' A ^ . 1 , , 



154. From the result for the ellipse we see that the 

/a' 
periodic time is 27r * /— . This might also have been found 

from the consideration of equable description of areas bj the 



radius vector. 
Thus 



rp__ 2 area of ellipse 
A 

_ 2Trc? V(l - e*) 



In the notation commonlj employed, we have 

7T_27r 

where n, which is called the Mean Motion, is 



V S 



155. By laborious calculation from an immense senes of 
observations of the planets, and of Mars in particular^ Kepler 
enunciated the following as the laws of the planetarjr motions 
about the Son. 
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I. The planets describe Ellipses of which the Sun oc- 
cupies a focus. 

XL The radius vector of each planet traces out equal 
areas in equal times. 

III. The squares of the periodic times of anj two planets 
are as the cubes of the major axes of their orbits. 

156. From the second of these laws we conclude that 
the planets are retained in their orbits hj a central force 
tending to the Sun. For, 

If the radius vector of a particle moving in a plane describe 
equal areas in equal times about a point in that plane, the rer 
sultant force on the particle tends to that point* 

Take the point as origin, and let a;, y be the co-ordinates 
of the particle at time t; A, Y the forces acting on it, resolved 
parallel to the axes ; the equations of motion are 

s=^.§=^ »• 

But by hypothesis, if ^ be the area traced out by the 

radius vector, -rr is constant. 

at 

TT r.dA dy dx ^ 

Hence, 2-^=xJ-y^=G 

Differentiating, x -^ "" ^ ^ " ^ > 
or,by(l), a:r-yX=0. 



Hence, 






and by the parallelogram of forces (§ 67) the resultant oiX and 
Y passes through the origin. 
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157. From the first of these laws it follows that the law 
of the force is that of the inyerse square of the distance. 

The polar equation of an Ellipse referred to its focus is 

2 

u^j{l + eooB 0), 

where I is the latus rectum. 

Hence, _ = — cos ^, 

and therefore the force to the focus requisite for the description 
of the ellipse is (§ 135) 



P=AV(^ + «) 



2h* . 

Hence, if the orbit be an ellipse, described about a center 
of farce at the focus ^ the law of force is that of the inverse 
square of the distance, 

158. From the third it follows that the force towards the 
Sun which acts on unit of mass of each of the planets is the 
same for each planet at the same distance. 

For, in the formula in § 154, T^ will not vary as o? unless 
fi, be constant, i.e. unless the absolute force of the Sun be the 
same for all the planets. 

We shall find afterwards (Chap. XII.) that for more 
reasons than one Kepler's laws are only approximate, but their 
enunciation was sufficient to enable Newton to propound the 
doctrine of Universal Gravitation ; viz. that every particle 
of matter in the universe attracts every other with a force 
whose direction is that of the line joining them and whose 
magnitude is as the produ^ct of the masses directly ^ and as 
the square of the distance inversely. 



p^ 
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I 



EXAMPLES. 

(1) A particle describes an ellipse under the action of a 
force always directed to the cdnter, to determine the law of 
the force, 

From the polar equation of the ellipse, center pole, 

, cos*^ , sin^^ , du /I 1\ 

«^ =-^^ + -jr-; wehave w^=fg3-^lcos^8ind; 

•-^4"("'^-'S) 
4*h(p-«')-''}{«'-(^a''"'4 



AM 1 A« 



f ; 



and therefore the law is that of the direct distance. 

The above example is the converse of § 133. The solution. 
may t& very easily effected by the use of § 139. 

(2) A particle describes a conic section under the action 
or a fi>rce alwisys directed to one of the foci, to find the law 
of force. 
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In this case 
and therefore P= Vu' f^ +uj 



the converse of § 149. See also § 157. 

(3) Find the law of force, tending to the pole, under 
^hicli a particle maj describe an eqniangnlar spiral 



(4) Find the law of force by which a particle may de- 
scribe the lemniBCate of Bemoalli, the center of force being 

the node. 



(5) Find the law of force by which a particle may de- 
scribe a circle, the center of force being in the circamf^nce 

of the circle. 

(6) Find the law of force by which a particle may de- 
scribe the spiral r = a(sec-) , the center of force being the 
pole of the spiral 



[Shew that this result is not true for n = I, explain wiy 
it fails, and find the correct one.] 
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(7) Find the law of force that a particle may describe 

the cissoid of Diodes, r = 2a ^ , the center of force beinff 

cos a ° 

the pole. 

cosec' 



Pec 



r^ 



[Here ought to be expressed in terms of r in the value 
of P.] 

(8) A particle is projected from a given point in a given 
direction with the velocity which it would acquire in falling 
to the point of projection from an infinite distance, and is 
acted on by a force varying inversely as the nf^ power of the 
distance, to determine the orbit. 

Here P^fiu"", and therefore, § 135, 
Multiplying by 2h^ -tq and integrating, 

Let V be the initial velocity, /8 the angle of projection, 
and c the initial value of w, then, § 102 

w — l 
But when w = 6, t?= F; .'. (7=0, and 






Now § 142, 

^5 Psin'/S 2/A «^ . 20 

C 71—1 
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n-1 






(; 



dd) 



u 



a-l 



— I +«*-■<.— Bin* /8' 



<;d 



«i-t 
c ' sin/S 



• • dw ~ uV(w"^- c"-* sin*/S) 



To integrate this let 






= 2x 



(!)■ 



Dividing, 



u dx x' 



Sabstituting in (1), 



c '^ Sin )8 






Integrating, 



^-1 



a; 






c ' sin^ 



sec 



-1 



u 



S 



n — O "a" • ^i 

c sinp 
Suppose we take the initial line so that C = 0, then 



u 



s 



«*-8 

c • sin^ 



n-3^ 
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>r, if jB be the initial distance = - , 

c 



**"' w — 3 

cosec)8cos— -— 5, 



(r= 



2 
the polar equation of the required path. 

(9) A particle, acted on by a central force varying in- 
versely as the fifth power of the distance, is projected in any 
iirection with the velocity from infinity ; find the orbit. 

Its equation is r =JB cosec/8sin(y8— 5), 13 being the 
angle of projection, and the line joining the point of projec- 
tion with the center being taken as the initial line. 

(10) A particle acted on by a central force varying in- 
versely as the fifth power of the distance is projected from a 
given point with a velocity which is to the velocity from 

infinity as 5 to 3, in a direction making an angle sin"*— ^ 

with the radius vector ; find the orbit. 

« 

Here we have 

But if V be the velocity of projection, c the initial value 
oiu, 

F• = |f-^ (§102): 
and when t«=sc, v^V; .% (7= -^; 

T. D. 10 
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25ftc* 24 _ 
^ 18c" 25' 



1 



Subatitutiog and integrating we find, after the necessaiy 
redactioQB, 

where £ is the initial distance, and a a constant to be deter- 
nained hj the position of the initial tine. 

(1 1) A particle acted on hy a force, varying partly aa the 
inverse third, and partly as the inverse fifth, power of the 
distance, is projected with the velocity from iufinity at an 
angle with the distance, the tangent of which is V2, the 
forces being eqnal at the point of projection ; determine the 
orbit. 

(12) The force tending to the center of a circle whose 

radios is a being /j.(r-\ — ^1 , find the velocity with which a 

particle will describe the circle ; and shew that if the velocity 
be suddenly doubled the particle will come to an apse at the 
distance 3a. 

(13) If P= 2/i T + fiu", and a particle be projected at an 

angle of 45° with the initial distance (5 = ) - , with a veloci^ 

which is to the velocity in a circle at the same distance as 
It/2 to V3i feid the curve described. 

r=MH-e). 

(14) If a particle be acted on by a central force vaiying 
inversely as the seventh power of the distance, and be pro- 
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; jected from an apse with a velocity which is to the velocity 
in a circle at the same distance as 1 to V^ 9 ^d the equation 
of the curve described, 

r^=:i2'cos2(^ + a). 

(15) A particle, acted on by a force varying inversely as 
the cube of the distance, is projected from a given point with 
any velocity in any direction ; to classify the paths described 
according to the circumstances of projection. The curves in 
question are called Cotea^ Spirals. (See Appendix A.) 

The equation of motion is 

.^ + «-g« = 0...... (1). 



Let |-2 be > 1, and let ^ — 1 = ^'; then 



the integral of which is 

u = A^^ + B€-^ (2). 

This resolves itself into three distinct species of curves 
according to the values of A and B. 

Sp£ci£S L Let A and B have the same sign ; then 

u = A^ + B€''^; 

and ^=Jfc(^6W-56-^. 

The values of A and B may in these equations be ex- 
pressed in terms of the initial distance, and angle of projection; 
hut we may put the equation of the curve in a simpler form 
as follows. Let a be the value of corresponding to an apse 

then when 0^a, :^==0; 

or O^A^-Be'"^, 

10- 



J 
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which always gives a possible value of a; and therefore 

A^ = -Be-** = c, suppose. 
Substituting, u = c {€*<«-) + €-*<«-)}. 

Hence when ^ = a, u^2c^ ^^ "^ is the apsidal distance. 

As 5 increases, w increases^ or r diminishes ; and when ^=00,. 
t4 = 00 , or r = 0. Hence the curve forms an infinite number 
of convolutions about the pole; and, as it is symmetrical on 
both sides of the apse, it will be as represented in the figure, 
where A is the apse and the center of force. 



Species XL Let p>lj 5=0, then the equation (2) 

becomes 

u = A^, 

the equation of the logarithmic spiral. The nature of the curve 
will be the same if -4, instead of B, vanish. 

Species III. Let £, > 1, and B negative, then by 

equation (2), 

u = A^ — Be"^. 

Putting u = 0, we obtain as for Species I, 
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Hence, when ^ = a, t*a=Oorr=!oo. As 5 increases r de- 
creases, and when 6 is infinite r = ; so that there is an 
infinite number of convolutions round the pole. It is easily 
shewn that this curve has an asymptote parallel to OAy at a 

distance — ^ • 




Species IV. Let ^ = 1, then equation (1) becomes 



the integral of which is 

u = A{e-'J3), 
the equation of the reciprocal spiral. 

Species V. Let p<l> and let 1 — t^ = A;', then by 



equation (1), 






+ k\^0, 



the inteorral of which is 



whence 



u = Aco8 (Jed + B) ; 
^ = -'Aksm{k0 + B). 
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Let a be the value of corresponding to the apse, 
then Jca = — B; 

and u = Acoak{0'-a)^ 

which shews that -j is the apsidal distance. The asTinptotei 

to this curve are easily found for any assigned valae of i. 
One case is represented in the annexed figure. 




(16) A particle projected in any manner Is acted on hy 
a central force varying inversely as the fifth power of the 
distance, to determine the orbit. 

Here P=fiu^, and we have 



dff 



whence 



*'{©'^-«'=«+f^- 



When u = o,v=V; therefore C^T-^-, 



whence 
But 






h^ = 



F« sin* /9 



(§ 142) ; and therefore 
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This equation cannot be integrated in finite terms unless 

either the right-hand member be a perfect square, or F* = ^ . 

The latter case is included in the more general one of Ex- 
ample (8). In the former we must have 



2fjb(i 



F* sin 



^/iW/3 2F^8inV>' 



or2/.(F»-^|*)==^%in-/3, 



from which /8 may be found. 

Extracting now the square root, integrating and taking 
the initial line so that the constant = 0, we derive after the 
necessary reductions^ 

FiJ sin /8l + €«V2- 

Giving V2 the positive or negative sign we have a spiral 
having an interior or an exterior asymptotic circle, the radius 

of this circle beinff in either case -rfp ■ n * 

° VE sm p 

(17) A particle is projected from an apse at the distance 

*J{mh), and is acted on by a central force — 5 -i- -3 , A being 

twice the area described in a unit of time ; find the equation 
of the orbit and the time of describing a given angle. 



r^ = r— Ao , t=^m tan"^ 0. 



1 + 



(18) If a particle move under the influence of a central 
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force -^ + -^ 1 shew that the equation of the orbit is generally 
of the form 

a 



1 — e cos {Jc6) ' 

In the case "when the projection takes place at an apse, 
the apsidal distance being ^ , and v being equal to h\ shew 
that the equation of the path is 



r = 



and that the time of describing an angle a is 

i tan 5 (^ + J sin 20) where tan ^= ^^ 



V(2A») • 



(19) If V be the Telocity, and P the force at distance r in 
a central orbit, and if v, P*, r be similar quantities for the 
corresponding point of the locus of the foot of the perpen- 
dicular on the tangent, shew that 

(20) A particle attached to one end of an elastic string 
moves on a smooth horizontal plane, the other end of thfrj 
string being fixed to a point in the plane. If the path of 

particle be a circle, shew that the periodic time oc f — - 

a and r being the natural and stretched lengths of the strini 
If the orbit be nearly circular, find the angle between 
apsides* 

(21) A particle is projected in such a manner as to descrii 
a reciprocal spiral whose equation is ^ = - ; shew that 



a» 



time of performing the n^ revolution = -— ; -r — r- . 

^ ° 2/i (n — 1) ttV/a 
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I. 

L (22) If P be a central force attracting a catenary, and p 

! be the perpendicular on the tangent at any point from the 

center of force ; then the force which would cause a particle 

: ' P 

to revolve in the curve formed by the catenary cc — . 

(23) Find the time in which a particle would move from 
the vertex to the end of the latus rectum of a parabola, the 
center of force being at the focus; and shew that if the 
velocity be there suddenly altered in the ratio m to 
1 (w being < 1) the body will proceed to describe an ellipse, 

the eccentricity of which is (I — 2m^ + 2w*)^. 

(24) A spherical surface is described in space, having 
in its center a force varying inversely as the square of the 
distance ; shew that if a particle be let fall from this surface 
and be projected in any direction at any moment of its descent 
with the velocity acquired, it will move in an ellipse, the 
major axis of which is equal to the radius of the sphere. 

(25) If the Earth's orbit be taken an exact circle, and 
; a comet be supposed to describe round the Sun a parabolic 
j orbit in the same plane ; shew that the comet cannot possibly 

continue within the Earth's orbit longer than the ( — j part 

of a year. 

(26) If a particle be projected so as to be under the 
L'H influence of a central force varying inversely as the square of 
li'the distance, with a velocity equal to n times .the velocity in 
la:^' a circle at the same distance; the angle a between the axis 

] major and this distance may be determined from the equation 

^^ tan(a-/3) = (l -w')tanA 

^^ fi being the angle between the radius vector and the direction 
1^-^ of projection. 

(27) A particle describes a parabola about a center of 
ji)j force (x D~^ residing in a point in the circumference of a 

, given ellipse the foci of which are in the circumference of the 
'f' parabola; shew that the time of moving from one focus to 

'the other is the same, at whatever point in the circumference 
- of the ellipse the center of force is placed. (§ 174.) 



I 
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(28) A particle moves about a center of force, and its 
velocity at Any point is inversely proportional to the distance 
from the center of force ; shew that its path will be a loga- 
rithmic spiral 

(29) A particle is describing a curve about a center of 
force, and its velocity oc — , find tiie law of force and the 
equation of the patL 

P^^.. Q* =cos{(n-l)5 + a}. 

(30) A particle is projected in any direction from one 
extremity of a uniform straight line each particle of which 
attracts it with a force proportional to the distance, prove that 
the particle will pass through the other extremity. 

(31) A particle projected in a given direction with a 
given velocity and attracted towards a given center of force 
has its velocity at every point to the velocity in a circle at 
the same distance as I to ^2; find the orbit described, the 
position of the apse, and the law of force. 



V 2A^ 



cos (5 -a), P=^. 



(32) A particle Is projected from a given point with a 
given velocity and is acted on by a central force varying in- 
versely as the square of the distance ; shew that whatever be 
the direction of projection the center of the orbit described 
will lie on the surface of a certain sphere. 

(33) Find the locus of the center of force that a cycloid 
may be described with uniform velocity, and find the law of 
force to the moving center* 

(34) If a particle revolve in a circle of radius r, about a 
center of force distant a from the center of the circle, shew 
that the time from distance r to the nearer apse is 
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where <f> is the initial force ; and that the periodic time is 

27rr* 

where <}> is the force at the nearer apse. 

(35) Shew that the only law of central force for which 
the velocity at each point of the orbit can be equal to that in 
a circle at the same distance is that of the inverse third 
power, and that the orbit is the logarithmic spiral. 

(36) A particle describes an equilateral hyperbola about 
a center of force in the center, shew that an angle from the 
apsidal line is connected with the time t of its description by 
the formula 



sin 20 = 






(37) If a number of particles, describing different circles 
in the same plane about a center of force oc D'^, start together 
from the same radius, find the curve in which they all lie 
^hen that which moves in the circle whose radius is a has 
completed a revolution. 

(38) If the m*^ power of the periodic time be proportional 
to the n^ power of the velocity in a circle, find the law of 
force in terms of the radius. 

^ (39) If V be the velocity of a particle revolving in an 
^Ulpse about the center, v' its velocity when the direction of 
Its motion is at right angles to the former direction, the time 

of describing the intercepted arc = -r- sin"^ — ^ . 
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(40) A partide reTolves in a circle about a center of 

force in the center, the force x -, ; the absolute force k 

suddenly increaaed in the ratio of m : 1 when the particle 
ia at any assigned point of its path, and when the particle 
arriTea again at the same point the absolute force is again 
increased in the same ratio ; shew that the path which the 
particle will describe is an ellipse whose excentricity 



(41) In a curve described by a particle nnder the action 
of a central force the angle between Wie radius vector and the 
tangent varies as the time. Find the curve and law of force. 

(42) Shew that the apsidal angle is the same for different 
apsidal distances, only when the force ia aa some power of 
the distance. 

(43) Given P= —5- + -^ , determine the path. Shew 
that in the particular case of the projection being made at 
distance a, and with velocity = - V2, the equation of the 
orbit is 

r-a(l+e). 

(44) The central force being ^ a particle is projected from 

an apse at distance a with velocity = ./^, shew that the 
path ia a cardioide, and that the periodic lime is 



3^ /3a' 
4 V 2/i' 



(45) A particle is revolving in an ellipse about a center 
of force in the focus; supposing that every time the particle 
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arrives at the lower apse the absolute force is diminished in 
the ratio of 1 to 1— n; find the excentricity of the elliptic 
orbit after ^ revolutions, the original excentricity being e. 

1+e 



(1 - ny 



I (46) A particle describes a circular orbit about a center 

I of force situated in the center of the circle ; prove that the 
I form of the orbit will be stable or unstable according as the 

value of ,, ^ , for w = a, is less or not less than 3, P being 

the central force, u the reciprocal of the radius vector, and 

- the radius of the circle. 
a 

j (47) If the equation for determining the apsidal distances 

I in a central orbit contain the factor (u — ay^ shew that w = a 

I cannot correspond to an apse unless p be of one of the forms 

4w "4- 2 

4w + 2 or • If the factor u — a occur twice, then a 

2w + 1 

will be a root of the equation 

^(w)-AV = 0, 
where ^ (w) is the central force. 

(48) Examine carefully the case of an apse where the 
center of force coincides with the center of curvature. Shew 
that the particle will, after passing such an apse, describe a 
circle about the center of force, but that the motion will be 
unstable. 

(49) A particle is projected at a distance c from a fixed 
center of force with a velocity a/ ^49 aiid in a direction 

making an angle sin~^- with the distance; the intensity of 

the force at the distance r being > , . ov 3 . Shew that the 
orbit described will be a circle. 
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(50) A point describes a parabola^ latas rectum 4a, wi( 
an acceleration tending to a point in the axis distant c fro 
the vertex : prove that the time of moving from the vertex 

a point distant y from the axis is proportional to r^ f-y. 

(51) If a body describes a parabola nnder the action 

a force tending to a point on the axis, prove that the a< 

/ 1 1 N"* 

celeration at any point P is I^Vryp'^Tr') ^-^ "^ P ^i^l 

the point of intersection of PO produced with the curve. 

Also prove that the time of passing from^one extremity 

8 /2 
the ordinate through to the other = « \/ - • 

(52) A particle is projected from a given point with a] 
given velocity and in a given direction inclined to the vertical. 
Find where a center of force whose absolute attraction is (iy\ 
must be placed that the particle may describe a parabola. 
Shew that its distance from the point of projection must be| 

v± (v* — 4/i^)^ How IS it that there can be two values foi 
this distance ? 

(53) If the acceleration vary inversely as the square ol 
the distance, prove that there are two initial directions in 
which a particle can move so that its apse line may coincide 
with a given line. If a^ a^ be the angles which these direc- 
tions make with the initial distance c, and 2a be the length^ 
of the apse line, prove that 

cota, .cota« = — 1. 

(54) ^ A particle moves under the influence of a repulsive- 
force which varies as the distance from a fixed point ; shew 
that the equation of the path described is 

aVy* — i'— y V^" — a* = c, 

where a, J, c are constants, and determine the curve which this 
equation represents. 
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(55) A particle P describes a cycloid ABC under the 
action of a force situated at the middle point of the base. 
If PM be drawn perpendicular to the axis OB, and PT the 
tangent meet OB in T: the angular velocity of the tangent 
will vary as OM. OT inversely. 

(56) Shew that if an ellipse be described under the action 
of a force / to the focus 8, and a force f to the focus H and 

dr dr \r r ) ' 

(57) A particle describes an ellipse under the action of 
two forces tending to the foci which are to one another at any 
point inversely as the focal distances : prove that the velocity 
varies as the perpendicular from the center on the tangent, 

and that the periodic time = 7^ (-j^ + -] , ka,M> being the ve- 
locities at the extremities of the axes. 

(58) Prove that a particle can describe a parabola under 
a repulsive force in the focus varying as the distance, and 
another force parallel to the axis always of three times the 
magnitude of the former; and that if two equal particles 
describe the same parabola under the action of these forces, 
their directions of motion will always intersect in a fixed 
confocal parabola. 

(59) Prove that a lemniscate can be described freely by 
a particle under the action of two central forces of equal 
intensity to the foci each varying inversely as the distance ; 

and that the velocity will be always equal to ^ / -~ , - being 

the acceleration of either force on a particle at distance r, 

(60) A particle is projected iBrom an apse under the action 

of the force "^^ with a velocity ^^ *^^^^ , n being very 

small and a the initial distance, determine the apsidal angle 
and the other apsidal distance. 
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(61) If r^p be the radius vector and perpendicular on the 
tangent at any point of the curve described by a particle under ; 
the action of a force P towards the pole, and a force T along 
the tangent, shew that 

(62) The pedal of a curve with respect to a point is 
defined to be the locus of the foot of the perpendicular drawn 
from the point to any tangent to the curve, and the pedal of 
the pedal with respect to the same point is called the second 
pedal, and so on; a particle describes the nth pedal freely 
under the action of a force tending to that point : find the law 
of force. If the curve be ft rectangular hyperbola, and the 
pedals be formed with respect to its center, prove that the 
Tith pedal will be the orbit of a particle moving under the 

6n-H 

action of a force varying as r"2»i-i where r is the distance irom 
the center of force. 

(63) A curve described by a particle under the action of 
a central force is such that, if at any moment the component 
velocity along the radius vector be destroyed by an impulse 
along the radius vector, the particle will proceed to describe 
a circle : prove that the curve is a reciprocal spiral, 

(64) A particle describes an orbit round a center of force 
in a periodic time P. Straight lines are drawn from a point 
to represent the accelerations of the particle at equal intervals 
of time T, during a complete revolution. If P = wt, when n 
is an indefinitely great whole number, shew that these straight 
lines will represent a system of forces in equilibrium. Shew 
also that if the force vaiy directly as the distance, the result 
is true if w be not great. 

(65) A particle describes an orbit about a center of force. 
If the center of force be replaced by the particle, and the orbit 
for any complete number of revolutions by a fine wire whose 
section varies inversely as the velocity in the corresponding 
orbit, and every point of which attracts by the same law as 



r 

I 
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^e force did, shew that the particle will be in equilibrium : 
ietermine also the nature of this equilibrium (1) when the 
brce varies as the distance, (2) when it varies inversely as the 
iquare of the distance. 

Shew that if the orbit be an ellipse, described about a 
sentre of force in the focus, the centre of gravity of the wire 
IS midway between the centre and the other focus. 

(66). Shew that if the central force be constant (=^ 
suppose) we have the following relation between the radius 
erector and the time, 

r rdr 

and from this, with the help of the equation of constant mo- 
inent of momentum, deduce the diflferential equation of the 
orbit. Shew also how the apsidal angle may be determined. 



T. D. 11 
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CHAPTER VL 



ELLIPTIC MOTION. 



159. In this chapter we propose to deduce from the 
results of the last some of the properties of Elliptic and 
Parabolic Orbits described about a center of force in the focus. 
This is a problem of great interest, as it has been proved by 
actual observation that the orbits of planets and comets are 
in general (neglecting the small effects of disturbing forces) 
ellipses either very slightly excentric, or so much so as to be 
scarcely distinguishable from parabolas. There are, it is true, 
some comets whose orbits are moderately excentric ellipses, 
and some whose orbits are hyperbolas ; but, as the problem 
in their case becomes very complicated, and the approximate 
methods which we will here employ are inapplicable to their 
motions, it has been considered advisable to omit the con- 
sideration of such cases. 

160. For the intelligibility of what follows it will be 
necessary to premise a few definitions. 

Suppose APA to be an elliptic orbit described about a 
center of force in the focus 8. Also suppose P to be the 
position of the particle at any time t. jDraw PM perpen- 
dicular to the major axis AGA\ and produce it to cut the 
auxiliary circle in the point Q. Let C be the common center 
of the curves. Join CQ. 

When the moving particle is at A, the nearest point of 
the orbit to ;8^, it is said to be in Perihelion. 

I 

The angle A8P^ or the excess of the particle's longitude 
over that of the perihelion, is called the True Anomaly. Let 
us denote it by 0* 

The angle A CQ is called the Excentric Anomaly^ and is 
generally denoted by u. And if — be the time of a complete 
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revolution, nt is the circular measure of an imaginary angle 
called the Mean Anomaly; it would evidently be the true 
anomaly, if the particle's angular velocity about 8 were 
tmiform. 

161. It is easy from known properties of the ellipse to 
deduce relations between the mean and excentric, and also 
between the true and excentric, anomalies; this we pro- 
ceed to do. 

To find the relation between the mean and excentric ano- 
malies. 




In the figtrre QOA is the excentric anomaly, and the 
mean anomaly is evidently to 27r as the area PSA is to the 
whole area of the elliptic orbit (§§ 154 — 160), or as area Q8A 
to area of auxiliary circle* 



Now area Q8A = area QGA — area QC8 

= i^cfu — ^a . ae, sin u 



11—2 
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(o being the major aemi-azia of the orbit anJ e the excentricdty) 

= -(w-eBm»). 



or ni = u-cBinM. 

162. To find the relation ietween the true and excentric 
anomalies. 

We have (by Conica) 

But 8P = a-eCM=a{l-ecosu). 



Hence zr-. ^=1 — cci 

1 + e COB 5 



Hence cos ^ «= 



and *^°2=Vl"+^^ 

/I — e COB « — COS K + 6 
"Y 1 — eC03W + C0HW — 6 

/ (I+e) (I-cobm) 
V (l-e) (l+coaw) 



'i 
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The two equations which we have just found are suf- 
ficient for* the solution of our problem; they are sometimes 
obtained in the following manner. 

163. The direct problem in elliptic motion is 

To find the time of motion of a planet or comet through any 
portion of its elliptic orbit. 

The equation of the orbit gives us 

^^ a(l-e') 
1 + ecosd* 

And from the description of equal areas in equal times, we 
have 

dt r*" r* 

Froid these equations we have 

dt _a^(l-e*)^ 1 _(l-g')^ 1 



d0 i^fi (1+ecos^)^ n (1 + 6C0S^* 

if — be the period of revolution. (§ 154.) 
n 

Hence if t^ be the time of describing an arc measured by 
O^irom perihelion, 

Jq (l + ecos^)" 
or 
(remarking that cos = cos' - — sin' - , and 1 = cos' - + sin' - j 

=(i-«')*r7 -r^ w 

I |(l + e)cos»| + (l-«)sm«|| 

^dttan- 

I — -^ — w 



1 
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To simplify this, let vb pat 

-IV(^-I «. 

(an assamption which will evidently conduct as to a formula 
already proved, as it ifl clear that ^ will represent the ez- 
centric anomaly). 

We have 



=■/*'{<'-''" 



i)coa'| + (l+c)Bin'- 
= 1 {l—eooB<fi) d<f> 



= 0^ — 6 sin ^, 



When 0^ is given we moat calculate ^^ by means of (1), and 
thence t^ by means of (2). 

Since (1) and (2) give ns the time of passing through an 
arc &om perihelion subtending any angle 6, at the focus, it 
ia evident that we have now the means of finding the time of 
describing any given portion of the orbit, and have thus the 
complete solution of the direct problem. 

164. The inverse problem, which is by far the most im- 
portant, is to find the values of 6 and r as functions of t, bo 
that the direction and length of a planet's radius vector ma^ 
be determined for any given time. This generally goes ' y 
the name of Kepler's Problem. 

166. Before entering on the systematic development of 
u, r and $ in terms of t from our equationis, it may be nw ul 
to remark that if e be so small that higher terms than ts 
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square may be neglected, we may easilj obtain developments 
correct to the first three terms. 

Thus u^fU-^esinu 

^nt + e sin (nt + e sin nt) nearly, 

= w^ + e sm n^ + ^ sm 2ni. 

Also - = 1 — ecostt 

= 1 — e cos («^ + 6 sin n^) 

== 1 - e cos w< + - (1 — cos 2w<). 

And •'§='V{/*«(1 -«*)}. 

which may be written 

or (l-e»)»(l+ecos^-*^ = n. 

Keeping powers of e lower than the third 

( 1 - 2e cos ^ + - e' cos 2^ 1 ^ = w, 

3 

or w« = ^ — 2esin^ + 7e'sin2^; 

4 

3 . 

whence ^ « w< + 26 sin ^ — - e* sin 2^ 



3 

« w< + 2e sin (n< + 2e sin TiQ - - 6^ sin 2n« 
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3 

= nt + 2e sin nt + 4L^ cos nt sin nt— -e* sin 2nt 

4 

5 

ssnt + 2e sin nt-h-^ sin 2nt. 

4 

166. Kepler's Problem. To find r and as functim 
of t from the equationa 

r=a(l — 6C0Su) (1); 

'«''=v/(^)'»I »' 

nt = u-~eainu (3). 

These eanations evidently give r, By and t directly for any 
assigned value of u, but this is of little value in practice. 
The method of solution which we proceed to give is that of 
Lagrange, and tHe general principle of it is thi{ 



We can develop 6 from equation (2) in a series ascending 
by powers of a small quantity, a function of «, the coefficients 
of tnese powers involving u and. the sines of multiples of «. 
Now by Lagrange's theorem we may from equation (3) ex- 
press Uy 1—e cos u, sin u, sin 2u, &c. in series ascending by 
powers of 6, whose coefficients are sines or cosines of mul- 
tiples of nt Hence by substituting these values in equa- 
tion (1^ and in the development of (2), we have r and ex- 
pressed in series whose terms rapidly decrease, and whose 
coefficients are sines or cosines oi multiples of nL This is 
the complete practical solution of the problem.. 

167. To eoc^ess the true, as a frmctum of the eoccentric, 
anomaly. 

Substituting in (2) the exponential expressions for % 
tangents, and writing i for V^Tl, we have 



€'-1-6 ' ^ e'-h€ ' 
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whence 

€*• {V(l + e) + V(l - e)} + {V(l -e)- V(l + e)] 
«*• {V(l - e) - V(l' + c)} + {V(l -e) + V(l + e)} ' 

Taking the logarithm of ^ach side and dividing hj i, 



i' ' ■ 2» 



«i t 



= w + 2 (Xsinw + — sin 2w4--^sm3w+&c.) (4). 

168. To develop u in terms oft. 

If we have 

y-z + xii>{y).. (5), 

we obtain, by Lagrange's Theorem, the development 

Now equation (3) may be put in the form 

w = n< + 6 sin w, 

which is identical with (5) if 

y=w, z^nt, x — e^ and^(y) = siny. 
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Also, as it is the deyelopment of u that we requirei we mi 
put 

/(u) = u, and/' (m) = 1. Hence, by (6) 

and, substituting for the powers of sin^r their corresponding 
expressions in sines and cosines of multiples of z. 



or rf/l-cos2«\ of fdy/SamzsmSz\ 
y=z+xBmz+ — ^^-^—j + j-^ y (-^ ^ j 

f?\' /3 — 4 cos 2g + cos 42 r\ ^ 



1,2.3.4W \ 



8 



sa ^ + aj sin ^ + — sin 2« + ~ (3 sin 3« — sin «) + 
or, substituting for x^ y^ z their values as above, 
w = n< + esinw<+- sin2w<+- (38ili3n< — sinn^ 



+ |(2sin4w<-sin2n0 + &c (7). 

To develop sin w, we recur t6 equation (3), which gives, 
after the elimination of u \yj means of (7), 

e . e' . 

sin w = sin w<+ - sin 2n^+ — (3 sin 3n<— sin w^) + &c. ... (8). 



2 



8 



Bj the application of Lagrange's theorem to equation (3), 
it is easy to deduce the following expressions : 

sin 2w= sin2n< + 6 (sin 3n^ — sin nt)-\-^ (sin 4n< — silt 2nt) 
+ — (4 sin ti* — 27 sin Znt + 26 sin &nt) + &c. 



r 
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sin Su = sin Bnt + — (sin int — sin 2ni) 



^ 



+ - (15 sin hnt - 18 sin 3«< + 3 sin nt) + &c. 

&c.=5&a 

Substituting these values in (4), we obtain the value of Qy 
containing however the quantity X. If we take as its approxi- 

mate value « + ^ » *^^ make the requisite substitutions, we 
obtain 

d = w«-|-(26-7e')sinn< + -e'sin 2n« + T^6?sin3n<+ 

4 ' * 4 12 

which is correct as far as 6^ 



169, In proceeding farther with the development, it be- 
comes necessaiy to expand \ and its powers in series ascending 
by powers of e. This is readily done as follows. 

We have 

6 e 



\= 



^-p^^^^-^=-^ suppose. 



Hence JE?=2--^, 

from which, by Lagrange's Theorem, 

and thus the value of Xf, being e^J^, is known. 

■ 

The correct value of ^ to the fifth power of e is thus found 
to be 
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nt + 2e sin n< + -j- sin 2nt + ^rj— r (13 sin 3nt — 3 sin nt) 
+ j^T-^ (103 sin 4n< - 44 sin 2n«) 

+ e (1097 sin 5nt — 645 sin 3nt + 50 sin n«). 

170. To develop r in terms oft 

From (1) it is evident that all we have to do is to de* 
velop by Lagrange's Theorem, 1 — 6 cos u as a function of i, 
from n< =u — 6 sin u. 

To develop (1 — ccosw) in terms of i. 
Here /(y) = 1 — e cos y, 
/'(y)=6siny; 

and the form of ^ is the same as before ; hence 

1— ecosy = (1 — 6C0S«) + a; sin « (e sin «) 



Hence, as before, substituting for the powers of sines their 
equivalent expressions in sines and cosines of multiple arcB^ 
differentiating, and substituting u for y, nt for z, and e for ^ 
we have 

1 — 6 cos w = - = 1 — 6 cos ni + - (1 — COS 2nt) 

+ - (3 cos n^ — 3 cos 3w«) 
8 

+ - (cos 2n< — cos 4n*) + &c. 

o 

which gives the radius vector in terms of the time. 



ELLIPTIC MOTION. 173 

171. In the case of a parabolic motion the above methods 
are not applicable ; but a much simpler one is. 

To find the time of describing any arc of a parabola from 
the vertex ; the center of force being in the focus. 

The equation of the curve is 

6 
r^A sec' - , where d is the perihelion distance. 

And the condition of equable description of areas gives 

>§ = A = V(2A«i); 

t. = -rnr-^ I see*- d$ 

J A 



V(2At)J. 2 

e 



or 



^VM'fV .^^2 



which is the expression required. From this it is evidently 
easy to calculate the time of describing any arc of the orbit 

The inverse problem of parabolic motion would require 

the solution of the cubic equation just found for tan - in terms 

of the time. This however is easily avoided by the formation 

of a table in which corresponding values of t and - are cal- 

culated on the supposition that w = 1. If we wish then to 
solve the inverse problem, all we have to do is to find the 
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Talue of corresponding to the number nt. This will be the 
true anomaly required, and the same table will of coone 
applj to any parabolic orbit. 

172. If the orbit be not parabolic, but elliptic and of 
7 great excentricity, the 
proolem is sometimes of use. 

To find the place of a comet at a given time in a very ex- 
centric elliptic orbit. 



very great excentricity, the result of the following direct 
)rob" 



T^ , dt a* (1-6*)* 1 /c.^oN 

We have -j-^^ — ""— ^ y— ^. (§ 163.) 

ad s/fi (I + e cos uy ^^ ^ 

Let D be the perihelion distance, J9 = a (1 — c) ; 

■«■ ^^ •|(i+.)+(.:.)ta-?f 

= -77-77-r-riSec*-a+:p— tan*-^ . 

Expanding in powers of (1— a), and neglecting higher 
powers of (1 — c) than the first; since e = 1 nearly, 

"'■-§('-T)"'r'«'i{'-(i-"«''f}'» 

whence 

n«,= tan|+itan»| + (l-e)(ltan|-ltan»|-|ten'|)...(l> 

The following is a convenient method of calculating the 
value of 0^ for a given value of f^. 

Suppose ^ to be at time t^y the true anomaly of a comet 
moving in a parabolic orbit of which D is tiie perihelion 
distance ; then by § 171 
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wfi = tan- + 3tan- (2). 

Let 6^ = + x, substitute in equation (1) and (since x is 
very small) expand in powers of x by Taylor's Theorem : we 
hare approximately 

^ 1 «^ 1 ^0 
w«, = tan- + -tan»- + -a:sec*- + 



+ l(l-a)tanf(l-^tan^f-^tan*f). 



From this, by means of (2), we obtain 

^" 10 ^^ ""^^ *^^ 2 (*■" ^^^^'2 "^^^®*2) • 

To make use of this formula, there must be added to the 
table before mentioned, a column giving the values of 

corresponding to those of 0. Taking then any value of i, 

we seek in the second column the value of for the number 

X —~ 

nL and then the value of for the value of so found. 

1 — e 

As the orbit is known 1 — e is known, hence x and are 
known in terms of t, and the true anomaly, 

or + Xy is known. 

173. Bemark. In all that precedes we have supposed 
for simplicity that the angle 0, which determines the position 
of the particle, is measured from the nearer apse ; and that 
fl = 0, < = 0, together. This is not usually the case in practical 
applications to the motions of the Moon or planets, but let ff 
be the longitude of the particle at time <, -or that of the apse, 
e the longitude of the particle at time ^ = 0, or the Epoch as 
it is generally called; then at time t the mean longitude 
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(measured in the plane of the orbit) is evidently nt + €, and 
the mean aqomaly ni + € -- «•, Hence by our previous results 

^ — 'cr ss n^ + € — 'cr + 2e sin (n^ + € — 'cr) 

+ - e' sin 2 (n« + e — w) + &c. 

r = a{l — ecos(n^ + €— w) + ...}, 

which are the formul» in general use; ff being, as before 
observed, the true longitude at time t 

174. The time through any arc of a parabolic orbit, de- 
scribed ahoiit the footis, may be expressed in terms of the chord 
and extreme radii vectores of the arc. 

Let Tj, 0^y r,, 0^ be the co-ordinates of the extreme points, 
c the chord of the arc. Then, T being the required time, wc 
have (§171) 

nr = tan|-taii| + l(tan-|-tan4), 
or, as we may write it for simplicity, 



= §(«.- {(1 + O + (1 + O + (1 + *A)1- 



cos 



0,^6, 



Now l + «i<. 



T ft.' 



cos -r=^ COS -:r 



and in the triangle whose base is c, sides r^, r^, and vertical 
angle 0^— ^j, we have by Trigonometry 



COS * 
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W-^- ('i-=^'±?^)- 



Also r^ = d sec* -• , r, = dae(?-^ . 

Hence 1 + <,*, = -3 V{* (* ~ <')}• 

And <,-<, = V{l + *»* + l + «i*-2(l + <,0} 

= V^[»-2+»-i-M»(»-c)}] 

= y^[2a-c-2V{»(«-c)}] 

= J5 IV« - V(» - c)]. 
Also 1 + «,* + 1 + «,• + 1 + V,= 3 [»'i+ »*, + V{« (« - c)}] 

= ^[2«-c + V{«f»-c)}]. 

1 

Hence «2'=rT|{V»-V(»-c)} {» + V» V(»-c) + (*-c)} 

Substituting this, and the values of «, (« — c), we have 

2'=6^Kn + '-.+c)*-(r,+r.-c)»}. 

In this investigation we have supposed the arc not to 
include the perihelion ; if it should do so we must take the 
sum of the radicals as the value of T. 

T. D. 12 



n 
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175. It may be shewn in a similar manner that the 
of describing about the focus an arc of an ellipse or liyperbol*, 
whose chord and extreme radii vectores arc given, may be 
expressed in terms of these quantities and the axis major 
alone. For the proof we must refer to the Mecaniqut Ci- 
leste, or to Pont^coulant's Systlme du Monde, 

It may also be shewn, in much the same manner, that tte 
ratio of the area described in a given time, to that of the 
triangle formed by the chord and extreme radii vectorea, may 
be expressed independently of the parameter of tlie path. 



EXAMPLES. 

(1) If the perihelion distance of a comet's orbit be J of 
the radius of the Earth's orbit supposed circular, find the 
number of days the comet will remain within the Eartli's 
orbit. 

(2) If a comet describe 90° from perihelion in 100 days, 
compare its perihelion distance with the distance of a planet 
which describes its circular orbit in 942 days. 

(3) Shew how to divide a planet's elliptic orbit by » 
diameter, so that the times of describing the two parts are 
as n : 1, and find in what cases only one snch line can be 
drawn. 

(4) In the case of planets and comets prove the foUowiflg 
formuUe, the letters being the same as in the text, 



logj --log (! + >.•) 

- 2 (\ C08 w + JV cos 2« + JV coa 3m + &c.) 
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(5) A body desci'ibes an ellipse : prove that the times of 
describing the two parts, into whica the orbit is divided 
by the axis minor, are to one another as tt + 26 is to tt — 2e, 
where e is the excentricity of the ellipse. 

(6) If Pp, Qq be chords parallel to the axis major of an 
elliptic orbit, shew that the difference of the times through 
the arcs PQ, pq varies as the distance between the chords. 

(7) If a comet whose orbit is inclined to the plane of 
the ecliptic were observed to pass over the Sun's disc, and 
three months after to strike the planet Mars, determine its 
distance from the Earth at the first observation, the Eartli 
and Mars describing about the Sun circles in the same plane 
whose radii are as 2 : 3. 

(8) Shew that the arithmetic mean of the distances of a 
planet from the Sun, at equal indefinitely small intervals of 
time, is 

(9) When a body describes an ellipse under the action 
of a force in the focus S, if H be the other focus, the square 

HP 

of the velocity at P varies as -^7^ . 

(10) The time through an arc of a parabolic orbit bounded 
by a focal chord oc (chord)*. 

(11) If a circle be described passing through the focus 
and vertex of a parabolic orbit, and also through the position 
of the moving particle at each instant, shew that its center 
describes with uniform velocity a straight line bisecting at 
right, angles the perihelion distance. 

(12) Shew that the velocity of a comet perpendicular to 
the major axis varies inversely as its radius vector. 

(13) Z>,, Z>, being two distances of a comet, on opposite 
sides of perihelion, including a known angle, shew that the 
position of perihelion may be found from the equation 

jj) , ij^ = taJi i (s^^^ ^^ tru® anomalies) . tan J (difference). 

12—2 
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(14) In what point of all conic sections is the paracentric 
velocity a maximnm ? Shew that in such a case tne velocity 
is to that in a circle at the same distance as the distance is to 
the perpendicular on the tangent. 

(15) In an elliptic orbit find the relation between the 
mean angular velocity about the center of force and the 
angular velocity about the other focus, and thence shew that 
when e is small the latter is nearly uniform. 

(16) If a, y8 be the greatest and least angular velocities 
in an ellipse about the focus, the mean angular velocity is 

(17) Find the maximum value of 6 — nt in an elliptie 
orbit, and develop it in powers of e, shewing that it cannot 
contain even powers. 

If 6 be this quautity, 

g. - , lie* ^ 599e' , „ 
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CHAPTER VII. 

CONSTRAINED MOTION. 

176. We come now to the case of the motion of a particle 
nihject to the action not only of given forces, but of undeter- 
mined pressures or tensions. Such cases occur when the par- 
kicle is attached to a fixed, or moving, point by means of a 
rod or string, and when it is forced to move on a curve or 
surface. 

In applying to a problem of this kind the general equations 
of motion, of a free particle, we must assume directions and 
intensities for the imknown forces, treating them then as 
known, and it will always be found that the geometrical 
circumstances of the motion will farnish the requisite number 
of additional equations for the determination of all the un- 
known quantities in terms of the time. 

One case of this kind has been already treated of (§ 84), 
namely, that of a particle moving on an inclined plane under 
the action of gravity. There the undetermined force is the 
pressure on the plane, which however is evidently constant, 
and equal to the resolved part of the particle's weight per- 
pendicular to the plane. 

The laws of kinetic friction are but imperfectly known, 
and the few investigations which will be given of motion on a 
lough curve or surface are of very slight importance. 

177. The simplest case is 

A particle is constrained to move on a given smooth plane 
curve, under the action of given forces in the plane of the curve, 
to determine the motion. 

Taking rectangular axes in this plane, the forces may be 
Jolved into two, X, F, parallel respectively to the axes of x 
id y. In addition there will be the force R, the mutiial pres- 
ire between the curve and particle, which evidently acts in 
le normal to the curve since there is no friction. 



'^ 
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Let P be the position of the particle at the time t-, and lei 




X 



the forces X, F, jB, act as in the figure. Draw FT, a tangeii| 
to the constraining curve at P. Then it PTx = 0, we have 

' A ^y /I ^ 

sm ^ = -7^ , cos ^ = -p . 

as as 

The mass of the particle being, as before, taken as unil 
the equations of motion are 



5 = X~iisintf = X-i?J 
at as 

§=F+J2cos^=F+ii$' 
dr as 



(1). 



These two equations, together with the equation to tl 
given curve, are sufficient to determine the motion completdj 

To eliminate jB, multiply (1) by --r ,- (2) by -^ , and ac 

We thus obtain, 

/ . du dx dx dy\ 

smce -r- -7- = 1- -t:]% 
\ ds dt ds dt)^ 

dx d^x dy d^y __ ds d^s _ydx y.dy ^ . 

dt dr*'^didtF'^did?''di'^di'''' ^^ 
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or, as we may write it, 

de e&"^^(fo' 

which might at once have been obtained bj expressing the 
acceleration along the tangent. 

Now, it has been shewn in Chap. II. that if the forces re- 
solved into X and I^are such as occur in nature, 

Xdx-^- Ydy 
is the complete differential of some function ^ (aj, y). See § 78. 
Integrating (3) on this hypothesis, we have 

JKSyHl)}-!-*'-"^-'' «• 

supposing V to represent the entire velocity of the particle at 
time t. 

Imagine the particle to start at the time * = 0, from a point 
whose co-ordinates are a, ft, with a velocity F. 

We have, from (4), 

and therefore « v'= o l^* + ^(^> y) "-^(«» *) (5). 

This shews that aparticle, constrained to move under the 
action of the forces -Z, Y", along any path whatever from the 
point a, h to the point a;, y, has on arriving at the latter point, 
the square of its velocity increased by a quantity entirely in- 
dependent of the path pursued : another simple case of the 
conservation of energy. 

178. To find the pressure on the constraining curve, 

dv doc 

Multiply equation (1) by -^ , (2) by -^, and subtract 

Then, noticing that 

dy dy dxdx _^ \dt) __ ds 
ds dt ds dt ds "^ dt^ 

di 
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we have 

Itde didf'" di dt dr 

Bat if /> be the radius of curvatare of the constraining 
carve at the point x, y, 

^ dx d^y dy d*x ' 
diW'^ dtW 

Transforming bj means of this, the above equation becomes 

p da ds * 

or, 5 = Xsm^- Fcos^ + - (6). 

P 

The two parts of which this expression consists are, evi- 
dently, the resolved pressure on the curve produced by the 
forces X and F, and the pressure due to the velocity only. 

179. To find the paint where the particle wiU leave tht 
ccnatraining curve. 

For this it is evident that we have only to put -B =^ 0, as 
then the motion will be free. 

This condition gives us 

-=rcos^-Xsinft 
P 

Now let F be the resultant of X and F, then if ^ be tk 
chord of curvature at P parallel to F^ Q is evidently 

= 2p sin FPT = 2/> . sin [FPX- 0) 

Fcosg-Xsing 
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Hence, t = ^^(^X'+Y') 

Comparing this with the formula Jv' =/s (§ 82), we see 
that the particle will leave the curve at a point where its 
velocity is such as would he produced hy the resultant force 
then acting on it, if continued constant during its fall from rest 
through a space equal to \ of the chord of curvature parallel 
to that resuUant. 

180. The formnlaB just given are much simplified when 
we consider gravity to be the only force acting. Taking in 
this case the axis of y vertically upwards, our forces become 

X=0 and Y^—g; 

and the velocity, and the pressure on the curve, are given by 

H v=V when y = k; 

and ' jB = Grcos^ + — • 

P 

Suppose we change the origin to the point from which the 
particle's motion is supposed to commence ; and take the axis 
of y vertically downwards; we shall evidently have 

and if the particle start from rest 

|v' = gg. 

This shews that the velocity depends merely on the 
distance beneath a horizontal plane through the original 
position of rest. Hence, whatever be the nature of the curve 
on which a particle slides under the action of gravity, its 
motion will always be in the same, direction till it rises to 
the same level as that to the fall from which its velocity is 
due. If it cannot do so, its motion will be constantly in the 
same direction ; if it can, its velocity will become zero, and the 
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particle will then either come permanently to rest, or return 
to the point from which it started. 

181. To find the time of a particle^ s sliding down any arc 
of a curve^from rest at the upper extremity of the arc. 

Taking the upper extremity as origin and the axis of y 
vertically downwards ; we have 

ds , 






and e, =f -^^7- — ^. (1) 

if y^ be the vertical co-ordinate of the lower extremity of the 
given arc. 

Or, taking the lower point as origin, and axis of ^ upwards, 
we have, since in this case v tends to decrease «, 



^=iy. 



ds 



y\ 



dy 



-ru" f 



ds 
dy 



(2). 



182. Ex. To find the time of descending from rest at any 
point of an inverted cycloid to the vertex. 
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I 

Taking formula (2) ; since in this case the vertex is the 
origin, and the axis is the axis of y, we have from the figure 

. s = OP =2 chord 0F=-2^{A0, ON) =2V(2a^), 

if a be the radius of the generating circle. 



XT "•** /2a 

Hence, f- = a / — ; 

dy V y ' 



and 



dy 



= ((7+ 7- vers- ^f, 



which is independent of y^, that is, of the point from which 
the particle begins its descent. 

The reason of this remarkable property will be more 
easily seen if we take the formula for the acceleration in the 
direction of the arc. We have thus 

-^ = -gam(FOx) ■ 

* 

(since 01" is parallel to the tangent to the cycloid at F) 

= -gain{OAF) 

OF 
^-^01 



8 

-9 



4a' 



or the acceleration is proportional to the distance from the 
vertex measured along the cycloid. When we compare this 
wtb §§ 88 — 90, the reason of the above result will be evident. 
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183. A particle acted on by gravity moves in an arc of a\ 
vertical circle, to determine the motion. 

Taking the vertical diameter as axis of y, and its lowerj 
extremity as origin, the equation of the circle is 



Hence 



But 



(fo _ a 

^ = -V{25r(y,-y)}, 



if we suppose the motion to commence at the point defini 
by y^ ; and therefore 

dt ^ a 1 , . 

If we put y=y^ sin' 0, we have for the time of falling^ 
through any arc 



t 




2a J 



t 1 

an elliptic integral of the first order, whose value for ^vea 
limits can only be approximated to; except when y =2o, 
that is, when the velocity is that due to a fall from the 
highest point of the circle. This case we will soon considei 
(§ 185). 

(1) may be put in the form 

+ 2.4.6 UJ"^-"^ 2.4...2n \¥a) + ^^^ j ' 
each term of which may be integrated separately. 



w 
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Suppose it be required to determine the time of descent 
I to the lowest point; the limits of y are y^ and 0. If we 
! notice that 

i 



y'-Wy 



, f iTdy 2n-l f 

while r ,- '^^-^ = fvers-' ^+cX =-ir; 

, /•• «Vw 1.3.5...(2n-l) 
we have | -77^^—*^ — s = . . „ — -' wy " 

Hence the time of fall to the lowest point is 

'.-?yih©'£-(ifi)"(£r-- 

[1.3... (2«-l) l«/v,y ■] 
^\ 2.4...2n J V2o>/ + -J ' 

When the arc of vibration is very small, we have 

and tbe time of a complete oscillation is 

The value of t^ coincides with that in a cycloid, § 182, if we 
observe that in the cycloid the quantity a is four times as great 
as in the circle. 

184. The next approximation gives, as a correction to 
the period of a quarter oscillation, the expression 



IT 

2 
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whose ratio to that period is 

^ = ( J chord semi-angle of oscillation)*. 

Thus, if the particle oscillate through an arc whose chord is 
— , on each side of the vertical, the time of oscillation given 

by the formula tr . - will be incorrect by about ttt;::: of ^^^ 
^ y g ^ 1600 

amount, in defect. 

When the particle is supposed to be suspended by ft 
thread without weight, it becomes what is termed a sim^t 
pendulum. Such a machine can exist only in theory, bnt 
JDynamics furnishes us with the means of reducing the calcn- 
lation of the motion of such a pendulum as we can construct, 
to that of the simple pendulum. It is evident that by its 
means we may determine the value of ^, if the length of the 
pendulum, its arc of oscillation, and the number of vibrations 
it makes in a given time, be known. Since gravity decreases 
(according to a known law) as we ascend above the Earth's 
surface, the comparison of the times of vibration of the same 
pendulum on the top of a mountain and at its ba^:e would 
give approximately the height. One of the most important 
applications of the pendulum is that made by Newton. It is 
evident that if the weight of a body be not proportional to its 
mass, the value of ^ will be different for different materials. 
Hence the fact that pendulums of the same length vibrate ia 
equal times at the same place whatever be the matter of which 
the bob is made, proves, by means of the above formula, tha 
truth of one part of the Law of Gravitation, § 158: viz. that, 
ceteris paribus, the attraction exerted by one body on 'another 
is proportional to the quantity of matter it contains, and inde- 
pendent of its quality. 

185. Or we may take the equation for the acceleration 
along the arc. 

Suppose to be the center, OA the vertical radius, B th« 
point whence the particle starts with velocity a©, at time 
t = 0; Pits position at time t 

Let AOB=:a, AOP^e, OA^a. 
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Then 
Bat 

Hence 



d's 

de~ 


^g&m 





8 = 


a0. 




d*9 

de~ 


1 • 
— -sin 

a 


e 




d0 



Multiplying hy 2-j- and integrating, we have 

^- = ft), when ^=5 a, 
at 



But 



(1). 



This cannot be integrated without elliptic functions unless 



aoD 



^9 



— cos a = 1 ; 



or aW = 2ga (1 + cos a) ; 

i.e. unless the velocity of projection at By be that due to a fall 
through the difference of altitudes of B and the highest point 
of the circle. 
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In this case. 



^-2 A 



e 

cos-. 



(3). 



From this we have 

/ / 4 + sin -\ 

\ l-sm-/ 

But < = 0, ^ = a, together, 

therefore J^t^log./^ Hii ^ 

which determines the motion completely. 

From the remark in § 180, it is evident that, after reach- 
ing A, the particle will ascend the other semicircle with t 
velocity just suflScient to carry it to the highest point; the 
time, Ty at which it will reach that point after leaving ii 
will be found by putting 

d = 7r, a = 0, in (3). 
This gives /^ T= log, oo = ao ; 

or, the particle will continually approach the highest poini; 
but never reach it 

186. To find the pressure on the cirde. 

Suppose B directed outwards from the center, thea 
evidently 

5 = — +^costf 

a ^ 

= ^g (cos ^ — cos a) + a©* H-^r cos 6^ by (2), 

= 3y cos ^ — 2y cos a + a»*. 
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Suppose the piarticle to have been projected from A^ with 
velocity oco; thena = 0; 

and 5 = 85rcos^ — 2^ + a«*, 

This expression for R admits of the value zero if 

««* ^ Sgr, or a« :f> V(5y«). 

It ipaj happen however that the points thus found may 
not lie within me arc which the particle passes over. 

There are positions of rest (§180) when a© > 2\/(;7a). 

Now, in order that the points where £=0 maj lie within the 

I limits of oscillation, the value of cos 0, for the former, must 

! not be less than that for the latter; 

i 
\ 

'"' 3g ^ 2g ' 

This condition can only be satisfied by 2g — aw* vanishing 
; or becoming negative ; that is, by 

Hence, if the velocity of projection from the lowest point 
do not fall short of Mj{2ga)y and do not exceed *^{5ga)y there 
will be a point in the path at which E=sO; and if the particle 
be moving on the concave side of a smooth circle, or be 
attached by a string to a fixed point, the circular motion will 
cease at that point; the particle will fall off the circle in the 
one case, and the string will cease to be stretched in the 
other. 

Beyond these limits it is evident that we shall have, for 
velocity of projection > *^{6ga) continuous revolution in the 
circle, and for velocity of projection < *J{2ga) oscillations about 
the lowest point. 

Also by what we have before shewn, if the particle be 
constrained by a circular tube, it will oscillate if the velocity 
at the lowest point is less than 2*i/{ga)i if that velocity be 
equal to 2*/ {go) the particle will reach the highest point afte^ 

T. D, 13 
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the lapse of an infinite time; and if greater thaii 2^/(ga) it 
revolve continuously. ^ . 



187. A partide falls from rest ai a hewhi k doum 
semicubical parabola whose equation is ax'ssy*^ the clxis oj 
being vertical; M> determine the motion. , . 



ds 



Here, -^ =" V{25^(^"^y)li ^^^^^e gravity tends to diminish^ 



dt 



^i-'/HMiWi'^&hA'M 



Hence, 



dt 






4a + 9y 
Sga{k^t,y 



and the time of fall to a point where y « Hs 

Let — = -r—^^ ♦ the limits of are / } ''J and 0: 
9 4a + 9y V 4a + 9i ' 



and therefore t^ = 






Put ^ = tan A, limits are tan^^ . /— ^^ — -7^ and 0, and 
^ V 4a + 96 



«, = 



9fe + 4a 

3V(85^a) 



I 



te+H 



3 ^/{&ga) 



-oV 



9(fc-0 






la + 9^ 
wliich determines t^ for anj valoes of h and £ 
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If the time of fkll to the cusp at the origin be required^ 

1^0^ and 



r= 



3^/{8ga) 



Itan--? /*4.Ma^] 



188. A particle (zcted on^ ly gravity is prq}ected,jrom the 
vertexy along a smooth parabola whose axis is vertical and ver^ 
tex upwards; to determine the motion and the pressure on the 
Qurve, 

Let af = 4ay be the equation/ the axis of y being vertically 
downwards^ and the vertex the origin. Then 



(1)=^=^+^^' 



where V is the given velocity at the vertex. Suppose it due 
to a height Z, then 



0=2^ (^+y) ....(1). 



\(is/ a-i-y 
by the equation of the curve. 

Hence /^y^2<7y(;+y) 

\atj a + y 

and, if t^ be the time of fall to a 'depth k,^ ^ "^ 

. _ 1 1^ / a + y J 

which is thus determined. 

For the pressure on the curve, supposing it positive when 
from the axjs, we have at once 

13— f^ 



k 
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- /a + yy ^Va + y/ 



2a 






If Z> a, B is positive, or the particle will move on the 
iioncave side of the curve ; if l<ayE is negative, and the 
particle moves on the convex side. In each of these cases 
ttie pressure is inversely as the f" power of the depth below 
the directrix. 

If Z== a, that is if the velocity H>f projection at the vertex 
be that due to a fall from the directnx, R is zero the whole 
way, or the particle moves freely, as we might have inferred 
from' the results of Chap. IV. 

189. To find a curve such that a particle under Oie ap^ 
of graikty will descend any arc of it from a given point, in the 
same time as it takes to descend the chord of that arc. 

Take the vertical through the given point as the initial 
Une, then if p, ^ be the polar co-ordinates of a point m the 
curve, the given point being pole, the conditions of the pro- 
blem give at once 

J«oV(2fl^/>cos^) V^rcostf' 

e^ being the inclination to the vertical of the tangent at the 
point of departure. 

But, differentiating with respect to 6, 

ds dp 

W V2 f de ^P> sin g) 

VC2pcos^)'" 2 |V(/)C08 6/) (costf)*]' 
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Hence ^a = ^ + P tan 0. 

ad du '^ 

But always ^^p* + (^. 

Eliminating s between these eqoationSi and reducing, we 
obtain 

^ dp _ ^ COS 20 dO 

whose integral is 

2 log«p == log^ C sin 2^1 

that is, p" = a* sin 2^, 

the Lemniscate of Bernoulli, the node being the pole, and one 
of the tangents at that point the initial line. Hence 0^ = 0, 

'190. To find a curve atich that if a parttcUy acted owhy 
gravity^ faU dovm it through a vertical space h, starting from 
the vertex with velocity due to a height h, the time of fall vyill 
he independent ofh. 

Let the axis of y be vertically downwards, then evidently 
the time required is 

ds J 

• hmih + ff)}' 

ds " 

Let -j^ — 4>iy) ^ the required differential equation of 

the curve, 

' V(25r)i,V(A+y) 

Now ^ is to te identicallj zero, hence we have 
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4>[[y)dy ^ dy 

whence *(y) = Ci^"*=^» 

which shews the cnnre to be a cycloid, whose base is hori- 
zontal and vertex upwards. 

191. Two paints being given^ whiek are neither in a ver- 
tical nor in a horizontal line, to find the curpejoinina them^ 
doton which a particle sliding under the action of gravity , and 
starting from rest at the higher^ will reach the other in Ae 
least possible time. 

The cnnre mnst evidently lie in the vertical plane passing 
through the points. For suppose it not to lie in that plane, 
project it orthogonally on the plane, and call correspon^ng 
elements of the curve and its projection cr and </, Tnen if a 
particle slide down the projected curve its velocity at <r will 
be the same as the velocity in the other at <r. But a is never 
less than </, and is generally greater. Hence the time through 
</ is generally less than that through a^ and never greater. 
That IS, the whole time of falling through the projected cnrve 
is less than that through the curve itself. Or the required 
curve lies in the vertical plane through the points. 

Taking the axes of x and y, horizontal, and vertically 
downwards, respectively, from the starting point; if a?^ be the 
abscissa of the other point, the time of descent will be 

— dx 

f^dx . . dy 

Applying the rules of the Calculus of Variations, we have, 

k/(1 -A- rf) 

since V or . ^^ is a function of y and jp, the conditiwi 
for a minimum, 
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the differential coefficient being partiaK 

01 VyV(l+i'^ = 7j=V« suppose. 

Hence ^^V(lH-p')^ /_^ 

the^differential equation of a cycloid, the origin being a cusp 
and the base the asis of a;. 

This is a problem celebrated in the history of Dynamics. 
The cycloid has received on account of this property the name 
of Brachistochrone. Farther on we propose to investigate 
the nature and some of the properties of Brachistochrones for 
other forces besides gravity. For an investigation not di-" 
rectly involving the Calculus of Variations see Appendix. 

192. To find the curve doum which if a particle, projected 
with a given velocity, slide under the action of gravity^ it wul 
descend equal vertical spaces in equal times. 

Here we have, taking the axis of x horizontal, and that 
of y verticaUy downwards, 

if the velocity is that due to a fall from the axis of x. 

dv 
Also by condition -^ = const. = */{2gh)f suppose. 

dx _ /y — ^ 



■t 



* I 



■»■>■-..■» t 



■s < 
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or, «,+ c--|-^j-J , 

the semicubical parabola. 

If the hanzontal velocity is to he constant^ we have 

and therefore 2VA: V(y — *) =«+ C^; 

a parabola with its axis vertical and rertex upwards ; as in* 
deed we might have foreseen from the results of Chap. lY. 

It is to be observed that. this is not the onlj solution of 
the problem proposed, for the equations above are aU satisfied 
by tne particular solution 

This denotes a horizontal line, where the constraint is uniform, 
and equal to the weight of the {)articles. In the case of the 
parabola the motion is unconstrained. 

193. A particle moves on a smooth plane curve under 
the action of a force directed to a fixed center in the plane of the 
curve; to determine the motion. 

Let r ^f(ff) be the polar equation of the constraining 
curve about tne center of force as pole, and let P = <^ (r) be 
the central repulsive force on a particle whose distance from 
the center is r. 

Besolving along the tangent at anj point, 

d^s ^dr 

Te-^H W- 

Hence, (^y=**= Cl+^f<f>('-) ^^ (2). 

^!^ua^9i% (2i contains the complete solution of the probL a 



o , « • 
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80 far aa the motion is concerned ; since, bj means of the 
equation of the curye, either r or 9 maj be eliminated from 
it, and if the resulting differential equation be integrable, it 
'Will give « or r in terms of L 

For the pressure on the curve. Kesolving along the 
normal at any point, p being the radius of curvature, we 
have 

-,*^t-' - (»). 

an expression which bj means of the foregoing equations will 
give It in terms of ^ orr. 

Hence the solution is complete, 

194. A particle, inittaUy at rest at a point of the loga- 
rithmtc spircU r = a^ tokose radius vector is b, moves on the 
curve under the action of an attractinff center of force x dis^ 
tance^ situated at the pole; to determine the motion^ 

TT d^s dr 

Here Te^-I^'ds' 

therefore \'Jt\^^^^^* 

and O^C--/ib\ 

hence -^^ = V W^* - O}- 



dt 



But 



We have therefore -7715 k = ,., . ax ^^» 

*i/{p — r) V (1 + w ) 

whence r = i cos \ ..^ . ,. + w . 

lV(l + w ) J 
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At time <»0, this becomes bs^bcosfii which giyes ^ = 

and finally r»&cos //, , «v ; 

which determines the position of the particle at any time. 

When it reaches the pole r = ; the required interral is 
therefore y^ Wjl + nQ ^ 

2IIV/A 



For the pressure on the curve, 

o v» rde 



/tr 



Hence the pressure is towards the pole when the motionj 
commences, becomes zero when the particle's distance fTom] 

the pole is diminished in the ratio of -^ , and then is di* 

rected from the pole for the rest of the motion. 

195. A particle moves, under the action of no appl 
forces, in the involute of a circle, to determine the motion* 

The simplest mode of solving such a question is to noti( 
that the velocity is necessarily constant. If a be the radii 
of the circle, + a the angle at the center corresponding toj 
the amount of cord unwound, we have evidently 

from which the motion is at once determined. 

If 9» be the mass of the particle, the pressure on the curve | 
(or the tension of the string; is 

P ^ (* + ^ * 
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r Seferred to rectangular co-ordinates whose origin is the 
center of the circle^ the equations of motion {& being measured 
Erom the axis of y) are 

m-^ as— JTcos^, 

irith the geometrical conditions^ 

oj = a {(a+ ff) cos ^ — sin ^}, 
^ = a{(a + ^ sin^ + cos^}. 
From the latter we have 

dx / . /j\ • zi^^ 






cPx 

de 



S= a:cos4[(« + ^f]-asin^(a + ^(D;. 
Using these in the equations of motion we find at once 

which are equivalent to the results obtained above. 

196. When the constraining curve is one of douhh cur- 
vature. 

All we know directly about B is that it is perpendicular 
to the tangent line at anj point. 
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Beaolve then the given forces acting upon the particle ii 
ihree, one» 8^ along the tangent, which in all cases in nat 
will be a fimction of x, y, z and therefore of s ; another, 
in the line of intersection of the normal and osculating plane 
(or radios of absolute curvature) ; and the third, P, 
dicular to each of the other two* 

Let the resolved parts of B in the directions of T 
P be JSp R^. Then the acceleration along the tangent 






(1). 



This equation together with the two of the curve is sufficie 
to determine the motion completely*. 

Kow the particle at anj point of itspath may be considei 
as moving in the osculating plane. Hence, by our investi^ 
tion for motion on a plane curve, § l€d, if p pe the radius 
absolute curvature, v the velocity, ^^ ' 



A 



^-r. 



(2). 



Tbein^ considered positive when it acts towards the cent 
of absolute curvature. 

Now 5, is the force which prevents P's withdrawing 
particle from the osculating plane ; and therefore 



B^^'-F 



(3), 



(2) and (3) give the resolved parts of the pressure on 
curve. 

^so B^ii/{B^ + B^f and its direction makes an anj 

= tan'^ [ ^" J with the osculating plane. 

197. In Art 182 we arrived at the remarkable pro; 
of the inverted cycloid, that a particle falling under tl 
action of gravity from rest at any point of the eurve reach( 
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the lowest point in. the same time, whatever be the point of 
the curve from which it starts. Let us find for what forces 
an analogous property is possessed by any other given curve. 

Let the forces resolved along the curve have a component 
» — ^' {s)j where s is the distance from the point to which 
the time of fiedl is constant : then^ 

S--fw (1). 

If the particle starts at a distance h from the fixed point, 
the Telocity =0 when a^^k. Hence the corrected integral 
of(l)is 

'^""^ 2{^(A)-^(,)}; 



and we have »/2t—J 



-da 



{^W-^ (»)}*' 



if T be the time of fall to the fixed point, which is by 
hypothesis to be independent of k. 

Put s^TcZy the limits of js are 1 and 0^ and 

Jcdz 



J A 



and, that this may be independent of k, we must obviously 
have 'l>{k)-<l>{hs)=J^(z); 

where /(£?) is a function which does not involve k, and which 
in fact turns out to be a. constant 

This may be put in the form 

from which, by inspection, we obtain 

^«Cf'+^ (2). 
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Or we might have proceeded as followsi 
and this most be identically «qtial to nothing. 



Hence' 



{*W-tf(*)}-{*(««)-|^f(fc^)}-o 



2^ V-/I ii'v-/ 2 
identicall J, which can onlj be the case if 



^(x)-|^'(«) = <7"; 

(or if <^ (a;) = constant ; which we evidently need not conside 
as in this case there would be no acceleration and therefore 
motion). 



Hence 
which gives, as above, 






(2-). 



Either of these equations (2) or (2*) gives 
and 0' (a?) = Cx. 



Hence, by (1), 



de 



^T-Ca 



(3). 



that is, the resolved force along the curve must be propol 
tional to the arcual distance from the fixed point 

198. We might have arrived at the same conclusion, h 
not quite so satisractorily, thus, 
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Now the condition that the (n + 1)**^ tenn when integrated 
hetween the limits should not contain Tc is that 

I -i-A should be independent of Jfe. 

This can only be the case if {^ (2;)} 9 and of course also 
{^ («)}i be of the same dimensions as ds^ and therefore as s, 

' Hence take [<t>{s)}^=^ C\ 

or 0(«)=(7V; 

and we have <l> (s) = Ci, as before, 

199. Hence, if X, F, Zbe the impressed forces, 

08 da ds 

is the condition they must satisfy at every point a;, y, z of the 
given curve. For such forces the given curve is said to be a 
Tautochrone* 

By equation (3) § 197, the time of descent is 

•^"iTO- Hence C?=^. 

200. Tofini the Brachiatochrone for a particle mHected 
to the action of any forces which make Xdx + Tdy + Zdz a 
complete differential of three independent variables. 

Generally 

between proper limits, is to be a minimum; and therefore, 
taking its variation, « 



Zt 



fvSds — dsSv ^ .^» 



Bat the equation of energy is 



it)*-/(X(4c+ Tdy + Zie); 



208 GONSTBAIKEI) MOTIOK* 

andgires vSv^XSx+ TSjf+ZBz^ 

or dsiv^ (XSx+ Yiy + ZSz) dt (2). 

Again • cW««cii^ + dy* + &*, 

and ^&&-d«.-^&& + §% + J&fe (3). 

Hence (1) becomes, hj (2) and (3), and since d and S fol- 
low the commatatiye laW| 



«-/?(s'^+t'%^a*') 






-[h{>-'i^^i^)] 



-{hO-t^*P')} 



by integrating the first term by parts. The integrated terms 
in [] belong to the superior, those in { } to the inferior, limit | 

But^ if the terminal points are given, we have at both limits^ 

and therefore the terms independent of the integral siga^ 
vanish. In order that the integral may be identically zeio, 
we mxust have, since Sx, Sy, Sz are independent, 

s(«)*f-«-" •••■«■ 

with similar expressions in y and z. The elimination of tfi 
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ds 

and. t; or ^ , from these equations will giv^ us the two difieren-* 

tial equations of the curve required, the forces X, F, Z being 
"by hypothesis functions of a?, y, z only. 

201. But without getting rid of v we may prove two pro- 
perties common to all such Brachistochrones. 

Eliminating t from (4) we have 

d[ldx\ X ^ 

^^-«5SS'+^=<> <^)' 

-with similar expressions in y and z. 

Multiplying these in order by X, /*, p and adding ; if wq 
take "X, fly V such that 

. d^x d^y d^z ^^ 
-we shall have also 

\x+/Ar+i/Z=o (7). 

ITow (6) shows that the line whose direction cosines are as 
X, /*, V is perpendicular to the radius of absolute curvature of 
the path, and also to the tangent ; that is, it is normal to the 
osculating plane. Also by (7) the same line is perpendicular 
to the resultant of -X", F, Z, 

Hence, tlhe osmlating plane at any point contains the re-< 
sultant of the impressed forces. 

Again, if /o be the radius of absolute curvature, 

jtnd its direction cosines are. 

T. D. 1* 
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(Pa? cPy ^z 
f"!?* ^d^' ''d?' 

therefoiei multipljing equations (5) bj 

(Pre cPy cP« 
d?' dff' W 

and adding ; noting that, since 



we have 



{S)'-(S)"HS)'='. 



da? cPa; dy cPy , ^ ^ _ /x 



we obtain the equation 



^-(«g+r,g+^g) 



(»).i 



wllich expresses that ^e portion of the pressure due to the 
locity is equal to that produced by the impressed forces^ 

202. If the tenninal points are not definitely assl^ 
(if, for instance, it be required to find the line of si 
descent from o&e given curve to another) we have no loi 

5aj = 0, Sy=0, S£j = 

at the limits ; but, with the requisite modifications, the 
cess in § 201 enables us to find the proper conditions in 
case. Such questions^ however, involve difficulties belong 
rather to Calculus of Variations than to Kinetics. 

Thus, suppose that the final point of the path is to lie 
we have 



Sajf — 8y + -^ Sz^O 



dx 



dz 



(1). 
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Also that [ ] may vanish, which is necessary In order that 
4^ may be zero, we must have 

>*'i^*p'"> <^)- 

Now the only relation between Bx, By and Sz is (1), to 
which (2) must tikerefore be equivalent : hence 

dx dy dz dF dF dF 
3t ' dt* dt " dx' dy * dz' 

These equations show that the moving particle meets 
the terminal surface at right angles. A similar condition is 
easily seen to hold if the initial point of the path is also to lie 
on a given surface, provided the whole energy be given and 
the given surface be an equipotential one. If it be not equi- 
potential, terms depending on Bos^, By^ Bz^^ will appear in the 
integral and must be taken along with { }. 

If a terminal point is to lie on a given curve the condition 
is to be determined in a similar manner. 

« 

203. A particle moves under the action of given forces on 
a given smooth surfoLce ; to determine the motion^ and the pres- 
sure on the surface. 

Let 

F{x,y,z)=^0 (1), 

be the equation of the surface, B the force acting in the nor* 
mal to the surface, which is the only effect of the constraint. 
Then if X, ^, p be its direction cosines, we know that 

(-) 

^ \dx J f V 

^ TWP^f^ •• 

with similar expressions for/^andi/; the differential coefficients 
being partial. 

If X, F, Zbe the impressed forces, our equations of motion 
are, evidently, 

14-. 2 
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= Z+^ 



-r+5/* 



aZ+^V 



(3). 



Multiplying equations (3) respectively by 



dx dy dz 
di' dt' It* 



and adding, we obtain 



dx d}x dy d^ dz d^z 
~dt W^dide^di df 

dt dt dt 



-B 



2 dt j 



W- 



Jt disappears from this equation, for its coefficient ia 



dx 



dz 



dy 

and vanisbes, because the line wbose direction cosines aicl 

doR • I 

proportional to -i- , &c, being the tangent to the path, is peaf-l 
pendicular to the normal to the surface. 

If we suppose X, F, Z to be forces such as occur in natural 
(Chap. II.) the integral of (4) will be of the form, 



t?' = 0(a?,y, «) + (7 



(5), 



and the velocity at any point will depend only on the initial 
eircumstances of projection, and not on the form of the patkj 
pursued 



r 
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To find R, multiply equations (3) in order by X, fi, v, add, 
and observe that X' -f ytt' + 1/* = 1. We thus obtain 

Now, since ^=_y+^_,&c. 



X 



d^x cPv d^» /dsV ( d^x cPy d^z] 



for, evidently, xg+;.| + ^g^O. 

But, if /o be the radius of curvature of the normal section 
through &, p, the radius of absolute curvature of the path, we 
have, by Meunier's Theorem, 

A d^x . cPy , d*z\ 

Hence x^^.+;* J + .-^ = -, 

and the above equation becomes 

- = ZX+ Fu+Ziz + iZ, 

; /> 

which giv^s the normal pressure on the surface. 

204* To find the carve which the particle describes on the 
turface. 

For this purpose we must eliminate R from equations (3). 
By this process we obtain 

de df df ^ ,,. 

—x- — T^~r- (^)' 

two equations, between which if t be eliminated, the result is 
the differential equation of a second surface intersecting the 
first in the curve described. 
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205. So far for the general problem, let ns now make 
particular hjpotbeses. 

If there be no impressed forces on the particle, we have 
and eq[Tiations '(6) become, since in this case 

d^x d^y d^z 
1? d?_d8\ 
\ fi p * 

d*x 
Now -TY > &c* ftre proportional to the direction cosines of 

the radius of absolute curvature of the path ; \j fi^v are those 
of the normal to the surface. Hence those lines coincide, or 
the normal to the surface lies in the osculating plane to the 
path. 

But this is the property of the longest or shortest line 
joining two points on a surface, hence we have the following 
singular proposition. 

If a particle^ subject to no JbrceSy move from one point to 
another of a smooth surface, the length of the path described 
mil be a maximum or minimum. 

This result will be afterwards deduced from i^ different 
principle (Chap. IX.), and we shall then point out more pre- 
cisely the sense in which the above statement is to be under* 
stood. 

206. A particle moves on a surface of revolution, the only 
fyrce acting being gravity in a direction paraUd to the axis of 
the surface; to determine the motion. 

Take the axis of the surface as that of z, the equalioa 
may be written 

Fix, y, z) ^fy(a? 4^j^)} - « = 0. 



vi^.. 
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This maj be put in the form 

if p be the distance of anj point in the surface from the axis* 
Equations (6) become 

d^x d^y d^z 

de W rf?""^ 

(7). 



/(P)^ /'W^ 



-1 



The first two equal terms give us, for the motion referred 
to a plane perpendicular to the axis, the equation 

d^y d^x 

But if be the angle between the plane containing p and 
the axis of z^ and a fixed plane through that axis ; we see 
(^ 24, 135} that this is equivalent to 

p' ^ = const «= A (8). 

d^z 



Hence , , 

dt 



z_}t d (f(p)dp] 



But, in equations (7), multiply the numerator and deno* 
minator of the first fraction by Xj and those of the second 
by y ; then add their numerators and denominators to form 
those of a new fraction'. It will of course be equal to either 
of the others, and therefore to the third fraction in (7). 
This gives 

d*x d*y 




..a 



eTaj 
*5^ 
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Now hj differentiating the equation a^ + ^ = p*, we obtain 

dx djf _ dp SB hdp 
^di'^^dt^^dOdi'^pde' 

ft 

and, 1)7 a second differentiation, 

^ * rff« + {dtJ ^ \dtj / dd \p dd) * 

and (9) 'becomes 

p" de [p de) p* Y^\dd)) __ h*d if(p) dp] . 
*"'' fW^Kde) -f — ¥~ l^~?m~7~mi ' 

the differential equation of the projection of the path on the 
)lane of xy. If we omit the term containing ff, we see, bj 
j 205, that the above equation will represent the projection ob 
ay of a geodetic line on the given suitace. 

207. - Suppose the motion to taJce place in a spherical howl; 
or^ in other words, let the particle be stupended by a string 
from a fixed point* 

This is the most general motion of the Simple PendultMm. 

Let us take the centre as origin, and the axis of z verticaDr 
downwards. 

Then F{x, y, «) =aj» + y« + i5"- a» = 

is the equation of constraint, and the equations of motion are 

d^X r>^ 

A 7>y 

de~ ^a' 

d'e n 1 
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="-. (S)'^(l)'+(S'-<'-^^« 

^V^-2g{h-z) (1), 

if Fand k be the Initial values of v and z. 

*l-ys=* (2)' 

by the equation of the surface. 

Hence, eliminating ^ and ~- from (1), (2), (3), we have 

an elliptic function which, if it were integrable in finite 
terms, would give ^, and consequently x and y, in terms 
of^ 

208. An interesting special case is that of the Conical 
Pendulum^ as it is called, when the particle moves in a hori- 
zontal plane and therefore in a circular path, the string de- 
scribing a right circular cone whose axis is vertical. 

Here z is constant, ^z^ suppose, and the third of the 
equations of motion gives at once 

or-iJ-* = 0, 
^ a 



so that the others become 



5? + ^y-®* 



L 



^18 
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From these we haye 

« - Vo^^' cos (< y 1^ + C) , 

and the time of a complete revolation is 

and depends therefore solely upon the height of the point 
suspension above the plane of the circular orbit of the particle 

209. If the oscillations about the lowest point be vei 
$mall, we may obtain interesting results by an approxmat 
solution. 

. Let be the angle between the axis of a and the radit 
drawn to the particle (the inclination of the string to the ver^ 
tical), ^ the angle denoting the azimuth of the plane conj 
taining these two lines, p the distance of the particle from thii 
axis. Let the projection be made horizontally with yelocitj 
when ^ = a, ^ = 0, ^ = together. 

Then ^saacos^ — afl — — J, approximately, 



Z; =s a cos a 



=»('-^ 



Also (2) gives at once. 



dt 



= A = a'sin'a 



asm a 



^aVay approximately (5). 



Hence 



b7W,<=/,r.^,p_ 



a*0de 



V[aV [V - ga {0' - a*)} - a* V'a"] 



-(!)'/ 



ede 



Vl(a'-^)(^-^)} 



(6). 
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if yS" = — be not greater than a'. If it be, the signs of the 

factors in the denominator must be changed. 

Hence, the value of lies between a and /8. 

[If a = /8, or V*^gaa\ the value of ^ is constant and we 
have again the case of the conical pendulum.] 

We may now put (6), supposing a>/8, and putting for 
simplicity 

into the form 

_f 0d0 



nt 



9\±9 



and if we introduce a new Tariable, <o, such that 

eF , 

we have 

or 2n{t+C)^ cos"* ©. 

But when ^ = 0, ^ = a, ci) = l; 

hence ca = cos 2nt ; 

whence ^= — ^^+ — ^cos2n<; 

or, substituting for the cosine of the double arc, 

^ = a*cos*n«+/8*sin'n< (7). 

The value of 0^ is therefore periodic. For < = 0, - , — , &c. 

we have = a; and for t=zr-y ^, &c. 0=fi. Hence the 

period is - . 
n 



I 
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210. To find the motion of the plane in which d kl 
tneasored, we return to the lequation (5)^ 

P^'^'^^^^l which gives J^ = — ^ -n-^di^ . 
or, hj (7), 

"'*"^a'cos»n«+/8»8in»n<' 
the integral of which (§ 152) is 

-^4- (7 = tan'^M-tan7i<L 
But ^ = 0, < = together ; this gives = 0, and finally 

tan-jTss^ tann^ (8). 

a 

It is easy from this to deduce the following results, m 
that each quarter revolution of this plane is accomplished in 
the same time, and simultaneously with the change of in tbat 
plane from a to /8, or /8 to a. Also that, whatever we take as 
the initial position, the time of this plane's turning througk * 

two right angles is the same, namely, — . 

211. K we eliminate t between (7) and (8), we find 



a* sin* -^Ir + j8* cos' -^Ir' 

This is of the same form as the polar equation of VA 
ellipse about the center. The projection of the particle's path 
on a horizontal plane is therefore approximately an ellipse, 
its semlaxes being aa, a^. 

212. To determine approximately the apstdal anffle,wh» 
the orbit is very small. 

At an apse e is of course a maximum or minimum, and 
therefore -r — O. This gives, by section 207 (4), 

(a»-««){F»-2^(;fe-0)}-A*^O. (1), 

whose two positive roots are the alternate values of z at the 
apses. Since we have supposed the particle to have been pio* 
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jected horizontally, the point of projection ia an apse ; and 
therefore ^ is a root of this equation. 

Substituting h for z^ we get 

therefore (1) becomes after reduction 

(Jc^z)[{h-\'Z) F'-2^(a*-«*)}=0 (2). 

And, if Z be the other positive root of (1) or (2), we have 

Tr«_ 2y(a'~y) 

Also if — 7 be the third root of (1), 

^_Z=_,orby(2).-^^:j:^. 

Hence a^r,J^±J^^. 

Now -5r = -i i ; and therefore 

at a-^z* 

dyfr __ A a 

■^'"?^=r?V{27(«-A;)(/-^)(7 + i5)}* 

Hence the apsidal angle^ or the value of ^ from z=^kto 

_ { {a*^J(?)(a^^P) Hfi dz 

^•"""^l k + l ; J,(a^-z^)^{{^''k){l^z){y + z)]: 

To get rid of 7 put » = a — w, the integral becomes 
•«^ dt 



aJ^c TIT 7\ TT^i 7M((a +Ar)(a+0 U^' 



222 CONSTBAINED MOTION. 

and, expanding in powers of cr those factors whose yarlatioii 
is small compared with themselves, we have finally 

where p=i + ||l + ^_|+l_^| + &c 

Substituting this value of P and integrating we have 
+.-|[l + iVl(a-t)(.-!)l{l+^j,p^!^} + ...]. 

The integration may easily be carried on farther, all the 
terms being evidently positive, but we have enough to sheif 

that the apsidal angle is greater than - , and that therefoie is 

the approximately elliptic path considered in last article the 
apse continually progredes. 

In the case of this orbit, if p and q be its semiaxes, we 
have, by the properties of the sphere, 



a — Jfc = ~- nearly 

a-l = ^ 

2a 



I, 



and therefore the apsidal angle is' 

From this it follows that, for a pendulum of given lengtkf 
the amount of progression of the apse in one revolution varies 
approximately as the area of the projected orbit For different 
pendulums it is proportional to the spherical opening of the 
cone described by the string. 



213. To determine the nature of the email osciUatiofti 
executed by a varticle, under the action of gravity^ about a 
poeition ofatabXe equilibrium on a smooth surf ace. 
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The tangent plane at the position of equilibrium must be 
horizontal, and the contiguous portion of the surface must evi- 
dently lie above it in order that the equilibrium may be stable. 

If p, Pj be the radii of curvature of the principal normal 
sections, and if the axes of x and y be tangents to these sec- 
tions respectively, at the point of contact with the horizontal 
plane, we know by Analytical Geometry that the equation of 
the surface in the immediate neighbourhood of the origin is 
of the form 



P Pi 



(1). 



The equations of motion of the particle are, as in § 203, 

£x 

d'y_ 



= JJX. 



d^ 
de 



= B(i 



^Bp 



9) 



(2). 



where X, /lc, 1/ are the direction cosines of the normal to the 
surface at the point a:, y, z. Since x and y are very small, z is 
of the second order of small quantities by (1) and may there- 

fere be neglected, as may also ^ • 

X v 

Hence \ = — , /l& = — ^, i^=l, approximately. Elimi- 
nating B from equations (2), we have 

d^x g ' 
dr p 



^^^t 



de 



y 



(3), 



which show ^ 182) that the motion consists of simultaneous 
simple pendulum oscillations in the principal planes, the 
lengths of the pendulums being the corresponding radii of 
curvature* 
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The annexed cat shows a veij simple arrangement, due 
Prof. Blackburn of Glasgow, by which this species of 
straint maj easily be produced. Three strings are knotted 
gether at the point C, the other ends A and B of two of the 
are attached to fixed points, and the third supports the heai 
particle D* Suppose CE to be vertical, then the small osci 
lations of D will evidently be executed as if on a smool 




surface whose principal planes of curvature at D are in, an^ 
perpendicular to, the plane ^f the paper. The radii of ci 
ture in these planes are CD and DE respectively. 



If we put - = w*, and ^ = n^*, the integrals of (3) are 
P Pi 



X ^ A C0& {nt + B)f) 
y =-4iC0S (riif+jBi)./ 



(4). 



The curves corresponding to these ec^uations are very in- 
teresting, but we cannot enter at length on the consideration 
of them. We may take, as a special case, that in whif* 
J)E=4iCD; in which therefore 



a;=:-4cos {nt + B)^\ 
tf:^A^cos(2nt+B^.) 



.(5). 



r 
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The circumstances of projection determine in each case the 
particular curve described — a few of the principal forms are 
sketched below, one of which is a portion of a parabola. 








When n, is nearly, but not exactly, equal to 2n, the curve 
described is always for a short time approximately one of the 
above figures, but its form slowly passes in succession from 
one member of the series to the next, completing the round 
when one pendulum has executed one more or less than twice 
as many complete oscillations as the other. 

214. We must next consider, briefly, the effect of the 
earth's rotation upon the motion* of a simple pendulum. 
Strange to say it was left for Foucault to point out, in Febru- 
ary 1851, that the plane of vibration of a simple pendulum 
susjpended at either pole would appear to turn through 4 
right angles in 24 hours — the plane, in fact, remaining con- 
stant in position while objects beneath the pendulum were 
carried round by the diurnal rotation. At the equator, it was 
pretty obvious that no such effect would occur, at least if the 
original plane of vibration was east and west. By some pro- 
cess, of which he gives no account, he arrived at the result that 
the plane of oscillation must, in any latitude, appear to make 
a complete revolution in 24** x cosec. lat. This curious result 
has been amply verified by experiment. 

215. The equations of motion of the pendulum, referred 
to rectangular axes fixed in space and drawn from the earth's 
centre, the polar axis being that of z^ are obviously 

with similar expressions in y and z\ a,b,c being the coordi- 
nates of the point of suspension, T the tension, / the length 
of the string, and X, Y, Z the components of gravity. 

T. D. 15 
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The equations of motion referred to a new set of axes,] 
parallel to the former, but drawn through the point of sus- 
pension, are 

(dfx i^d\ rp. , XT 

&c. = &C. 



U?"^/"" ~r+'"^-'"^l (1). 



Let us now refer the motion to axes turning with ths 
earth, but drawn from the point of suspension. If the axis 
of f be drawn vertically, arid the axes of 17, ^ respectiTcIy 
southwards and eastii^ards; and if cot be the angle at timet 
between the planes of xz and fiy, \ being the co-latitude of 
the point of suspension, we have at once (assuming that | 
intersects z) 



cos x^ = sin \ cos a>i, 


cos 0^ = COS \ COS 0)t, 


cosa:f= — sm», 


cos y^ = sin \ sin aft, 


A 

COS yrj = COS \ sin wt. 


cosyf=cos®f, 


cos^f = cosX, 


cos»i7 = — smX, 


A^ 

COS «f = 0. 



By means of these expressions we can at once find the 
values of aj — a, y — J, « — c in terms of f, tj, f, t, as follows: 

a? — a = f sin \ cos cot +7) cos \ cos tot — fsin w^, 

y «- J = ^ sin \ sin ©< + ^ cos \ sin cot + f cos ©<, 
^— c = fcos\ — lysinX. 

Let 7 be the acceleration due to gravity alone, and v ^ 
angle (nearly equal to X) which its direction makes with 48 
polar axis. [We have above in efiect assumed that its diieO' 
tion lies in the plane of z^, as we have assumed that the a^ 
of f intersects the polar axis, while we know that the centi 
fugal force lies in their common plane.] Let r be the distancB 
of the point of suspension from the earth's centre, /a the angk 
its direction makes with the polar axis. Then 

^=:rsinfccos(0^i & = rsinfC8ina>^^ c = rcos/(t. 
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With these data equations (1) become 
sin \ ( ;^ "" f®') cos (ot — 2© -^ sin a>t 

+ cos \ (-— -»-i76)* J cos 0)^— 2a) ^ sin 6)< 
— ( ^ — fo) 1 sin ©^ — 2a) -^ cos a>^ 

!r 

= — y— (f sin \ cos 0Dt + 7f cos \ cos mt — fsin o)^) 

— 7 sin i; cos tot + r®' sin fi cos ©<. 



inX f;^— ^®*) s^^ fi)*+ 2® -~ cos ©^ I 



+ cos\ 



^(f-^'') 



COS o^— 2a) -V- cos oi 

T . . 

= — r— (I sin \ sin 0)^ + ^ cos X sin 0)^+ (^coso)^) 

— 7 sin 1/ sin 0)^ + ro)' sin ^ sin o)^, 
-^ cos \ — -W sin \ = — ^ (f COS X — 1/ sin X} — 7 cos v^ 

As we contemplate small vibrations only, we may 
treat f (like in § 213) as being practically equal to — Z, and 
omit its differential coeflScients. >/V"e also omit powers and 
products of rjy ^, and terms in €o\ except those in which it is 
multiplied by a large quantity. For it is known that the 

centrifiigal force at the equator is about j-^ th of gravity, or 

that approximately 

289' 
With these simplifications our equations become 

15—2 
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cosX f^cos«< — 2a)^sin©«j — 



d^t . dt 

-j^ sin «^ — 2fi) -n cos 
ar at 



= — T- (— iainXcoBflo^ + wcosXcoso^-taiiK 

— 7 sin v^QiAwt + rt»' sin /i cos I 
cosX [^8in®^ + 2« ^coso)^] +-^cosa)t — 2c» ^sincrf 

■B — 5— (— Z sin X sin G»^ + 17 cos X 8in ©< + f cos ( 



Zm 



— 7 sin y sin a>^ + ro)' sin /a sin ( 



— ^ sin X = ^ (ZcoB X + 17 sinX) — 7C0sy. 



de 



The two first maj be put in the form 
d^ T 



cosX — 2a) ~ = — V— (— ZsinX+iycosX)— 7sini'+r»sm 



^ dfi ^ d^K T ^ 
-.2a,^cosX.^^ = ^f. 

But, when 1; = 0, ?= 0, we have T = mg, so that 
^ sin X — 7 sin i; + ra* sin /t = 0, 
^coa\— 7COBv = 0, 
and our equations become 

^oosX-2«^-(--<7J8inX-^,,cosX 

-2«^cobX-^.^C 
A . . /J* 

^ ftlTI A. r= I — — 



g-^)co8X+^,sinX. 



The first and last give 



— -^r = - 2a) -zf sin X, 



"'^^^^^^■■^"^■"■^■OBWiWBHeBssaBBia^Hi^gBHHHHKiBHSi 
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«nd therefore, to the degree of approximation above deter- 
mined upon, 

^-2a,co8X^+fi,=0. 



fH-2«co8X§ + f?=0. 



y (2) 



These are the equations of the motion of the bob, referred 
to a horizontal plane fixed to the earth. If we omit the 
middle terms, which obviously depend upon the earth's rota- 
tion, we fall back upon the equations of §§ (208, 209). 

216. To interpret equations (2) it is convenient to employ 
a second change of coordinates — to refer the motion to axes 
revolving uniformly in the plane of 17, f, with angular velocity 
il. If s, ; be the coordinates referred to the new axes, we 
have by -Aiialytical Geometry 

17 = 8 cos 11^ — 5 sin nt, (["ss 8 sin (1^ + ? cos 0«, 

the substitution of which in (2) leads to the equations 

W^l^"^' de + z^ -" ^^^ 

if we make the assumption 

fl= — ©cosX (4), 

and omit as before terms of the order o>'. 

(4) shows that the new axes rotate, in the cpposite direction 
to that of the earth, with the component of the earth's angular 
velocity about the vertical at the place. And in the plane, so 
revolving, we see by (3) that the bob of the pendulum de- 
scribes its approximately elliptic orbit as in §§ (208, 209). 

A circidar path being obviously possible, let us assume as 
particular integrals of (2) 

17 = a cos ipt + a), f = aBia{pt + a). 
The substitution of these values gives the same result 

p* + 2ft)pcos\ — 7 = 
in each of equations (2). Putting as in § (209) 
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and omitting the square of to, we have 

^ s= j- n — o> cos X. 

This shews that the bob of a conical pendulum appears to 
rotate faster (i.e. the absolute value of p is greater) when the 
direction of rotation is negative (that of the hands of a watch) 
than when it is positive. 

217. To find the Brachistochrone for a particle constrained 
to move on a given smooth surface^ gravity being the only im- 
pressed force. 

Let 

F^O (1) 

be the equation of the given surface, z being the vertical axis. 

Then ^^^[2g{z^z,% 

and therefore the time between the given points is 

' Jzo^2g{z^z;) ^^' 

From the condition that t^ is to be a minimum we obtain 
dx dy 

taking z as an independent variable, so that Bz = 0. 
But Sx and Sy are not independent, (1) gives us 

Hence, eliminating, we obtain 

A [^ 1 1 d (dy 1 ) 

dz Xds *J{z — z^) dz \ds »J{z — z^] 

7^7\ ^^ * 

\dx) . \dy) 
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which, by means of (1), may be reduced to a differential 
equation of the second order between two variables ; the in- 
tegral will therefore contain two arbitrary constants, which 
will eoable us to make the curve pass through the two given 
points. 

218. A particle acted on hy any forces^ and resting on 
a smooth horizontal plane^ is attached by an inextensible string 
to a point which moves in a given mannet in that plane ; to de-* 
termine the motion of the particle. 

Let a?, y, x, y be the co-ordinates, at time <, of the par- 
ticle and point, a the length of the string, and R the force of 
constraint. 

For the motion of the particle we have 

CL 20 ^ y» 35 ~- flj 

df a » > V 

dv a 

with the condition (a? — «)^ + (y — y)* =^ a*. 

Now Xj y are given functions of t. Take from both 

d^x cPv 
sides of the equations in (1) the quantities -^, -—, re- 
spectively, and we have the equations of relative motion 

d^ (x — x) ^ y, j^x — x d^x 
df ~ ~a "df 



de " a dt 



r 



(2). 



These are precisely the equations we should have had if 
the point had been fixed, and in addition to the forces X, Y 
and M acting on the particle, we had applied, reversed in 
direction, the accelerations of the point's motion with unit 
mass understood as a factor. It is evident that the same 
theorem will hold in three dimensions. The accelerations 

-TS", -j~ are known as functions of <, and therefore the 

equations of relative motion are completely determined. 
Compare § 26. 
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219. Let there he no impressed forces, and suppose firii 
that the point moves uniforydy in a straight line. 

Here -^ , 7^ *^® constant, and therefore no terms aw 

introduced in the equations of motion. We.^ave thus the c^ 
of § 28. 

Again, suppose the point's motion to he rectilinear, hut urn- 
formly accelerated. 

The relative motion will evidently be that of a simple 
pendulum from side to side of the point's line of motion. Id 
certain cases^ when the angular velocity exceeds a certain 
limit, we shall have the string occasit^^U^^ u^tended ; and 
this will give rise to an impact (Chap. X.) when it is again 
tended. While the string is untended^the ^particle moves, 
of course, in a straight line. ' ' ^ 

220. Suppose the point to move, with uniform angular 
velocity to, in a circle whose radius is r and center origin. 

Here, supposing the point to start from the axis of ;r, 

xs=rcose)/, y^rsmmt. 
Hence the equations of motion are, since 

d'^x ,_ d^ ,« 



df '^ •"' df 

= — 5 h a)*i. 



de 



a 



y 



~de ^-^ ■*-''^' 

Whence (.-i)^^-(y-^^>^ 
or, in polar co-ordinates, for the relative motion. 
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or — ^^3^ — - ra — a>' - am (0 — at). 

Now O'-dDt 18 the inclination of the string to the radius 
passing through the point ; call it 0, and we have 

which is the ordinary equation of motion of a simple pendulum 
whose length is — , . 

The particle therefore moves, with reference to the uni- 
formly revolving radius of the circle described by the point, 
just as a simple pendulum with reference to the vertical. 

221. To determine the motion of a particle acted on 
hy given forces^ and constrained to move in a smooth tube, 
in the form of a given plane curve, of indefinitely small sectional 
area, which revolves in a given manner about an axis in its 
plane. 

Let the axis of revolution be that of z, and let the position 
of the particle at time t be given by its distance r from that 
axis, the plane of the tube at that instant making^ an angle 
with a fixed plane passing through the axis. JBy the con- 
ditions of the problem ^ is a given function of t 

The sole efiect of the tube will be to produce a force of 
constraint, which lies in the normal plane to the tube, and 
may therefore be resolved into two parts, one perpendicular to 
the plane of the tube, the other in that plane ana in the prin- 
cipal normal to the tube. 

Let the impressed forces be resolved into three, P along r, 
T perpendicular to the plane of the tube, and S parallel to the 
axis of z. 

Let -B, -B' be the two resolved parts of the force of con- 
straint. 

The equations of motion will then be (by §§ 16, 69) 

S-'©'-'-^s «• 



L 
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£=^-^J (^)' 

where 8 is the arc of the revolving curve. 

In addition to these we have the two equations 

^=/(«) (i), 

which gives the position of the tube at any time, and 

r^i>{z) (5), 

the equation of the tube. 

By means of (4) and (5) we may eliminate 0, r, and i 
from (1), (2), (3). Then eliminatinff B between (1) and (3), 
we obtain a differential equation between z and t, whose 
integral together with (4) completely determines the position 
of the particle at any instant. 

li and jB' may then be found from (1) or (3), and (2), 
In the simplest case when the angular velocity of the tube 
is constant, or -^ = ®> (^) becomes tf = ©f if the plane froffl 
which is measured be that of the tube at the time ^ = 0. 
We proceed to give an example or two. 

222. A particle moves in a smooth strenght tube wkii 
revolves uniformly round a vertical axis to which it is ffif* 
pendicular, to determine the motion^ 

fJ0 
Here z = constant, ^ = constant = ©, P=s 0, and we have 

from (1) 

whence r = A^ + .Br**. 

Suppose the motion to commence at time < = by tie 
cutting of a string, length r^ attaching the particle to the 



• 



J 
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xis. The velocity of the particle at that instant along the 
ibe would be zero. Hence at ^ = 

r = r^ = -4 + J?, 



nd 






In the figure, let OM be the initial position of the tube, 
i that of the particle ; OX, Q, the tube and particle at time t. 
Phen OA = r^ arc AP= r^mt, OQ==r^ and we have 



OQ^ 



ri A / teAP kmUP 



)• 




From this we see that OQ and the arc -4Pare correspond- 
ing values of the ordinate and abscissa of a catenary whose 
parameter is OA. 

Her6, by (3), we have evidently R=^g. 
Also, by (2), ir = -2^ (€«'-€-«0 «> 



L_ 



236 



OOKSTRAINED MOTIOir. 



From this equation, combined with the ralue of r, 
easily deduce 

and it is therefore proportional at any instant to the tan{ 
drawn from Q to the circle APN. 

m 

223. Suppose the tube to revolve uniformly in a verfiA 
plane about a horizontal axis. 

We have from equation (1) of § 221 

d\ 

-^ — ro)* = — ^ cos fl>/, 

if we conceive the tube to be vertical when f = 0. The inl 
gral of this equation is 



or 
and if 

we have 
and 

or. 



r =-4€** + &-^ + ^ cos cat ; 

2(0 

r = r^, ^ = 0, when < = 0, 



= ^-5; 



which completely determines the motion. M and S may 
found as before. 

224. Let the tvhe he in the form of a circle turning 
formly about a vertical diameter. 

Let -4 be the axis, P the position of the particle at ai 
time. Let POA = ^ denote the particle's position. Then fl 
forces acting on it along the element at P are the resoW 
parts of gravity and of the centrifugal force (Chap. IX.) due 



CONSTBAINED MOTION. 



237 



the distance NP from the axis. Hence as AP=^ A0.^= a^, 
ire have 



o 


'♦. 






\ 


/. 


y 


p ^ 


J 


>^ \ 

1 


f 






(1). 



the first integral of which is evidently 

Suppose the particle to be projected from the lowest point 
with angular velocily o^; we have, from the last written 
equation, 

* a 

Hence (^j = »* {1 - cos* — ^9 (1 - cos <f>)} + &*. 

This will be zero when ^ has a value determined from the 
.equation 



or 



JOS* A ^cosA = l — ^• + -7; 

^ Oft) ^ {MD* W* 

-*-£.*-v/{('-^)'^-'}- 
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Now, 80 long as — ^ > -^, or a)*>^, both values of 

cos ^ are numericallj greater than 1, and therefore i 

4a 
motion is one of continuous revolution. If a>/=:^, le 

* a 

have ;^'»0 for cos^s — 1, and therefore the particle jut 

comes to rest at the highest point. We may notice M 
a^(o^i or the square of the velocity of projection from tke 
lowest point, is then equal to 2g . ^a, or the velocity is tbt 
due to tne diameter* 

Hence, if a particle be projected from the lowest point of 
a vertical circle with velocity aue to the diameter, it will teni 
to reach the highest point and there remain at rest whetlier 
the circle be fixed or revolving with any angular velodtf 
about the vertical diameter : another simple instance of ooih 
servation of energy. In this case the position of the particle 
at any instant can be determined. 

If ©j' < -^ , there is one possible value of cos 0, and there' 
fore the particle will oscillate about the lowest point. 

Suppose, again, the projection to be made from the ex- 
tremity of the horizontal diameter. In this case our corrected 
equation becomes 

\-^\ = — a)*cos'0 + -^cos^ + fi>j*; 

and for positions of rest 

cos'A — ^ cos A =; — V; 



or cos 



^ aar V \a c? g>, / 
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Both values will be numerically less than 1, if 

'V \or<o or J aar 

or -V < 1 - -^a , 
o> a® 

and in this case the oscillations of the particle will be per- 
formed between points corresponding to these values of <f>, 
and on the same side of the vertical diameter, 

226. The position of equilibrium of the particle will be 
found by putting —^ = 0. Hence, if 0' be the corresponding 
value of ^ OP, 



cos<^'= -^ (2). 

To find the time of a small oscillation about this position, 
let y^ be the angle of displacement, then by (1), 

since ^ = ^' + '^, -^ being very small, 
xa — a* sin." <!>'. -^ nearlj, by (2), 



'-{"'-£>■ 



and therefore by § (90), the time required is 

27ra(o 



V(«v-/) 



(3). 



That there may be a position of equilibrium other than 
the highest or lowest point, we must have by (2) 

; , »>V(i)' 

and thus (3) shews that a small oscillation is always possible 
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when there is a position of equilibrium .other than the highest 
or lowest point. 

226. To find the form of the tube in order that the partids 
projected with given velocity may preserve its velocity vft* 
changed, gravity acting paratld to ike axis. 

Kesolving tangentially, and taking co-ordinates a?, y i^ 
the plane of the curve, the axis of revolution being that of j) 
we have | 

d^8 9 dx dy 
df da ^ da 

Hence, ( S ) * ^®* "" ^Sfy "*" ^• 

Tfc ds 

But -J- = constant. 

cCt 

Hence, ^^^^^iy + Jc), 

the equation of a parabola whose axis is vertical and y&M 
downwards. This result might easily have been foreseen, as 
the velocity can only be constant if the accelerating effect d 
the impressed forces along the curve be zero at every point; 
that is, if the resultant of gravity and centrifugal force lie ift 
the normal. That this may be the case, we must have Ceifc" 
trifugal force : Gravity :: Ordinate : Subnormal. But the 
centrifugal force is proportional to the ordinate, hence the 
subnormal must be proportional to gravity, Le. must be cott- 
stant : a property peculiar to the parabola. This propositiiHt 
has a singular application in Hydrostatics. 

227. A particle moves on a rough curve, under the 
of given forces ; to determine the motion. 

If fji be the coefficient of kinetic friction, and 

B^sJiR^' + R^ 

be the force of constraint as in § (196), the effect of frictii 
will be a force fi fj{lt^ + R^ acting in the tangent to ti 
curve, and in the opposite direction to that of the partidel 
motion. 
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Equation (1) of § (186), will therefore become 

the other two equations remaining the same. 

If from the three we eliminate jB and JB^, we may by 
means of the equations of the curve eliminate x, y and z, and 
the final result, involving only s and t^ suffices to determine 
the motion completely. 

228. Ex. A particle moves in a rough tube in the form 
of a plane curve^ under the action qf no forces / to determine 
the motion. 

Here 



Now 



hence 





P 


dv d^s 

"^ ds^" de' 




dv ,^ 
ds '^ p 




.Cdt 





or V = ae -^ p . 

But, if '^ be the angle which the tangent at any point 
makes with a fixed line^ 

^=^df. 
P 

Hence, v = ae""**'*, where a is the velocity when '^ = 0. 

It may be instructive to compare this result with that for 
the tension of a string stretched over a rough curve. 

If the curve be one of double curvature, — is the angle 

P 
i 'between two successive tangents. If the surface of which 

! the curve is the cuspidal edge be developed, and if lepre- 

! sent the angle between the tangents corresponding to tli^ 

I initial and final positions of the particle^ 

X.D. 16 



H8 
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229. A particle under the action of given forces mom 
a given rougn aurface; to determine the motion. 

K 5 be the force of constraint due to thcj surface, the efel 
of friction is fiR acting in the tangent to the path of the ptf 
tide^ and the equations of § 203 becon^e 



de 



da 



>•» 



irom which B must be eliminated. The two resulting eqii 
tions contain x, y, z and t, and if the latter be eliminated, 
have one eauation in x^ j/j z^ which, with the equation of 
surface, will completely determine the path. In general thi 
equations are utterly intractable. 



EXAMPLES. 

(1) If a particle, attached by a string to a point, fl 
make complete revolutions in a vertical plane, the tension 
the string m the two positions when it is vertical is zero, ' 
six times the weight of the particle, respectively. 

(2) On a railway where the friction is — r of the 1 

shew that five times as much can be carried on the le 
up an incline of 1 in 60 by the same power at the same lai&j 

(3) A pendulum which vibrates seconds at a place^ 
gains two beats per hour at a place B\ compare the weij 
of any the same substance at the two places. 

(4) From a point upon the surface of a smooth vertie 
circular hollow cylinder, and inside, a particle is proje*^ 
in a direction making an angle a with the generating 
through the point ; find the velocity of projection that 



rw-\ 



CONSTBAINBD MOTION^ 24iZ: 

particle may rise to a given height {h) above the point, and 
the condition that the highest point may be vertically above 
the point of projection. 

(5) A heavy particle rests on the arc of a smooth vertical 
circle at an angular distance of 30^ from, the lowest point, 
being repelled from one extremity of the horizontal diameter 
by a constant force ; shew that, if slightly displaced along the 
toe, it will perform small oscillations in the time 

(6) A particle, is constrained to move on a smooth curve, 
under the action of a central force P tending to the pole, and 
the pressure on the curve varies always as the curvature,, 
shew that 

p dr 

. . .' 

(7) A seconds pendulum when taken to the top of a 
mountain h miles high will lose 21 . 6A beats in a day nearly. 

(8) AB is the diameter of a sphere of radius a ; a centre 
of force at A attracts with a force (/iX distance) ; from the 
extremity of a diameter perpendicular to AB a particle is pro- 
jected along the inner surface with a velocity (2/*)* a : shew 
that the velocit^f of the particle at any point Pis proportional' 
to sin^, and the pressure to 1 — Ssm'^, where d is the 
angle PAB. 

(9) A chord AB of a circle is vertical and subtends at 
the centre an angle 2 cot'^/t. Shew that the time down any 
chord ui (7 drawn in the smaller of the two segments into 
which AB divides the circle is constant, AG being rough 
and /A the coefficient of friction. 

(10) A particle under the action of no force is projected 
with velocity F in a rough tube in the form of an equiangular' 
spiral at a distance a from the pole and towards the pole; 

ftaew that it wiU arrive at the pole in time 

. - 

16—2 



I 

I 
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F/tAsina — cosa' 

a being the angle of the spiral and /i (> cot a) the coefficient 
of friction, 

(11) If a particle move on the surface^ of a smooth cone 
with its axis vertical and vertex downwards, and gravity be 
the only force acting, shew that the differential eqaatioi 
of the projection of its path on a horizontal plane is 

cPu . , flrginacosa 

a being the semi- vertical angle of the cone. 

(12) A particle is suspended from a fixed point bj tt 
inextensible string : find the velocity with which it must k 
projected when at the lowest point, so that its path after the 
string has ceased to be stretcned may pass through the point 
of suspension. 

t 

(13). A particle is copstrained to remain on the cum 
r a= a (1 — cos Oy and is repelled from the pole by a force =^p'* 

if its velocity at the apse, be equal to [^ j , shew that it will 

— J . 

(14) A particle slides down a catenary, whose plane is 
vertical and vertex upwards, the velocity at any point being 
that due to falling from the directrix ; prove that the pressuie 
at any point is inversely proportional to the distance of thit 
point from the directrix. 

(15) A particle projected with given velocity, moves 
under the action of gravity on a curve in a vertical plane; 
find the nature of the curve that the pressure on it may l)( 
the same throughout the motion, 

; (16) A particle is projected with ^iven velocity from tie 
vertex of a cycloid whose axis, is vertical and vertex u^^ 
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most, find where it will leave the curve, and the latns rectum 
of its future parabolic path. 

(17) The axis major of an ellipse is vertical, shew that in 
order that a particle projected vertically upwards from thie 
extremity of the axis minor along the concave side of the arc 
may pass through the center after leaving the curve, the 
velocity of projection must be 

\ 3oV3 j * 
a and b being the semiaxes of the ellipse. 

(18) The Earth being supposed to be at rest, and to con- 
sist of concentric spherical strata with densities varying 
gradually from the centre to the surface, investigate the law 
of density according to which a particle let fall from the 
month of a diametral pit would perform oscillations exactly 
similar to those of a simple pendulum oscillating through 45^ 
on each side of the vertical. 

(19) Shew that if a particle falling from rest at a point in 
an inverted cycloid have its velocity suddenly annihilated 
when it has passed over half its vertical height above the 
lowest point, and be allowed to proceed, always losing its 
velocity when half way down from the last position of no 

velocity, it will be at ^th of its original height above the 

vertex after n times the time it would have taken to fall to 
the vertex undisturbed. 

(20) Shew that a simple pendulum under the action of a 
central force varying as the distance- only will move as it 
does under the action of gravity. 

(21) The times of oscillation of a pendulum are observed 
at tne Earth's surface, and also at a height h above the sur- 
face ; from these data find the radius of the Earth supposed 
spherical 

(22) A. pendulum oscillates in a small circular arc, and 
is acted on in addition to gravity by a small horizontal force 
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as the attraction of a mountain. Shew how to find the lat 
by observing the nnmber of oscillations gained in a gir^ 
time. Also find the direction in which the attraction mi 
act so as not to alter the time of oscillation. 

(23) (See 15.) Determine the nature of the curre al 
which the string of a simple pendulum must wrap itself 
order that its tension majr oe constant^ and deduce the eqi 
tion between the length of the arc, and the vertical ordinatdj 

where I is the length of the string, T the constant tensic 
and Fthe velocity of the bob when the string is vertical 

(24) A string wrapped round a regular polygon hasj 
particle at the free end which just reaches an angle. Thej 
js in the center a repulsive force « (i?). If v, be the velocij 
when r sides are imwrapped^ shew that 

, (r+ 1) , 

the particle starting from rest [Form the equation of energy.] 

(25) Find the curve cutting a series of ellipses with the 
same vertical axis and vertex, so that a particle descending 
each of them from rest at the point of section may press 
equally at the vertex ; in the following cases, 

(a) vertical axes — o. 

(^) horizontal axes = b. 

(7) ellipses similar. 

(26) Find the equation of a curve in a vertical plane, 
such that if a particle descend along it, the parts of the j)res' 
sure due to the velocity, and to gravity, may have a given 
ratio. 

If this be e, and the axis of y be vertical, then the dif- 
ferential equation is . ' • 
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(I)'-©'-- 



where (7 is a constant 

(27) Find a cnrve sncli that a particle starting from rest 
will describe any arc in the same time as the chord, the force 
being central and oc distance. 

Deduce (189) as a particular case. 

(28) Also find the curve in (189) when the time down 
the chord is in a given ratio to that down the arc. 

(29) Find the curve in which a particle acted on by 
gravity will revolve uniformly about a point in the same 
vertical plane. 

(30) A particle acted on by a central repulsive force 
varying as the distance moves in a tube of the form of an 
epicycloid, the pole being at the center of force. Shew that 
the oscillations are isochronous. 



ral 
e a 



(31) A particle is initially at rest at a point of the spi 
r = C€"^, distant d from the pole. Shew that if the pole b( 

center of Ibrce whose attraction s -^ , the time of fall to it is 

TT S 



2 ^/(2/u) 



y('-^)- 



(32) In the preceding problem find the pressure on the 
curve at any instant. 

(33) A particle starts from rest at any point of the con^ 
vex circumference of a vertical circle, shew that it will leave 
the circle afiter descending one-third of its original vertical 
height above the center. 

(34) A particle under the influence of gravity is pro- 
jected from one point in a horizontal direction towards another 
point, find the curve on which it must be constrained to move 
so as to approach uniformly to the latter point 
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(35) Two particles are projected from the same point, in 
the Fame direction, and with the same velocity, but at dif- 
ferent instants, in a smooth circular tube of small bore whose 
plane is vertical, to shew that the line joining them constanti j 
touches another circle. 

Let the tube be called the circle A, and the horizontal 
line, to a fall from which the velocity is due, L. Let m, m 
be corresponding positions of the particles. Suppose that mm' 

f)asses into its next position bj^ turning about 0, these two 
ines will intercept two indefinitely small arcs at m and rn, 
which (by a property of the circle) *re in the ratio mO i m' O. 

Let another circle B be described touching mm in O, and 
such that L is the radical axis of A and B. Let a be the 
distance between their centres, mp, m!p perpendiculars on Lu 
Let mp cut A again in ^ and B in n ^- 

Then by Geometry, 
mO^ = rm.vfis =^pm {rm — qs) = 2a.pm — - (velocity of m)\ 

if 

Similarly 

m'O' = 2a.p'm'= - (velocity of m*)*. 

Hence the velocities of m and m! are as mO im'O, and 
therefore by what we have shewn above about elementary 
arcs at m and m\ the proximate position of mm' is also a tan- 
gent to B^ which proves the proposition. 

It is easily seen from this, that if one polygon of a given 
number of sides can be inscribed in one circle and circumscribed 
about another, an indefinite number can be drawn. For this 
we have only to suppose a number of particles moving in A 
with velocities due to a fall from X, if -they form at any time 
the angular points of a polygon whose sides touch B, they 
will continue to do so throughout the motion. This however 
does not belong to our subject. 

(36) A particle imder the action of gravity is projected 
with given velocity from a point, find the curve on which it 
must be constrained to movQ so as to recede uniformly from 
the point of projection. 
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(37) A railway train travels due north with given velo- 
city. Compare the horizontal pressure on the rails, due to 
the Earth's rotation, with the weight of the train. 

(38) A particle attached by a string to a point moves in 
a horizontal plane. A small ring passing round the string 
moves uniformly in a horizontal straight line from the point. 
Shew how to find the equation of the actual path, and shew 
that that relative to the ring has the equation 

(39) A particle descends from rest under the action of 
^avity. Find the curve on which it must move in order 

that the ratio of the times of descending two vertical spaces 
whose ratio is given, may also be equal to a given quantity. 

Verify the general result in the particular cases: 
(a) Double the height in double the time. 
(fi) Four times the height in eight times the time. 

(40) 8 is the arc, and y the vertical ordinate of a curve 
passing through the origin. If time through 8 : time through 
chord o{ 8 :: ks : chord, shew that 

(41) Given an arc of a curve, find the position in which 
it must be fixed, that a particle starting from rest may 
describe it under the action of gravity in the least time. 
Apply the result to an arc of the cardioide measured from 
the cusp. 

(42) A series of similar and similarly situated curves 
start from a point A in s. vertical plane ; to find the syn- 
chronous curve, or that which cuts off from each of the series 
a portion which would be described in a given time t by a 
particle starting from rest at A. 

Taking A as origin, and the axis of y vertically down- 
wards, we have 

fdxV 

-IW(-^}^' <"• 
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Now the common e(juation of tKe carves contains m 
arbitrary parameter a, which will therefore appear in (1) wlies 
X is eliminated. Supposing then that (1) can be integrated, 
if between the integral and .the equation of the curves we 
eliminate a, the result will be the equation of the reqoiid 
series of synchronous curres, in which r will appear as s 
variable parameter. 

The equation of the given series of curves will of oonnx 

be in the form — =/( -J > so that if «^ = g>, -j- in terms of • 

will not involve a. It is thence easy to deduce the followio; 
values of x and y for the required curve, in terms ota, 

[fV{-#}-]' 

from which, if (1) is not integrable, the required curve can b 
constructed by quadratures. 



(43) If t be the time in a cycloid from the point 
abscissa is the radius of the generating circle, to any otkcf 
point ; T the time down the chord of the generating circle 
corresponding to the same two points, shew that 

2 tan"*T V| = tan-'(VJ^ tan t ^|) . 

(44) A particle moves in a circular groove radius a unto 
the action of a center of force oc Dr^ situated at a distance! 
from the center of the circle. It is projected from the neairf 
point with velocity V, shew that for a complete revolution 



a^-V 
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(45) A particle acted on by gravity descends from rest 
at a given point, find the nature of the cufTe on which it 
mast move that the pressure may be at any instant as the 
square of the vertical height fallen through. 

(46) Find the tautochrone when the force is as the cube 
root of the distance from the axis of x, and parallel to that 

(47) To find all the tautdchrones when the force is cen- 
tral, and varies as the distance. 

If /S be the force resolved along the curve, we must have 

. f=-^ (§"«)• 

Now if ^ be the angle between the radius vector and 
tangent, 

CuT* 



. <'i). 



or 



•', da AfiT^' 

dr d / dr\ tt* dr 
ds ds\ dsj 4fi7^ da ' 



that is, r^ -p» = ^ r^ + (7. 

And if a be that perpendicular firom the center on the tangent 
which meets the latter at its point of contact, the correspond- 
ing value of r is a also, and therefore 



4/iT 



L 
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•'-^H'-^y^^^' «■ 

which is the differential equation of the required curves. 
The curves will differ in species according to the value 

I. Let -7—ji> Ij (1) takes the form 

which is at once recognized as the differential equation of tie 
epicycloid traced hj a point in the circumference of a smiil 
circle, which rolls on the inner surface of a large one whoBt 
center is the pole* 

tf we suppose the radius of the larger circle to he ind^ 
finitely increased, its circumference tends to become a straiglit 
line and the epicycloid to become a series of cycloid^ Tk 
force In this case tends to be constant, and perpendicalarto 
the bases of these cycloids, whence in the limit we have tb 
result of § (182). 

II. Let^=l. 

Here p = a and the curve is a straight line. This Is the 
case of § (95). [The equation p^^a also represents a circle, 
the envelop of all its tangents. But this solution has no 
dynamical meaning.] 

III. -7—5 < 1. In this, as in the other cases, we may 

4flT 

find the equation of the curve by integrating (1) after substh 
tuting torp its value in terms of r and 0, but the equation «« 
thus obtain is very complicated. This curve is found to h 
a spiral with two symmetrical branches extending to » 
infinite distance, and approximating to spirals which mab 
angles = cos'* e with the radius vector. 

IV. Let the origin be on the curve, and be the point to 
which the time of descent is measured. Then a = 0. 
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If - — 5> 1, the equation is impossible. 

If it = 1, we have a straight line through the origin. 
If it < 1, we hare the Logarithmic Spiral. 

V. If the force be repulsive, we require only to change 
the sign of /«. In this case we have an epicycloid traced by 
a point of a circle which rolls on the outside of another whose 
center is origin. From this again we may deduce the tauto- 
chronismof the common cycloid for gravity. 

(48) A particle moving on the interior surface of a ver- 
tical circular cylinder is projected with a given velocity, and 
goes round n times before it falls to the level of the point of 
projection. Determine the direction of projection. 

(49) Shew that a particle moving under the action of 
gravity on a smooth helix whose axis is vertical, makes the 
first revolution from rest in the time 



/ Sira 
Y ^ sin 2 



sin 2a * 

(50) A groove is cut on a right cone of height h, at an 
. angle fi with the generating line. Shew that the time of 

reaching the base, from a vertical height h^ below the vertexj^ 
by a particle sliding in the groove is 

tj i^g) cos a cos ^ ' 
: where a is the semivertical angle. 

(51) Find the curve on the surface of a vertical cylinder 
; down which if a particle slide, the force of constraint will be 

constant. 

(52) A particle moves on a smooth ellipsoid, under the 
action of a force x [D) in the center. Given the velocity and 
direction with which it passes the extremity of an axis, find 
the pressure. 

(53) A smooth tube of indefinitely small bore revolves 
in a horizontal plane, A paiticle attached to the axis by an 



i 
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elastic string mores in the tube. Determine the condition 
that the motion be oscillatoiy, 

(54) A circular tabe of indefinitely small bore rerolyeB 
with uniform angular velocity m about a vertical diameter, 
and a particle in it is projected fix)m the lowest point witk 
velocity due to the diameter. Determine the motion, and shev 
that it is at its greatest distance from the axis after a time 

where a is the radius of the tube. 

(55) The axis of a rough helix of radius <i is verticalt 
and the curve makes an angle fi with the horizon; a ling 
slides on it with initial velocity 

VG7a)(8in«^l/t»cos«/8)* 

V/^ cos /3 ' 

determine the motion. 

(56) A heavv particle attached to a point by a stnn^ 
whose unstretched length is a, lies on a rough horizontal 
plane and is projected perpendicular to the string with velo- 
city V. If it comes to rest at a distance a from the point, 
after describing a distance «, v' = 2/jtg8. 

(57) A particle depcends a rough circular tube bom the 
extremity of the horizontal diameter. K it stops at the lowest 
point, shew that 



(58) Shew that the result of § ^ (205) is true if 
surface be rough. If a particle be projected with velodty T 
along the inner surface of a rough sphere, determine the 
motion, and shew that it will return to ue point of projectioii 
in the time 



where r is the radius of the sphere* 



J 
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(59) If the only impressed force be a central one = ji, ,. 

Slid the velocity he that from infinity, shew that the equation 
of the brachistochrone is 

n+i « a. 1 ?Ltl 

r « cos^(d + ^)=a> . 

(60) A material particle P, attached by a slender cord 
of given length a, to a point fi^ in a fixed axis 8Ay is attracted 
by a constant force ^ in a direction always parallel to a line 8B^ 
which is inclined at a given angle to the axis 8A^ and revolves 
about it with a given angular velocity 6>: shew that if F= the 
velocity of P, »' = the angular velocity of the plane PSA 
about 8A,<I>^^ P8B, 5= z P8A, 

F* =: 2ga cos ^ + 2a*(im' sin" + const. 

Shew also that the dynamical conditions of this Problem 
are ihe same as those of a ball-pendulum acted upon by gravity, 
when the Earth's rotation is taken into account. 

(61) A small smooth ring slides along a rod which 
moyes with uniform angular velocity' and so as always to 
be in contact with a given circle : determine the motion of 
ihe ring relatively to the rod. 

(62) A ring slides on a smooth elliptic wire which moves 
in its own plane with tmiform angular velocity about its 
center. Determine the motion; and find the time of a small 
oscillation about the position of equilibrium where this is 
possible. 

(63) A particle is attached by a rod without mass to the 
extremity of another rod, n times as long, which revolves in 
a given manner about the other extremity, the whole motion 
taking place in a horizontal plane. If be the inclination 
of the rods, fl» the angular velocity of the second rod at the 
time t^ prove that 



€P0 d(o 



-j-r + w f^cos 5 + CD* sin 5J = 0. 
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(64) If a particle slide along a smooth curve, which 
turns with uniform angular velocity ca about a fixed point 0, 
then the velocity of the particle relatively to the moving 
curve is given by the equation 

where r is the distance of the particle firom the point 0; and 
the pressure on the curve will be given by the formula 

where p is the perpendicular from on the tangent, 

(65) A heavy particle is attached to a smooth string 
which passes over a rough circular arc in a vertical plane; 
the particle initially at the extremity of a horizontal diameter 

is drawn up with uniform acceleration ^: shew that the 

whole labouring force (i.e. work, see § 60) expended in 
drawing it to me vertex of the circle is 



Wa 



(|+/^-^l)> 



where W is the weight of the particle, a the radius of the 
circle, and fju the coefficient of friction. 

(66) A heavy particle is attached by a fine string to the 
apex of a right vertical cone whose semivertical angle is fi, 
and is projected from a position of rest on the cone with an 
initial angular velocity q> (about its axis) which is less than 
il, the least angular velocity which would make the particle 
leave the cone. If the coefficient of friction between the 
particle and cone be fi, find the position of the particle and 
the tension of the string at a given instant ; and shew that it 
will come to rest after a time 

1 , tl + m 

log 



2fiilcoQfi ^O — ei)' 
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(67) Determine (approximately) the motion of the bob of 
a simple^ pendulum ; when the point of suspension describes 
uniformly, and with small velocity, a horizontal circle. 

(68) If a curve revolve uniformly about a vertical axis 
and the only extraneous force be gravity, prove that the time 
of an oscillation of a particle sliding on the curve about its 
position of rest is 



-V- 



psm a 



(o ^ r — p sin a cos" a 



p being the radius of curvature at the point of equilibrium, 
a the angle made by the normal at that point with the ver- 
tical, r the distance of the point from the axis of revolution, 
and a> the angular velocity of the curve, 

(69^ A parabolic tube of any length is fixed with its axis 
vertical and vertex downwards, and a particle is shot up it 
from the vertex with given velocity: shew that when the 
length of the tube is such that the range measured from the 
vertex on a horizontal plane is a maximum, that range 

^ ^2h (a + h) where h is the height due to the velocity of 
projection. 

(70) A heavy particle falling down a rough cycloidal arc 
whose axis is vertical comes to rest at the lowest point : prove 
that if <\> be the angle which the tangent at the starting point 
makes with the horizon, then 

yLtV** = (sin (f} — fi cos ^)*. 

(71) A particle Pis attached by strings to two points A 
and B in the same horizontal plane, and describes a vertical 
circle. When the particle is at the lowest point, the string JLP 
is cut and the particle proceeds to describe a horizontal circle j 
find the ratio of the new tension of BP to the old tension. 

(72) A bead can slide on a smooth circular arc AB and 
[is attracted by it, tjie force at any point bsing / (r) ; if it b© 

T. D. 17 
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displaced from its position of equilibrium, the time of oscil 
tion will be 

2w 



J 



2 cos -f{A G) 

where G is the middle point of AB^ and a the angle AG sul 
tends at the centre of the circle. 

(73) A particle moves from rest on the outside of a ro 
equiangular spiral under the action of a force tending to 
po'e whose accelerating eiFect is /?' x distance ; shew that,! 
ffr be the coefficient of friction, a the angle of the spiral, t' 
patticle will leave the curve at a time t given by the equaf^ 

cos (2/)^ Vcos* a — /Lt' sin* a) + /a tan a = 0. 

(74) A heavy bead slides on a smooth fixed vertid 
circular wire of radius a ; if it be projected from the loweai 
point with a velocity just sufficient to carry it to the highes(| 
prove that the radius to the bead will in a time t turn throng 
an angle 



2 tan 



-1 e 



(D*'_ .-(!)*' 



(75) A ring slides on a smooth wire bent into the form 
a plane vertical curve, and is attached by an elastic string 
a iSxed point in the plane of the curve ; if it start initii 
from a position in which the string is just not stretch 
prove that it will descend through a vertical space which is 
tliird proportional to the natural length of the string and i 
extension at the lowest position, supposing that the module 
of elasticity is twice the weight of the ring, and the string 
stretched throughout the motion. 

(76) A string passes through a small hole in a smc 
horizontal table, and has equal masses attached to its en^ 
one hanging vertically and tne other lying on the table at 
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distance a from the hole; the latter is projected with a 
Telocity Vji perpendicular to the string ; shew that the other 
particle will remain at rest, and if it be slightly disturbed the 

/2a 
time of a small oscillation will be 2ir\/ -> * 

(77) Two equal particles attracting each other with a force 
the accelerating effect of which is p* x distance are placed in 
two rough straight tubes at right angles to one another, and the 
friction is equal to the pressure in each tube ; prove that if 
they be initially at unequal distances one moves for a time 

— before the other begins to move, and that while they are 

approaching the point of intersection of the tubes they move 
in the same manner as the projections of the two extremities 
of a diameter of a circle upon a straight line on which the 
circle rolls. 

(78) A particle describes a circle under the action of a 
force which tends to a point on the circumference, the point 
moving so as to be always one-sixth of the circumference be- 
hind the particle ; find the force and the velocity at any point, 
and shew that the times of describing complete circuits will 
form an increasing geometrical progression of which the ratio 

(79) Three equal weights are attached to a string of 
length 4a, one at its middle point and the others half way 
between it and the extremities, which are attached to two 

points in a horizontal line at a distance a (Vs + 1) from each 
other ; find the position of equilibrium, and shew that if the 
middle weight receive a slight vertical displacement the time 
of a small oscillation is 



'^li^^. 



where and ^ are the inclinations of the upper and lower 
portions of the string respectively to the horizon in the posi- 
tion of equilibrium. 

17—2 
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(80) If a particle of weight to be projected horizontallf 



TT 



inside a circular cone of vertical angle — whose axis is vertial 

and vertex downwards with the velocity which it would ao* 
quire by sliding down a generator from the point of projecti« 
to the vertex^ shew that : 

1. The motion is oscillatory, and that the particle neve? 
descends lower than its initial position. 

2. The curve traced out by the particle on the cone i 
developed into a plane has its equation 

where r is the distance of the particle from the vertex, p iti 
initial distance. 

3. The reaction is given by the equation 

(81) A particle is projected on a smooth paraboIoiJ 
whose axis is vertical so as very nearly to describe a circl 
whose diameter is the latus rectum 2l of the generatin| 
parabola; prove that the time of a small oscillation in 

vertical direction is 27r \/ - . 

^ SI 

(82) A heavy particle is attached to the highest point d 
a smooth fixed sphere of radius a, by an elastic string wh 



ira 



natural length is — , and the weight of the particle is suf 

ficient to stretch it to double its natural length ; at first ft 
particle moves uniformly in a small circle, the string beifl 
stretched to double its natural length ; prove that if the motid 
be slightly disturbed the time of a small oscillation will be 



^/! 



2^ '- ^'/•'^ 



g \-J '2 - 5) IT + i 4i' 
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and find the greatest blow it can receive along the direction of 
the string without leaving the sphere. 

(83) A heavy particle moves in the interior of a smooth 
paraboloid of revolution whose axis is vertical and vertex 
downwards. Shew that the differential equation of its path 
on a horizontal plane is 

where 4a is the latus rectum of the generating parabola 

(84) A particle under the action of an attractive force 
Varying inversely as the cube of the distance from a given 
plane, is constrained to move on a smooth spherical surface, 
having been projected with the velocity due to an infinite 
distance ; prove that the efficient force on the particle always 
passes through a fixed point. 

(85) Prove that if a particle move in a smooth tube under 
the action of any forces tending to centers, the pressure at any 
point of the tube will vary as 



IhHiH' 



where -^ is the acceleration towards any one of the centers, 

and p is the radius of curvature ; and hence that the pressure 
at any point of the tube will vary as the curvature whenever the 
orbit is such as could be described freely under the action of 
each of the forces taken separately. 

(86) A small bead slides on a smooth wire in the form 
of a plane curve which rotates about a vertical axis perpen- 
dicular to its plane. Prove that the bead will oscillate be- 
tween two points whose distances from the axis are equal to 
the initial distance from the axis to the normal to the wire 
through the initial position of the bead. 

(87) A fine straight tube rotates in a plane with uniform 
angular velocity w about a point in its length while the plane 
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rotates with nnifonn angular velocity vi about a horizonlil 
axis through that point, prove that the equation of motion d 
a heavy particle placed in the tube is 

-iji — (m?" + w'* cos* v)() r =g sii) to t cos w^, 

the tube being initially perpendicular to the horizontal axk 
and the plane horizontal. 

(88) A particle is suspended by a light elastic th 
which passes through a ring B above the particle and is 
tached to a fixed point A, AB being the natural length of 
string. A blow is given to the particle. Find its moti< 
and shew that whatever be the direction of the blow 
motion will be rectilinear. Supposing X to be the coefficient 
elasticity, W the weight of the particle, F the impulse, she 
that the greatest distance from the point of equilibrium thi 

the particle will reach = a/-- 5- • -^« Find the direction 

magnitude of the impulse necessary to convert this motifll 
into motion in a vertical circle through the line of motion a«i 
the position of the string when at rest. 
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CHAPTER VIIL 

MOTION IN A RESISTING MEDIUM. 

230. When a body moves la a fluid, whether liquid or 
gaseous, it must, in displacing the particles of the medium 
and in rubbing against them, lose part of its own velocity. 
The resistance of a fluid to a body moving in it is therefore of 
the nature of a retarding force ; but, in consequeince of the 
great difficulty of making accurate experiments on the subject, 
the laws of the resistance of fluids have nof yet been satisfac- 
torily ascertained. 

For a velocity neither very great nor very small, the 
general approximate law seems to be, that the resistance to 
a plane surface, moving with its plane at right angles to the 
line of motion, is proportional to the extent of the surface, the 
density of the resisting medium, and the square of the velocity 
taken conjointly. We are, however, only treating of the motion 
of a particle, in which the extent of surface has no place in 
our consideration, and will assume that the resistance depends 
entirely on the density of the medium and the velocity of the 
particle; illustrating, by supposing different laws, the method 
of procedure in all such cases. 

It is well that the student should observe that in all cases 
of resistance, as in those of friction, the motions are essentially 
irreversible. We are no longer dealing with conservative sys- 
tems of force, so long at least as we confine our attention to 
the motion of the resisted body alone. 

231. A partide <icted on hy no forces is projected in a re- 
sisting medium of uniform density^ of which the resistance varies 
as the n* power of the velocity; to determine the motion. 

The motion will evidently be rectilinear. Let x be the 
distance of the particle from a fixed point in the line of 
motion at the time ^ v its velocity at that time. The force 
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due to the resistance may be represented hj hT, Je being i 
constant, and the equation of motion is 

«' i = -^"" W- 

Putting it in the form 



*we have, by integration, 






n-l 



Suppose the particle to be projected from the origin, witk 
velocity F, then when 

< = 0, v= F; and (7= 7. 

« — 1 

Hence (n - 1) ;!:« = t?'"" - F'"* (2), 

the relation between v and <. It shews that v can never be 
zero if n> 1, but if n< 1 the velocity will become zero when 

t = r-=- . After this the particle will evidently remain 

nt rest. 

To find the distance of the particle from the origin at any 
time, we have from (2) 

Hence i» = -7— ^{^*"^-(l-^)*<P+ t^t^z.^ 

(2-w)A^ ^ ^ (2--w)A:' 

a? and * being supposed to vanish together. When w < 1, the 
distance to which the particle will go, or its distance from the 

origin at the time yr r-r > is 

(1 ~~ 7t) K 
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232. There is one case in which the above solution fails, 
namely when w = 1, or the resistance varies as the velocity. 
In this case, by (1), 

, ^ dt I 

and k -^=^ — , 

dv V 

from which kt= G— loff v. 



JD 



When ^ = 0, v^ V; and C = log V. 

Hence kt =log— (3); 

dos 
and therefore i? = -y- = Ve'^K 

dt 

\ ^ Y " 

I Integrating, we have ^^-r (1 — e"**) (4), 

I 

I the constant being determined as before that x and t may 

1 vanish together. 

Equations (3) and (4) determine the velocity and the 
\ position of the particle at any instant. They shew that the 
I velocity continually diminishes without ever actually be- 
coming zero, but that the space passed over by the particle 
\ has a definite limit, for when 

i = tao , a? — -r • 

233. A particle, acted on hy a constant force in its line 
of motion^ moves in a resisting medium of uniform density, of 
which the resistance varies as the square of the velocity ; to 
determine the motion. 

Suppose the particle projected from the origin with the 
velocity F, and let v be its velocity at any time t, x its 
distance from the origin at that time, and / the constant 
acceleration due to the force. 

Assunje K to be the velocity with which the particle 
would have to be animated that the resisting force might be 
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equal to/, then the retarding force at anj time may be repit 
sented by/-~. 



I. Let / act 80 as to diminish x ; then the equation 
motion is 

which, since 

d^x ^dv dv dx dv 
di? " dt dx dt dx^ 

may be written either 

These again m&y be changed into 

dt K* 1 



dv f K^-¥v*' 
dx JP 1 



d{v^) i/K'+v'' 

Integrating, and determining the constants so that when 

x~0, « = 0, V— V, 
we obtain 

ft ^ ^ F ^ .,v ^ _, K(V- v) 

Let T be the time at which t^e Telocity become 
and h the corresponding value of x, then 

K V -ST* / V*\ 

r=^tan-'-g., andA=-^logf l + ^^j. 



HOnOH VS A SE8I8TIK0 XKDIUM* S67 



After this the partide begins to return^ the forco of i^Ut* 
nee therefore tends to increase w^ and the equation of 
lotion is 

hich, as before, may be written either 

These maj be changed into 

dt _K* 1 
dv / £■»-«•' 

dx K* 1 



tegrating, and detennining the constants so that when 

r = 0, « =» A, t=T, 
obtain 



Jjest I7"be Hie fdodt^ widi which the particle will return 
iie point of jmjfit^ai; then, potting x^O in the Utt«r 
,() fetitm, we obtain 



lalMtztte^ fiir i its nfaiev 
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whence 

This shews, as we tnight expect, that the particle retuna 
to the point of projection with diminished velocity. 

IL Let /act so as to increase x. Then 



cCx 



V 



% 



from which we derive, as before^ 

dt K^ 1 



dv f K^-v'' 
dx Z* 1 



d{v') 2/Jr^-i;** 
Integrating, and determining the constants so that when 

«=0, a?-0, v= V, 
we obtain 

From the latter equation we obtain 



%fx 



This equation shews that when x becomes very hrf 

V approaches to K, which is its limiting value. If the velocit 
of projection be less than K, v will continually approach toi 
and never exceed it, and if the velocity be greater than I 

V will constantly diminish towards the limit K, 

234. The results of the last Proposition are applicable 
bodies projected in a resisting medium vertically upwards 
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downwards under the action of gravity; for the acceleration due 
to gravity may still be considered constant, although not the 
same as for a particle in vacuo. The actual moving force is 
in fact the difference of the weights of the body and the fluid 
displaced, so that if a be the ratio of the specific gravity of the 
fluid displaced to that of the body, the moving force 

= Tr(l-a) = %(l--a), 

where W and M are the weight and mass of the body, and 
therefore the acceleration caused by it =^ (1 — a). By substi- 
tuting this for/ in the results of § 233, we may obtain formulae 
for the motion of bodies in a vertical direction under the action 
of gravity. Hailstones and raindrops afford a good illustra^ 
tion of the Terminal Velocity indicated by the result of II. 
But for the full treatment of their motions fluid friction re- 
quires to be taken into account, and the subject ceases to be 
Dynamics of a Particle. 

235. To find the eqtuUions of motion, in a resisting me- 
dium j of a particle acted on by any forces. 

Let a;, v, z be the co-ordinates of the particle relative to 
an assumed system of rectangular axes, at the time f , and let 
Z, F, Z be the component accelerations, parallel to the axes, 
due to the forces acting on the particle. Then denoting by jR 
the acceleration due to the resistance, which lies in the tangent 
to the path described, and in a direction opposed to the 
aaotion, we have 

a X ^v •«-, ax 

r ^^^ Z—R — 

dt^ ds^ 

' These are the general equations of motion. In any par- 
'^ticular case R will be given as a function of the density of the 
medium and the velocity of the particle, and particular me- 
thods will be necessary for obtaining the path of the particle 
prWid its position at any time. The method of procedure will 
Hi'be illustrated in what follows. 
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236. A particle acted on by a canst€tnt farce posralld to 
ajtxed line is projected from a given paint in a given direc- 
tion with a given velocity, and moves in a umform fnedium 
whose resistance varies as the square of the velocity / to deter- 
mine the motion. 

This is, approximately, the case of a projectile disturbed 
by the resistance of the air ; and its solution is, to a certain 
extent, nsefol in gunnery. 

Take the given point as origin, the axis of x perpendicular, 
and that of y parallel, to the given line, so that the plane of a;y 
may contain the direction of projection. Let f be the con- 
stant acceleration due to the force ; acting, we will suppose, 
to diminish y ; then the accelerating effect of the resistance 

may be represented by i (-rj where i is a constant Hence 

the equations of motion are 

d*x , fdsVdx .. 

■ W-''[di)di W' 



?-/-Ksyt »• 



The former may be written 

d*x_ ,dadx 

doR 

and, therefore, dividing by -^ and integrating, we obtain 

Suppose u to be the component of the initial velocity 
parallel to x\ then, when « = 

^ = w ; whence C=s log m, and 

^ -to 
^dt = ^^ • 
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TT dy dy dx .^^ dy 

Hence •:^ = / :77 = «« :^J 

at dx at ax 

therefore ^ ^u€^^ - ^Uu€^-^^ 

therelore ^^-W€ ^ ^^ /fcwe ^^ ^ 



OX* at ax 



But by (2), 



J '^ dtdx' 
Comparing these we obtain 

or, putting ^"^' 

the differential equation of the path. 

It may be made integrable once by multiplying the first 
term by 

^ 4 * , which IS unity. 

This gives ^ V(l +JP') +^ €^ = 0. 

Integrating, and determining the constant so that when 
« =s 0, ^ = tan cr, a being the angle which the direction of 
projection makes with the axis of x, we obtain 
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a=tana8eca + log(tana-hseca) + /-g (4), 

the intrinsic equation of the path. This equation cannot be 
integrated farther. 

It* wc make A: = in equations (1), (2), we have the equa- 
tions which belong to the trajectory in a non-resisting medium, 
the original velocity and direction of projection being the 
same as in this problem. Hence if S, s be arcs of the trajec- 
tories in a non-resisting, and a resisting, medium measured 
from the point of projection to any two points at which the 
tangents are parallel, 

Hence ^r = €*** > 



and therefore 2kS =€***—!, 

since we suppose 8 and s to commence together. 

Hence 2A;5 = log (1 -I- 2^/8') (5). 

237. From equation (3) it appears that, as s becomes 

tint* 

more and more nearly equal to -f oo , -y- becomes more and 

more nearly zero, and therefore x becomes more and more 
nearly equal to a constant. Hence the curve on the positive, 
side of the origin tends continually to coincide with a straight 
line parallel to the axis of y, at a finite distance, which is 
therefore an asymptote. 

Again, as s becomes more and more nearly equal to -<») 

-J- becomes more and more equal to zero, or jp tends to be-' 

come constant. The curve therefore on the negative side of 
the origin tends to become parallel to a certain straight line. 

It appears also from equation (5) that when ^=~A7 )*^^" 



J 



MOTION IN A BESISTING MEDIUM. 273 

comes — Qo , and therefore the curve tends to become parallel 
to the tangent at a point of the common parabola at a dis- 

tance- 4 along the curve from the origin. Or. if 6 be the 

angle which this straight line makes with the axis of a?, we 
have by putting 5 = — oo in equation (4), 

tan ~4~ sec § 

tan ^ sec ^ — tan a sec a -f loff '■ = ^^ . 

° tan a -|- sec a kur 

To shew that the curve has an asymptote parallel to this 
line, we must prove that x, the distance of the intersection of 
the tangent with the axis, from the origin, is always finite. 

•vr -- dx 

JNow x=x — y'-j-; 

, . , . ^ dx d dx y dp 

which gives -r-=— V^ ^- = — «-/-• 

° ax ^ ax ay p dx 

Also, if the ultimate value of p be called w, we shall have 
ultimately 

y = nx, 5 = a; \/(l + w'), 
and, by (3) 



dp_ fi 



.2k8 



dx u 



'4 9 



* dx nu^ ' 



which, by integration, will be found to be finite when x is 
infinite and negative. 

Hence the curve is not similar on opposite sides of the 
vertex. The particle rises more obliquely and descends more 
vertically than it would do in a vacuum. 

238. The projectile will have reached the highest point 
when -f-==0. This gives, for the length of the path between 

T. D. 18 
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the origin and the highest point, by equation (4), the ex- 
pression 

1 hu* 

qT log [1 + ^ {tan a sec a + log (tan a + sec a)}], 

and, for the velocity there, the value 

w [1 + -TT- {tan a sec a + log (tan a + sec a)}]~* 

239. The above results will, as in § 233, be made applica- 
ble to the motion of a body prmected in the air under the 
action of gravity, by writing for/ the value of ^, corrected for 
buoyancy. The .most important application of the problem 
IS to the practice of rifled arms, in which case p is always 
small, and an approximate equation of the path may be found. 

For we have 

ax u 

ds t 

Now, since ^ = vH-^*=l, if we neglect powers of j? 

higher than the first, this equation is the same as 

dx w' dx 
Integrating, and observing that when « = 0, p = tan a, we 

whence €^ = 1 + —^ (tan a — p). 

Substituting in equation (3), we obtain 



or 



^-2^p = - ^4 + 2A;tanaV 



If we multiply this equation by c"^**, integrate and deter- 
mine the constant as before, we have 
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Integrating, and observing that when aj = 0, y = 0, we 
dave finally, 

the approximate equation of the required path. 

Expanding in ascending powers of kx, i.e. supposing the 
coefficient of resistance to be small, ye haye 

fa? fka? 
V = a;tan a — - — 5 — "^ — r4- 

of which the terms not involving k reproduce, as they ought, 
the equation (3) of § 107. 

240. A particle, movtnff in a restating medium, is acted on 
by a force whose direction is constantly parallel to afioced line; 
to find the resistance that a given curve may be described 

If we take the fixed line as the axis of y, and denote the 
force at any point by F and the resistance by Ry the equations 
of motion will be 

S-«S (•). 

§-^-*i p)- 



Eliminating R, we obtain 

dx d^y _ dy d^x ^ ^dx 
'dt~^~~dt~d^'' 'di 

XT dy di 
Now ^ = -r- ; 
ax ax 

dt 

dx d^y dy d^x 
d'y Tt '^"It dF 

\dt) 



(3). 



thence 
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(1) 

U)=3^ (*)• 



or 

da? 

Differentiating with respect to t, we obtain 

dx d^x^^ d Y ^ dx ^ 
~dt W''dx\dY\'di' 



d^x_ld^ Y 
''' df2dx(^)' 

^da?^ 

and tlierefore "by equation (1) 

B^^l^^fJL (5). 

ds^ 

From this equation, if we know Y, the resistance that a 
given curve may be described can be found. 

241. If the resistance vary as the product of the density 
into the nth power of the velocity, equations (4) and (5) may 
be used to find the law of density that a given curve may 
be described. For in this case B will be represented by 

^[-fjf where Jc is proportional to the density at any point, 

and is to be determined as a function of x and y. We have 
then from (5) 



\dx) \dt) ~ idxdx [ISf] ' 



W 



and hence, hj (4), 



J 
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*" 2\dx) M dx(Wy)' 

Evhich, according as n is not or is equal to 2, may be written 



n-^W ^(g) 



1 rf, r 

5; 



^ = —^ds^''^f'v (^)- 



da? 

242. Equations (5) and (6) may also dearly be used to 
determine the laws of force by whica a given carve may be 
described, the density being supposed known, and the direc- 
tion of the force being given. 

From equation (3), we obtain 

\dt} \Jt) 

y. /dx\ dxd*y aycrx 
\di) 'JU'de'lUW 

p being the radius of curvature. Hence 



= P> 



(: 



^V= Tp^ 



= 2 F ( J chord of curvature parallel to y) , 

and therefore the velocity at any point is the same as would 
be acquired bj a particle falling m vacuo through one fourth 
of the chord of curvature parallel to the fixed line under the 
action of a uniform force equal to the force at that point 

243. A particle, moving in a resisting medium^ is acted 
cnhy a central force ; to find the resistance that a given curve 
may he described. 

P denoting the central force and R the resistance, the 
equations of motion are 
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<fo* r da 

Eliminating R, we get 

ix 6?y _d^i^ _P t % <fo\ 
~Sbi^ dtdf Ty'di'^di)' 

p [dtj r dt ' 

^«"«» {m)^^Tp w. 

whicli shews that the Telocity is that dae to one £)arth the 
chord of curratare through the center. 

Agun, eliminating P from the equations of motion, we 
ohtain 



or 



X 



or 



ePy d'x _ p / <?y dx\ dt 
W^W — ^Vdi'^diJda' 



therefore " 2i2p» = | {/ (|)} 

andfinally i? = -^.|(py|) (2), 

which detennines the required law of resistance. 

244. If the resistance vary as the product of the density 
and the n^ power of the velocity, 
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^-Kt)' 



n 



Mid by equations (1) and (2), 



which, according as n is not or is equal to 2, may he written 



S-n 



n-2d8\ ^ dp J 



dp, 



or 



'=-5s'»<'^'|)- 



These equations determine either the law of density that a 
given curve may he described, the force being supposed known, 
or the law of force supposing the density known. 

246. A particle, moving in a resisting medium of which 
the resistance varies as the product of the density and the square 
of the velocity y is acted on oy a central force ; to determine the 
orhit. 

This may he derived immediately from the result of last 
Article, hut we will here give a direct investigation. Let P he 
the central force ; then, taking the equations of motion along 
the radius vector, and perpendicular to it, we have 



df 



-'©'-'-KDl <■'■ 

rdt\^ dt)~ *U/ ds * 
Dividing the latter of these equations hy r -^ , we have 
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ii" 



Therefore 



dt 



^%-^^ (1); 



h being the constant introduced in the integration and de- 
pending on the initial circomstances. 

Again, if we put r = - , and obserre that 

dr_ 1 du IdudO 
di u!^^^'^t?d0di 

^d0^ ' 
and — h—e^^+hk-e-^^ 

" '''* de^^ dtdt' 

on substituting in equation (1), and using the relation 

(ds^dr^dsdr 
\^) ds^~dtdt' 



we obtain 



^AV^€-'^-AVe-»^=-P; 



or finally W'^'^'^H^^^ ^^' 

The equations (1) and (2) differ from those of unresisted 
motion solely in the modification of their last terms by the 
factor r""^** and its inverse square. When h is small, there is 
no difficidty in integrating them approximately by methods to 
be explained in Chap. XL 
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EXAMPLES. 

(1) A particle is |)rojected with a given velocity F in a 
nniform medium in which the resistance varies as the square 
root of the velocity ; to find what time will elapse before the 
particle is reduced to rest. 

2F* 
Required time =— jr- • 

(2) A particle projected with a velocity of 1000 feet a 
second, loses half its velocity by passing through 3 inches of 
a resisting medium of which the resistance is uniform ; to find 
the time of passing through this space. 

— -r th of a second. 

(3) A particle falls towards a center of force which varies 
as the inverse cube of the distance, in a medium of which the 
density varies also as the inverse cube, and of which the re- 
sistance varies as the square of the velocity ; prove that at any 
distance x fi:om the center, 



(velocity)* «^{l--e"*^"<^^}, 



k 

where /* = force at tmit of distance, A: = density at unit of 
distance, and a » distance of the particle firom me center at 
the beginning of its motion. 

The equation of motion is 

d'x 



x'^x'\dtJ ' 



de 

dv a , kv* 

or V =«q + 



.8 T^ _8 



Let v* = zi 



dx X X 



dz 2hz _^ 2/A 
* * fib ic" "" aj* * 



1 
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Multiply by e^ and integrate ; 

* a ^ 

k 

Now when a?=a,«ssr* = 0; A C=— ^6^; 

(4) A particle acted on by a constant force y^ moved from 
rest in a medium of which the resistance varies as the square 
of the velocity directly and as the distance from the center 
inversely ; find the velocity of the particle at any distance 
from the origin, and the position of the particle when its 
velocity is a maximum^ 

^"^^ = Y^ («"* - ^'■^)' ^' = (2A:)^a, 

where a is the initial distance and k the resistance when x 
and V are both unity. 

(5) If chords be drawn from either extremity of a vertical 
diameter of a circle, the time of descent down each of them in 
a medium whose resistance varies as the velocity, is the same. 

(6) A particle is projected with a given velocity, towards 
a center of force attracting inversely as the cube of the distance, 
in a medium of which the resistance varies as the square of 
the velocity directly, and as the square of the distance from 
the center inversely ; to find the velocity at any point 

Here e -t;*-. •P = A(__e •-- ^e^. 

where Fis the velocity of projection, fi the absolute attracting | 
force, k the resistance at a unit of distance, a the initial dis- 
tance, and X the distance of the particle corresponding to the 
velocity v. 
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(7) One particle begins to fall from the higher extremity 
a( a vertical line, and at the same instant another ia projected 
upwards from the other extremity with a given velocity, the 
particles moving in a medium of which the resistance varies 
oirectly aa the velocity ; shew that the time at which they 

1 V 

will meet = j^ log „_ , , where a is the length of the vertical 

line, V the velocity of projection, and k the resistance for a 
unit of velocity. 

(8) A particle acted on by ^avity falls from a given alti- 
tode in an uniform medium of which the resistance varies as the 
square of the velocity ; on arriving at the lowest point of its 
descent it is reflected upwards with the velocity which it haa 
acquired in its fall, after reaching its greatest altitude it again 
descends and is again reflected, and so on perpetually ; to de- 
termine the altitude of ascent after any number of reflections. 

Ijet a be the height from which the particle fells, a , a,, a^ 
&c., its maximnm altitudes afterwards, v^, r,, v„ &c,, its 
"velocities after the first, second, &c times of reaching the 
bottom, then (§ 233), 









1 1 1 


Adding 


1 1 n-1 


Hence 






h-U'-^^~^, 
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1 ( n-(n-l)e-g ^ 



t».« €if " - 1 



n€«^ - n + 1 

The particle is now projected upwards with a velocity », 
therefore (§ 233) 



U-^log(l + ^) 



V9 

2/" 



nc^'-fi + l 



If a be equal to infinity, 

K*. n-fl 

(9) To determine the law of force that a particle maj 
always descend to a given center in the same time from 
whatever distance it commences its motion, the medium in 
which the particle moves being uniform, and the resistanoe 
varying as the square of the velocity. 

(10) If one particle be projected in a medium, the resist- 
ance of which varies as the velocity, and be acted on by s 
constant force parallel to a given line, and another be pro- 
jected in vacuo at the same angle and with the same velo- 
city and be acted on by the same constant force, and if ^^, t^ be 
the times of describing two arcs in the medium and in vacuo 
so related to each other that the tangents at their extremities 

shall be parallel to each other, then e*** — 1 =A;^„ k being the 
resistance corresponding to the velocity 1. 

(1 1) A particle moves in a semicircle, acted on by a con* 
stant force in parallel lines ; find the requisite resistance, and 
supposing the resistance to vary as the density into the square 
of the velocity, find the law of density. 
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Let the equation to the circle be :^ + y* = a', aad the foice 
parallel to y ; then ii « a;, ft ec — ^ — , . 

(12) A particle acted on bj a constant force parallel to the 
axis of 5 moves in the curve o"''y+a!" = J"; find the law of 
resistance. 



£cc 



V{a'-' + «*a^) 



(13) A particle acted on by a constant force parallel to the 

aads of y moves in the cnrve, y = mx + -~y ; find the law of > 

density, the resistance varying aa the product of the density 
and square of the velocity. 



(14) A particle moves in a circle about a center of force 
in the circumference, the force being attractive and =/w"; to 
find the resistance of the medium and the law of the denaity, 
snpposing the resistance equal to the product of the density 

and the square of the velocity. 

» f* / .t\_i." AT n + 5 sin 
« = ^(n + S)r"gm5, k = ~^ . 

(15) A particle moves towards the pole in an equiangular 
spiral about a center of force in the pole, the force being ftr"; 
to find the resistance and density of the medium, the resistfince 
being equal to the product of the density and the square of 
tbe velocity. 

„ tjt{n+?-) , , n + 3 cosa 

where a is the constant angle of tbe spiral 

(16) A particle moves in the circumference of a circle 
about a center of force in the center, the resistance of the 
medium in which the motion takes place beipg constant ; to 



i 
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find the law of force, the yelocitj at any time, and the tiioe 
which elapses as well as the space described before the particle 
is reduced to rest 

a ^ ' 2c c 

where F= initial velocity, c = constant force of resistance, 
a = radius of the circle, s the arc described from the be- 
ginning of the motion, S and T the space and time corre- 
sponding to the particle's being reduced to rest. 

(17) A particle is projected along a smooth circle with 
velocity F in a medium whose resistance oc ©'. Prove that 
when the direction of the motion has changed through an 
angle <j> the velocity = Ve^. 

(18) A particle moves towards the pole in an equiangular 
spiral, the motion' taking place in a medium whose resistance 
= At*; find the law of central attractive force in th^ pole. 

p^ (n+3)cosaa'F' + 2A;(r*^-a"^) 
■" (» + 3) cos ar* ' 

where F= initial velocity, and a = constant angle of the spiral 

(19) If a particle acted on by a central force P is moving 
in a medium whose resistance = A (velocity), prove that 

where A is an arbitrary constant. 

(20) A heavy particle moving in a medium whose resist- 
ance == nv^y is compelled to describe in a vertical plane the curve 

OiC = €*• — /w — 1, 

where s is the length of the curve measured from the lowest 
point, X the abscissa of the extremity of this arc referred to 
a vertical axis, and a a constant; shew that the time of 
rea^^hing the lowest point is independent of the height ftom 
which it starts. 



J 
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(21) Shew that the curve in last question is also tauto- 
clironous if the resistance = mt? + wi;'. 

(22) A heavy particle moves in a medium in which re- 
sistance varies as the square of the velocity^ V^, K are its 
velocities at the two points where its direction of motion 
makes an angle <j> with the horizon, and V its velocity at the 
highest point ; prove that 

1 1 __2cos'<^ 

(23) A particle of weight W moves under the action of 
gravity in a medium of which the resistance B is always small 
and varies according to a given law ; shew that the velocity 
of the focus of the instantaneous parabola at any time is 

-=. X velocity of the particle. 

(24) A particle under the action of no forces, is con- 



c * 



strained to move on the curve y = « (^* + ^ ^^ ^ uniform 

medium whose resistance varies as the velocity. Prove that 
the pressure on the curve at any time t varies inversely as 
y^^j where Ic is some constant. , 

(25) A heavy particle of mass m falls down a smooth 
cycloid whose axis is vertical and vertex upwards, in a medium 

whose resistance is — - , and the distance of the starting point 

from the vertex is c\ prove that the time to the cusp is 

f^ — / 1 ) , 2a being the length of the axis. 

(26) Determine the motion of a body acted on by an 
attractive force towards a fixed center and proportional to the 
distance in a medium whose resistance is proportional to the 
velocity. 

A body performs rectilinear vibrations in this medium in 
a period T, and the coordinates of the extremities of three 
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consecutive semi vibrations are a,b,c; prove that the coordi 
nate of the position of equilibrium and the time of vibration 
if there were no resistance are respectively 



a + c-2i 



.«ar{.+i(iog!£|)y'. 



(27) A particle moves in a resisting medium ; state any 
reasons, arising from the principle of the conservation of mo- 
mentum which render it probable that the resistance at any 
point varies as the density of the medium at that point, and 
the square of the velocity of the moving particle. 

A particle describes in the medium an ellipse under the 
action of two forces tending to the foci and vaiying inversely 
as the nth power of the distance ; find the density of the. 
medium at any point of the path ; and shew that if the forces 
vary inversely as the distance, their absolute values being the 
same, the density varies as the acceleration with which it 
would move in a non-resisting medium, under the action of 
the same forces if it were constrained to move in the ellipse. 

(28) A particle is suspended so as to oscillate in a cycloid 
whose vertex is at the lowest point : if it begin to move from 
a point distant a from the lowest point measured along the 
curve, and the medium in which it moves gives a small re- 
sistance kff^ to the acceleration, prove that before it next comes 

to rest energy has been dissipated which is -^ of its original 

value. 
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CHAPTER IX. 

GENERAL THEOSEMS. 

246. We propose now to prove some of the general 
theorems connected with the motion of a particle under the 
action of any forces, and to investigate the forces requisite 
for the description of given paths in a given manner. Several 
of these results have already occurred as immediate deduc- 
tions from the laws of motion ; but to maintain the special 
character of the work we give more formal analytical demon- 
strations, though these are certainly superfluous. 

247. If a particle he subject to the action of forces, whose 
resultant is continually at right angles to the direction of motion; 
the velocity of the particle will be uniform. 

Let R be this resultant, X, /*, i/, its direction cosines, then 
if the mass of the particle be taken as unit, the equations of 
motion are 

dx 
Multiplying by -i-, ..., adding, and observing that 

^ dx dy , dz ^ 
as as as 

since the force B is at right angles to the element of the path, 
, 1 d , ^ dxd^x dy d'^y dzd^z ^ 

therefore v = const. 

T. D. 19 
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Or, we might at once have resolved along the arc ; 
would have given 

= 0; 



whose integral is 



dH" 



ds 

-- = I? = const. 

at 



V* 



The value of R (§§ 17, 69) is evidentlj — ; and therefore. 

varies inversely as the radius of absolute curvature of the pat 
It is clear that its direction lies in the osculating plane, 
there is no acceleration perpendicular to that plane. 

248. Ex. I. A particle projected in a plane ts acted { 
hy a constant force R in that plane continually perpendic 
to the direction of motion; to find the path descrihea. 

Here -B = — ; and therefore p is constant, or the pathi 
a circle. 

Ex. II. Let B vary as the time elapsed since the coinr 
mencement of the motion ; then R = R^t. 

Also s, the arc of the curve described in the same timi! 
s= vt, since v is constant 

Hence we have 

p °V 

therefore ps = const. = c* suppose. 

If yfr be the angle which the direction of the element h 
makes with any fixed line, 

and therefore s-j-j = c*, 



dy^ 



J 
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e integration of which gives 

e intrinsic equation of the curve described. 

249. JjT X, T, Z he the rectangular components of a force 
forces such as occur in naiure^ t. e. tendtiy to fxed centers 
d being function fi of the distances from these centers^ 

Xdx + Tdy + Zdz = -dV, 
'.is a complete differential. Compare § 78. 

Let the points a^, J^, c^ ; a,. J,, c^ ; &c, be the positions of 
e centers of force ; x, y, z the co-ordinates of the attracted 
rticle; then, if r^, r,, ... be its distances from the centers, 

^;{D),4>: (2)),&c., 

e laws of attraction to those centers ; we have 

j:=^^/w+^^.'w+ 

But r = V{(«-a:)« + (6--y)* + (c-i5)*]; 

liich gives (-j- j = , &c., for tlie values of the partial 

fferential coefficients of r. 

Hence 

dr^ 



These give 






Xdx •{- Ydy¥ Zdz 

-^■w{(l)^*(D*+(j).^} 

--2f (r)t&- = -rfF (1), 



19—2 



V 
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since every term of the sum is a complete differential 
§ 78 it is obvious that V is the potential energy of 
matter at x, y, z. 

250. Under the cu^tian of any farces atich as 
nature the increment of the square of the velocity of a ft 
in passing from one point to another is independent of the 
pursued^ and depends only on the initial and final positi 
This is true even if the particle be forced to move in any 
ticular path by a force continually perpendicular to its 
tion of motion^ such as frictionless constraint. 

If we choose tangential resolution, the force of consi 
haa^ no component in that direction, and the equation of 
tion is 

d^s -^dx ^dy „dz 

di'-'^ls^^ds^^^-' 



ds 



which becomes by (1), 



ds d^s -, ,,, .dr dV 



dt dt^ 



dt 



dt • 



Therefore 



V 



"-=G-t<f,(y) = c-r. 



Hence, if U be the velocity at a point whose distances 
the centers are 5„ R^^ , and where F= F^, 

a result which involves only the co-ordinates of the initial 
final positions. See, again, § 78. 

251. Hence if from any point of the surface 

«F=2<^(r)=-4, 

a particle be projected with a given velocity in any directic 
its velocity when it meets the surface 

will be the same, in whatever point it meet that smfa 
A and B being any cOnstanta. 



GENEBAL THEOREMS. 293 

Now on account of equation (1), 

F= 2^ (r) = constant 

is the equation of a surface on which if smooth a particle will 
rest in any position under the action of the given forces. 

Hence a particle leaving anv point of a surface of equi- 
lihrium with a given velocity, will have on reaching any otner 
surface of equilibrium a velocity independent of the path 
pursued or the point reached. This is evident from § 78 if 
we notice that a surface of equilibrium is an Equipotential 
Surface. 

252. To find the condition to which the ajfplied farces 
must he subject when the vis viva of a particle depends upon 
its position only. This is merely the converse of § 250. 



Here we have 



-t;' = ^(x,y,«), 



and, therefore. 

But, in all cases of motion, 

vdv =a Xdx + Ydy + Zdz. 
Hence« in this case we must have 

that is, 

Xdx+ Ydt/ + Zdz 

must be the differential of a function of three independent 
variables. 

If the seat of the force be in a definite fixed point, which 
may be taken as origin, the velocity can evidently depend 



L. 
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only on the distance from that point, not on the directm 
the distance ; hence, if 

we have o ^ = ^ ('')• 

The above process gives, in this case, 

vdv=^Xdx+ Tdi/ + Zdz = d<f> {r) 

X T Z 

or — = — =:- 

X y i5 

which shew that the force is in the direction o/r. 

From this again it evidently follows that its magnit 
must he a function of r. 

253. The proposition of § 250 contains the Principle^ 
the Conservation of Energy, or, as it was formerly called, ' 
Principle of Vis Viva ; for the case of a single particle. 

From this principle it follows that if several partic 
moving under the action of the same center of force hai 
equal velocities at any particular distance from their centerj 
their velocities will always be equal at equal distances ' 
that center. 

Now we have seen (§ 151) that the axis major, 2a, of 
elliptic orbit about a center of force in the focus is independi 
of the direction of projection. Hence, by considering 
particular case of a very narrow ellipse, we see that the v 
city at any point is due to a fall, from rest at a distance 2a, 
that point ; and that, therefore, in any elliptic orbit alwnti 
focus the velocity at any point is that due to a fall to the poin^ 
through a space equal to the distance from the other focus. 

254. If the forces acting on a particle^ and the square m 
its velocity, be increased at any instant in the same ratioj i 
path will not be altered. 



r 
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For tte tangent, and the osculating plane, which con- 
tains the tangent and the resultant force, are evidently not 
altered. And the curvature, being § 69, 

Normal Component of Forces 
Square of velocity ' 

has its numerator and denominator increased in the same ratio. 
And the square of the velocity at the end of any arc is in- 
creased in the same ratio as that at the beginning. Hence each 
successive elementary arc of the path remains unchanged. 

255. If a numher of separate particles whose masses are 
nil, ™2» ^^' ^^ij^ted to the action of forces fj, f,, <fec. respec- 
tively^ and successively projected from the same point in the same 
direction with velocities Vj, v^, <fec. all describe one path ; the 
same path will also be described by a particle of mass M pro-' 

jected with velocity U from the same point in the same direction^ 
and acted on at once by the same forces f^, f,, &c. provided 

MU^ = 2(mv^). 

Suppose that, in addition to the forces f^ f^, &c., a force 
R continually acting in a direction at right angles to that of 
iTa motion be required to cause it to move in the given path ; 
i.e. suppose M to be constrained by a smooth tube to move in 
the required path j the equations of motion are 

jf ^=S (X) + izx (1). 

with similar equations in y and Zy 

where \, fi, v are the direction cosines of -B, and X, Y^ -2' the 
resolved parts (of/ " 

Multiplying by -r-, -r^, -r ^^ order, and adding, we 
eliminate R and have 

\Md{ir)^^ (X) dx + t{Y) dy + tiZ) dz. 

But for the separate particles w^, m„ &c. we have 
~ m^d (Vj") = X^x + Y^dy + Z^dz, &c. ; 



2 
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therefore, the path being the same for all, 

It {md(v')]^t{X)dx + X {¥) dy + t{Z)dz. 

Hence 2 MXO} = Md ( XT), 
or 2 (mv*) = if Z7' + C: 

But, by hypothesis, 2 wP = MV^, 
therefore 0=0. 

[Instead of this analysis, it is sufficient (by § 78), to notice 
that the work done on M is the sum of that done on m^, m^ 
&c. Hence the increast of kinetic energy must be the same ; 
and if, at starting, the kinetic energy of Jlf be the snm of 
those of m^, m^ &c it will remain so throughout the motion.} 

Hence the vis viva of M will be at each point of the orbit 
equal to the sura of the vires viv» of m^^ m^ &c,, at that 
point. To find By notice that in general the pressure on a 
constraining curve depends upon two things, the resolved 
parts of the injipressed forces, and the pressure due to the 
velocity. Now the latter part is as the vis viva, therefore in 
the case of Jf it is the sum of the corresponding forces in the 
case of my m,, &c. Also the same may be said of the resolved 
parts of the impressed forces. But in the case of each particle, 
these partial pressures destroyed each other, since the curve 
was described freely, hence their sums will destroy each other, 
or the curve will be freely described by M. 

256. If at any instant the velocity of a material particle^ 
moving under the action of a conservative system offorces^ § 77, 
he reversed^ the particle will describe its former path in ike 
reverse direction. [Compare Ex. (48) to Chap. V.J 

Suppose a smooth tube, in the form of the original path^ 
requisite to constrain the particle to move backwards along 
it. The velocitv will be, at each point, of the same magni- 
tude as before (§ 250) ; the resultant force, and the curvature 
of the path, will also be alike ; hence the normal component of 
the force will produce the requisite curvature of the path, and 
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there will be no pressure on the constraining tube. The tube 
iSf therefore, not required. Whence the proposition. 

257. Least, or Stationary, Action. If v be the velo- 
city of a particle whose mass is m^ and if « be the arc of the 
path described, the value of the quantity 

A = mjvds 
(taken between proper limits) is called the Action of the particle, 

J^ a particle move freely ^ or on a smooth surface^ {under 
the action of forces such as occur in nature,) between any two 
points, the value of the integral mfvisfor the whole actual path 
is generally less than it would be if the particle were con- 
strained to pass from one point to the other by a different path. 
This, combined with the above definition, is lor a single 
particle the Principle of Least Action; of which in an element- 
ary work like the present we can give only a very imperfect 
sketch. For farther information see Thomson and Tait's 
Natural Philosophy, § 318. 

258. The proposition to be proved is that, S being the 
symbol of the Calculus of Variations, and the mass of the 
particle being for simplicity taken as unity, 

hA^Zjvds^O. 
Now Zjvds = jS {vds) =f{vBds + ds Bv) 

^J{vBds + dtvSv), since t;=T-. 
But generally, 

it?'=r/(Xda?+ Ydy + Zdz)=^ir{x, y, z), 

the force of constraint, if any, having disappeared ; 
hence vSw = -ZSa: + Yhy + ZBz. 

But (§ 203) X^^-BK, &c. 
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Hence 

Now if the particle remain on the surface whose equation 
iBjP=0, 

XSa: + /iSy + vSz = kSF=^ 0, 

and if it leave it jB=s 0, so in either case the latter term on 
the right vanishes. 

Also &* = d!x* + dy* + efo'; 

which gives dsSds = dxBdx + dyhdy + dzBdz^ 

or vBda = -r Bdx + -^ Srfy + -r: Bdz 

since the order of d and 8 is immateriaL 
Hence 

taken between proper limits. Now at both limits 

hence we have BA = 0. 

269. It is commonly said that as, in general, it is im- 
possible to suppose the action a maximum, this result shews 
that it is a minimum. The true interpretation of the ex- 
pression, BA = 0, is that the unconstrained path of the particle 
IS such^ that a small deviation from it will produce an infi- 
nitely smaller change in the value of A. Hence Hamilton bas 
suggested the more appropriate title Stationary Actum. 



'dz\] 
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260. If no forces act on the particle except the constraint 
of the surface, we have v constant, and the above equation 
shews that in this case the length of the path is generallj a 
minimum. 

A particle therefore, projected along a smooth surface and 
subject to no forces, will trace out between any two points in 
its path the shortest line on the surface (§ 205). 

It maj happen^ in the case of a sphere for instance, that 
the particle will not trace out thie short^t line on the surface 
"between the two points ; but we cannot here enter into the de- 
tails which are necessary to the full elucidation of such cases. 

261. We may apply this principle directly to form the 
equations of motion in any particular case, or to find the 
actual path under the action of any forces. 

Ex. I. Let us take again the case of the refraction of 
light in the corpuscular theory (§ 130). 




The velocity in the upper medium is supposed to be w, that 
in the lower v. 

In this case the expression for the action becomes simply 

uPQ + vQR, 

if PQR be the path of the particle. 

By making this quantity a minimum, as depending on 
the position of Qj P and R being given points ; it is easy to 
shew that Q must lie in the plane through P and R pei-pen- 
dicular to the surface AB^ and also that the sines of the 
inclinations of PQ and QR to the normal at Q must be in 
the inverse ratio of the velocities. 
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262. Ex. lit To find the equation of the path desaii 
by a particle about a center of force. 

Let P be the central force at distance r, then 

if^C-2jPdr, (§143) 

= (^ (r)Y» suppose, (1) 

which gives 

f vds ^ f<f> {r) da. 

Hence 

0^8J<f>(r)d8 
=/{f(r)Srcfo + ^(r)c?&} 

= ||^M {x&c + yBy + z8z) da 

+ /[^ («&B + ySy + zhz) ds 

The integrated part refers only to the limits, and must 
therefore vanish independently of the integral. That the 
integral may be identically zero, we most have 

x^' (r) 



^-IK)^}-- 



with similar equations in y and ». These may be written 






(«)• 
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Multiplying by any three constants, A, B, C, and adding, 
ve have 



(Ax-^By+Cz)^ 



dr 
da 



which is obviously satisfied by 

Ax'{-By-\- Cz=^0. 

This equation shews that the orbit is in a plane passing 
through the center of force. Let xy be this plane, then we 
may confine ourselves to the first two of equations (a). 

Multiplying the second by x and the first hj y and sub- 
tracting, we obtain 

,,r \dr f dy dx\ . , , v / d^y d^x\ 
This is immediately integrate, and gives 

Since ^ (r) = v, we see by § 24, that this is in polar 
co-ordinates 

4r* («. 

which is the equation for the equable description of areas. 

Finally, multiplying these two first equations of group (a) 
by X and y respectively and adding, we have 

^■m(.-(|)]-*m(-S^.§)-o W. 

But, since 

dr ^ dx dy 
-" ' ''ds^'^Ts^y^' 
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we have by differentiation 

Substituting in (c), and changing the independent variable 
from sto 0hj means of the equation 

we have 

Putting - for r, this becomes 

But, by (J) as developed in § 142, 

Also <l> (r) f (r) = - P, ty (I) . 

Thus (<2) becomes 

d*u P . „ 

^ + «=^., asm §135. 

263. We might have treated these equations (§ 262 (a)) 
somewhat differently tlius 

Hence *W5i=5^'*^-' 

and we have the equations 

x4>{r) d [dx\ ^ 9 s 
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which give, at once, 

X y z ' 

containing the theorems of constant plane and equable de- 
scription of areas ; and since 

the ordinary equations in three rectangular directions. 

264. We might have simplified the work by using polar 
co-ordinates immediately after having proved that the orbit is 
plane. For we have 

•^=/<AW>y|^"+(^)}^^' amini 



mmimum, 



and therefore (by the formula F = -Q? + (7) 



.Vh(l)}=*«^-. 



or reducing, and putting h for (7, 



••*«=»y{''+©} (* 



^ds y ds 

whence ^ -57 = At 

at 

the equation for the equable description of areas. 
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Sqaaring (e) and attending to (I), we have 
or, putting 



1 
u 



h{H-^»''^0'' 



du 



or, differentiating and dividing by (2) -j^ 



=«M + 



d'u 



Vu* "^ ' dec' 

the general equation of central orbits. 

265. Varying Action. If, in § 258, we assume 

(with the notation of § 78) it is evident that H will depem 
on the initial velocity. Supposing that this and the initi 
and final co-ordinates vary ; then, in addition to the alreadj 
considered variation of the form of the path between it 
extremities, upon which the unintegrated part of the value o^ 
hA depends, we shall have in ZA terms depending on the 
variations of initial and final positions and of initial velocity. 

The additional term in vZv is ZH^ and its integral iZHm 
at once obtained. Hence in this more general variation of 
the conditions we have in the value of hA the following ad-j 
ditional terms, depending on the limits only, and therefore to i 
be treated by themselves. 






+ g) &.] + m 
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Hence, if A could be found in terms of a?, y, z, x^, y^, z^ 
and ff, we should have at once the first and second integrals 
of the equations of motion in the form 

&c. &C.y 



with the farther condition 

SA 



= «. 



(1). 



266. A is, of course, a function of x, y, z, a?^, y^^ «^, and 
Hj and we see by equations (1) that it must satisfy the partial 
dijSferential equations 

-^ &)'<H^)''-^^^-^^ <* 

267. The whole circumstances of the motion are thus de- 
pendent on the function A, called by Hamilton the Character- 
istic Function, The above is a brief sketch of the foundation 
of his theory of Varying Action, so far as it relates to the 
motion of a single free particle. The determination of the 
ftinction A is troublesome, even in very simple cases of mo- 
tion ; but the fact that such a mode of representation is pos- 
sible is extremely remarkable. 

268. More generally, omitting all reference to the initial 
point, and the equation § 266 (2) which belongs to it, let us 
consider A simply as a function of x, y, z. Then 

Any function^ A, which satisfies 

possesses the property that 

dA dA dA 
dx^ dy ^ dsi 

T. D. 20 



L. 
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represent the rectanaular components of the velocity ofapaHvk 
in a motion possible under the €xtion of the forces whose fih 
iential is Y. 

For, bj partial differentiation of (1), we have 

^«X=-— *=—— + — -^ ^4j^ 
di^ dx dx da? dy dxdy dz dxdz* 



Bat 



dz d^A 
dxdy ' dt dxdz * 



d fdA\ ^ dx d*A dy d^A 
dt \dx) dt dot? dt dxdy 
Comparing, we see that 

dx _ dA dy _ dA dz _ dA 
'^'"dx' dt^dy^ di'"dz* 
satisfy this and the other two similar pairs of equations. 

269. Also, if a, /3 be constants, which, along with i 
are involved in a complete integral of the above partial difis 
ential equation, the corresponding pathj and the time of i 
description, are given by 

where a^, )9j, H^ are three additional constants. 
For these equations give, by differentiation. 



d^A dx , d^A 
+ 



dy . d^A 



+ 



dz 



dxda dt dyda dt dzdoL dt 
d?A dx d'^A dy d^A dz _ 
dxd^di "^ dydfi dt dzdfi dt " 



J- 



d^'A dx d^A dy d^A 



dxdS dt dydH dt dzdHdt 
But, differentiating (1), we get 

d^A dA d'A dA d?A dA 



dz _ 



(a). 



+ 



-T- + 



= 



d(kdx dx d^kdy dy dj^dz dz 
d^A dA 6? A dA d?A dA ^ 



d^dx dx d^dy dy d^dz dz 
d^dA d^dA d'A dA ^ ^ 
dHdx dx dHdy dy dSdz dz> 



(6). 



m^^^ 
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The values of -r- , &c. in (a) are evidentlj equal respeo- 

dA 
tively to those of -7- , &c. in (i). Hence the proposition. 

270. Equiactional surfaces^ i.e. those whose common 
equation is 

A = const. = C7, 

are cut at right angles by the trajectories. 

For the direction-cosines of the normal are ohviously 

, ^ dA dA dA ^r ^ • ^ dx du dz 
proportional to ^, -^, -^, that is to ^, ^, ^. 

Thus the determination of equiactional surfaces is resolved 
into the problem of finding the orthogonal trajectories of a set 
of ^ven curves in space, whenever the conditions of the 
motion are given. We cannot, in the present work, spare 
space for much detail on this very curious subject, and there- 
fore give but one other singular property of these surfaces 
before applying the principle of Varying Action to an im- 
portant problem. 

Let tsr be the normal distance at any point between the 
consecutive surfaces 

-4=(7, andu4 = (7+Sa 
We have evidently 

where Sa;, Sy, Sz are the relative co-ordinates of any two con- 
tiguous points on the two surfaces. If p be the length of the 
line joining these points, its inclination to the normal (i e. 
the line of motion), this may evidently be written 

vpcosO = t?«r= BC, 

since p cos ^ is the normal distance between the surfaces* 

20—2 
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Thus, ih$ distance between eanaecutive equiactional 
18, cU any paint, inverady as the velocity in the carresporu 
path* 

This may be seen at once as follows; the element of I 
action is vSs (where S$j being an element of the path, i&j 
normal distance between the surfaces) and must therefc 
equal to BC. 

271. To deduce f from the principle of Varying Ac 
^/orm and mode of description of a planet's orbit. 

dV 
In thLsi case it is obyioos that — -j- represents the foi 

gravity ( ^ 3) • Hence the right-hand member of § 2W1 

may be written 2 f £■+ -J , 

Let us take the plane of xy as that of the orbit^ then 
equation § 266 (1) becomes 



(1] 



It is not difficult to obtain a satisfactory solution of 
equation ; but the operation is very much simplified by 
use of polar co-ordinates. With this change, (1) becomes 



which is obviouslj satisfied hj 

dA 



(8) 



de 



= constant = a 



(^)*-(^^f)-?J 



(3) 



Hence 



^-a^+^dr y2(j+^)-^' (4) 



jpiiU^^i ■■«^»i.,^^,-«-,7_7^^^_ 



-5W7ST^530SS»'«^ 
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The final integrals are therefore, by § 260> ^ 

^^.gl = 0-J *L___..! (5), " 



dd 



and 



dH 



= e+6 



' , J. 



= f--«±= ;...". (6). 

These equations contain the complete, solution of the 
problem, for they involve four constants, ^, a, JJ, 6. (5) 
gives the equation of the orbit, and (6) the time in terms 
of the radius vector. 

272. To complete the investigation, let as assume 

£-1 

where I and e are two new arbitrary constants introduced in 
place of a and EL With these (5) becomes 

dr 






1 
P 



--/: 



cZr 



V ?"(;"!) 



= ^-C08'— — , 

6 

I 



"^«<»' 
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the general polii^ equation of conic sections referred to 
focus. 

' Also, by differentiating (5) with respect to r, we haye 

adr 



"v/'K)-? 



=d0. 



firom which, hj {6), we immediately obtain 

This inTolyes, again, the equation of equable descripdfll 
of areas. 



273. To illustrate the subject farther, we will dednc 
others of the ordinary results of Chaps. V. and VI. from th 
formulae. Thus, let 0^ r^ denote the polar co-ordinates 
any fixed point in the path, from which the action is to h 
reckoned. "We hare, by (4), 






1)ecaiise, hj (5), 



(7), 



e 



Jr. 



adr 



"sMf^? 



To integrate (7), remark that (§ 149) | < ^ in an elKp& 
orbit^ and that thus J? is negative by § 271 (1). 



-r ^ 
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Pat ^ = -^a, 

and r=5a(l — 6C0S^), 

and (7) becomes, after substitation, 

A='^fiai {I + e cos ^) d<l), 

which is immediately integrable. 

It is obvious from § 162 that ^ represents the excentric 
anomaly. If we measure it from the perihelion we have 
evidently 

A = V/Aa {<}> + e sin ^). 

274. By (6) we have 

dr 



t 






By employing the same substitutions as in last section, 
^ being measured from perihelion^ it is easy to bring this 
expression into the form 

^^k/"} (1 — ecos^)(Z^ 

the formula of §§ 161, 163. 

276. By the process of § 161 we see that while 

^ — 6 sin ^ 

is proportional to the area described about the center of force, 
and therefore proportional to the time ; 

^ + 6sin<^ 

is proportional to the area described about the other focus, 
and is, by § 273, proportional to the action. Thus in a 



-yvraag 
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planet^a elliptic orbit the time is measured hy the area descrtid 
about oneJocuSf and the action by that about the other. 

An esBj yerification of this curious result is as follows. 
With the usual notation we have 

dA^vda 

P 

by the result of § (140). But in the ellipse or hyperbola, / 
being the perpendicular from the second locus, 

h 
Hence dA =» + pp'ds^ 

which expresses the result sought 

It is easy to extend this to a parabolic orbit, for which, 
indeed, the theorem is even more simple. 

276. It may be useful to give another -example of 
Hamilton's remarkable method. For this purpose we wfll 
again briefly consider Cotes* Spirals. [See Chap. V., Ex. (15).] 

Here the central force is inversely as the cube of the dis- 
tance, and therefore the equation of action is 

fience, as in § (271), we have 

dA 



dA / 



2fl + ?^ 



Prom these it is easy to find A^ but we leave this as an 
exercise to the student. 



GENERAL THEOREMS. 313: 

Again, 



dA ^ f dr 



V 



r'KnH^- 



r* 



Substituting exponentials for the logarithm, this takes 
lie form 

— ^- — = 6 • *-2JBr€ • • 

T 

This integration fails for certain special values of, or 
relations among, the constants, but the reader can have no 
iiflSculty in obtaining the requisite changes in these cases, 
Mid so reproducing all the varieties of possible orbits given 
in the Examples to Chap. V. 

277. If we treat the investigation of § (200), in the way 
in which Hamilton treated that of § (257), we arrive at a 
number of curious theorems connected with Brachistochrones ; 
of which a few will be given here from the Trans. B, 8. E. 
1865. 

Putting r for the time in the Brachistochrone, we have 

Sr 1 dx St f\ dx\ 
hx^'?'dt'hxJ^'^Wdi)^ 



^__fdt_ [ds 



corresponding to the group i^ § (265), 

Hence, just as in § (268) it may be shewn that for any 
forces, of which V is the potential, a value of t from thQ 
equation 
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ia sach that its partial differential coefficients represent 
components of velocity in a possible brachistocnrone, 
diyided bj the square of the whole velocity. 

Also if r contain, besides JJ, two arbitrary constants a, 
the equations of the brachistochrone are 

278. To find the BrcuAistochrone when the force is centred^ 
and proportional to a power of the distance ; the velocity being 
also proportional to a power of the distance^ that is, being di 
velocity from infinity if the force is attractive^ from the cenkr 
\fit is repulsive. 

Here t;«-2(fl-- F) = 4, 

r 

and the central force at distance r is evidently 

dV^ nfi 

Thus (2) becomes 

or, changing to polar co-ordinates, 

\drJ '^f^\ddj ■'"r'sin'^^Vd^; "" /^ ' 

It is obvious that we tnust take 

dr 

whicH shewd that the path is in a plane passing through ths 
tenter of force. The above equation will then be satisfied If 






^•"^ 
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Hence we have 



T«a^ + 



h^i-$ 



And the equation of the "brachistochrone, vrhich is evidently 
k plane curve, is 

»+2 lY /4a' «±2j 



2a j 
w + 2j 



T 



fta" V/* 



v/S^''-^/^l 



/ia 

^ 2 ^^\//ia 
B= ^ cos — ^ : 

w + 2 «±2 

r a 

or y-T- = V;w8ec^^(^-a), 

while the equation of the/re^ |>ath is 

The above integration fails-in the case of n == — 2 ; that is, 
when the force is repulsive and directly as the distance, the 
velocity vanishing at the center of force. But in this case 
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and the equation of the brachistochrone is 

a«g- / logo,; 




the logarithmic spiral. Eliminating r between these eqiuk 
tions, we see that the time is proportional to the polar angle. 

Since a definite form has been assigned to the expression 
for the yelocitj in this problem, it is obyioos that E. is giyen, 

and therefore that there is no -rfr* 



The assumption 



dr 



is easily justified, in the case of anj equation of the form 

\^) ^ f^ \de) ^ r>faxi*eyi4>) " • 

if i'' be a function of roxAj. For 



W" 



^■^ Sr+^td + ^4,. 



,d<l>J drd^t ^ ded<f> ^ d^ 
But 

dr" dt' rde" dt ' rsinddtp ^ 

Hence 

^fdT\ St fdr rfV 1 dr d*r , 
\d<l>) " F*\dr drdif)"^ 1* dd ddd4> 

1 dr (Tt] St^fdF\ 
"*■ r»8in*^ rf^^j ''F[d<f>} 

That is, unless F contains ^> ^ ^ necessarily a constant, 
)8 suppose. 



'^ 
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Sut, in the present case, if we give this constant any valine 
hut zero, we introduce a problem much more general than that 
proposed, for the expression for the reciprocal of the square of 
the Telocity becomes 

r** r^sin'g 
279. It is easilj seen that 

is the equation of an Isochronous surface, 
AlsO| since 



fdT\ /dnr\ fdr\ 
\dx) ^ \dy) ^ \dz) 
dx dv dz 



X ay az 
dt ^ di 

the brachistochrone cuts all such surfaces at right angles. 

And the normal distance between two consecutive iso- 
chronous surfaces is |}roT)ortional to the velocity in the bra- 
chistochrone of which it forms an element. For, of course, 

Ss = vSt. 

280. Hamilton's equation for the determination of the 
Characteristic Function {A) in the case of the free motion 
of a single particle is 

The comparison of this with the equation of § 277 suggests 
a useful transformation. Introducing in that equation a 
factor ^, an undetermined function of a?, y, «, we have 

If we make 
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ATlfl 


(ft 


nuu 

it becomes 


2(if-J0~^ * *^' 


/# (t)Y 


^jd^ir)\'fd4>(r)\'. 



Here it is obvions, that ^ (t) is the action in a free path 
coinciding with the brachistochrone, and that 2 {H^ — 1Q is 
the square of the velocity in this path. 

Hence the cnrious result that, if r be the time through any 
arc of a given hrachistochroney the same path will he described 
freely under the action of forces whose potential is Y^, where 

<l> being any function whatever^ and <f> (t) wiU represerU the 
action in the free path* 

281. The simplest supposition we can make is that ^'(r) 
is constant. In this case the velocity in the free path is in- 
versely proportional to that in the brachistochrone at the 
same point ; and the action in the one is proportional to the 
time m the other. In fact, as Sir W. Thomson has pointed 
out, in this case the investigation may be made with extreme 
simplicity, thus- 

In the brachistochrone we have 



/ 



ds . . 

— a minimum. 



Putting r— - , and considering v as the velocity in the same 

Eath due to another (easily determinable) potential ; we most 
ave 

/i/e& a minimum. * 

This is the ordinary condition of Least Action^ and belongs, 
therefore, to a free path. 



I 
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Hence, since the cycloid is the brachistochrone for gi'avity, 
and since in it v* = 2gy. it will be a free path if v* = — , that 
is for a system of force where the potential is found from 



This gives 



dx ' dy ^ffy** 

In other words, a cycloid may be described freely under 
the action of a force towards, and inversely as the square of 
the distance from, the base ; and the velocity at any point 
will be the reciprocal of that in the same cycloid when it is 
the common brachistochrone. 

This result is easily verified by a direct process. 

282. The converse of the proposition in § 280 is also 
curious. Taking Hamilton's equation § 268, we have^ 

I*''-*)!' {(s)' + O' - (s)} - M^- TO if (^))'. 

Comparing this with that of § 277, we see that t= ^ (-4) 
is the brachistochronic expression for the time in a path which 
is a free path for potential F, provided that <j> (A) and the 
potential for the brachistochrone are connected by the equa- 
tion 

Hence, if A be the action in a given free path, the same 
path will he a brachistochrone for forces whose potential is V,, 
determined by the condition Just given, Y being the potential 
in the free path. 

Thus, the parabola 

(a:-a)»-4a(y-a) 
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is the firee path for t^ ^ 2gy, And the action is given bj 
Hence this parabola is the brachistochrone for 

In the simplest case ^' {A) ^ 1, and we have 



dx ' dy ^9jt* 

Hence, by § 281, the parabola is a brachistochrone when t 
cycloid is the free path. 

283. The examples immediately preceding are but pp 
ticular cases of the following general theorem, which is ea^ilf 
seen to be involved in the results of §§ 280, 282. If toe ham 
two curves^ P and Q, of which T? is a free path, anJQc 
brachistochrone^ for a given conservative system of forces; 
P will be a brachistochrone for a system of forces for which Q 
is a free path — and the action and time in any arc of either, 
when it is described freely, are functions of the time and actum 
respectively, in the same arc, when it is a brachistochrone. 

284. When a particle moves in any curve, it has been 
shewn (§§ 17, 19), that the acceleration along the radius of 



^ .-, . . n fnv* 



absolute curvature of the path is — ; that is, a force — is re- 

. P .P . 

quired to deflect the particle from the tangent, which is the 

path it tends to take in virtue of its inertia. 

From this, or by the formula in § 143, we see that if t 
particle revolve at distance r, with angular velocity ©, about' 
a point, a force wr©' directed towards that point is requisita 
to maintain the distance r unaltered. The tendency to move 
in the tangent was formerly supposed to be a tendency to fly 
out directly from the center about which the particle revolves, 
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and this was imagined to be due to a force, called Centrifugal 
Force, generated in the particle by its rotation about the 
center. 

We have seen that when the motion of a particle in any 
path is referred to polar co-ordinates in a plane, the accelera- 
tion along the radius vector is (§ 16) 



de \dt) ' 



dr 
Now the velocity along r is -^r , and that perpendicular 

to it r -5- : hence the first term of the above is the acceleration 
at 

of the velocity along the radius vector, and the other is the 

so-called centrifugal force due to a velocity r -y- in a circle 

of radius r. The name Centrifugal Force is absurd and mis- 
leading, but the idea of this so-called force is useful, as we 
have already seen (§ 223), in enabling us readily to form the 
equations of motion of a particle in particular cases, 

285. Given the path of a particle, and the manner of its 
descriptiony to find the requisite forces. 

If X, T, Z be the required forces for unit of mass, we 
must have 

^^'dff~dt\^) 



_ds d tds ^\ _ d / dx\ 
''did^\dtdsJ''^dsVd^)' 



with similar expressions for Y and Z. But as the path is 
given, and the manner of its description, that is v in terms of 
the coordinates, the valuQ of the above expressions is com-> 
pletely known. 

Instead of having the velocity at any point, we might 
have had other conditions, such for instance as that the 

T. D. 21 
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resultant force is to be in a given direction, &c, bat than 
like the above, present no diflBcultj. 

286. A particle moves in a plane, under the action of 
central force directed to a point which moves in a given manm 
in the plane: to find the motion. 

Let Xf y, f , 17 be the co-ordinates of the particle and poin^ 
at time U f and 17 are given functions of t. Also let P=/(' 
be the central force at distance r. Then 



d^x 

~de 



= -P 



X"^ 






I 



df V(a?-fr+(y-i7rj 

are the equations of motion. 

The equations of relative motion are, of course, 

d^ 'J{x-^y+{y-r,y dC 

or, patting f „ ijv f"*' *^* relative co-ordinates, 

df VI7+V '^^ 

d\ ^ p % _ ^ 



(1). 



(2), 



(3). 



These equations illustrate, in a particular case, the genenl 
theorem of § 26 ; as they contain, in addition to the terms dtai 
to the attraction of the fixed center, the two known quantities 

"" j^ and "-^1 the components of acceleration of tke 
center reversed. 
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287. Ex. Let the central force vary directly as the 
distance. 

Here P = /a Vf^^+iy^*, and equations (3) of last section 
become 



d% . rf'n 



dt 






df 



d'v, d*f, 
—^41 s= — wn. 5-1- 



Wi 



w, 



(5); 



which are easily integrated, in the form 

(a)' 1 

^ f , M T\\ \dtj 

for particular values of f and 17 in terms of t 

Curiouslj enough, these equations shew that the form and 
position of the relative orbit are altered merely by shifting its 
center, which is no longer at the center of force. 

As a particular case, suppose the center of force to move 
with uniform acceleration, a, parallel to a given direction, 
which may be taken as the axis of y. The center of force 
will in general (Chap. IV.) describe a parabola, and the 
relative motion of the particle will be the same as in § 133, 
the center of the ellipse or hyperbola being not at the center 

of force but at a distance — from it in a line parallel to the 

axis of y. 

Again, suppose the center to move uniformly in a circle. 
We have 

{ » a cos 0)^, 17 » a sin a>^| 

21—2 



324 .GENERAL THEOREMS. 



o'a 



and fj = -4 cos {'tJfU+B) j— - coso)^, 



oD^a 



ff^= Ccoa {»Jtit + D) — -5 sin mt^ 

SO that the motion is still in an ellipse or hyperbola, but ii 
center describes uniformly a circle of radius —^ — round tk 
center of force, 

288. If the radius vector of a curve in spctcebe atea^ 
instant parallel to the direction^ and equal to the magnitudt^ 
the velocity of a particle moving in any path ; the curve is calk 
the holograph corresponding to the patk (§ 20). 

The hodograph is evidently a plane curve if the pi 
is so. 

Let X, yy z be the co-ordinates of a point in the pat] 
f, 97, f those of the corresponding point of the hodograpl 
Jhen evidently by the definition, 

dx ^ 

dS ^ y, 



dt 
Hence, if a be the arc of the hodograph, 

V{(D'-(S)'-(§)] 



dc 
di 



-Ai^hi^hm)- 



and the direction cosines of Bo- are proportional to 

€Px d'y d*z 
W W' 'd£^' 

Hence we see, as in § 20, that 
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The tangmt to the hodograph at any instant la parallel to 
the resultant force acting on the particle at the corresponding 
point of its path, and the velocity in it is equal to the ac- 
celeration of the particle. 

From this it follows that, if r^, ^^ be the polar co-ordinates 
of the hodograph, 

dxd^y dy d^x^^dff ^ {?!__ ^d0^_^ /ds^^dyp" _^r^ 
didf^'di'd^'^^'dt^^dt"^^ dt''\di) W^'p' 

a proof of the geometrical theorem assumed in § 178. 

289. The most important •case of the hodograph being 
that corresponding to an orbit about a single center of force, 
we may deduce the above properties for that case in a some- 
what different manner. 

Ijet P be any point in PA, an abc of an orbit described 
about a center of lorce 8. Draw 8Y perpendicular to the 
tangent at P, and take 8Q . 8T=h, then evidently SQ is 

Sual to the velocity at P, and perpendicular to it in direction, 
ence the locus of Q is the hoaograph turned in its own pilane 
through 90*. 

But we see that it is the polar reciprocal of PA with 
regard to a circle whose center is 8 and radius = V^. Hence, 
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by geometry, the tangent at Q is perpendicular to SP. Th 
evidently corresponds to the first of the two general properdi 
of the hodograph given in last section. 

Let r, ^, p, 8, t\ ff^ p\ 8 represent the nsnal quantities ft 
corresponding points of the two curves ; then if p be the nuin 
of curvature at Q, we have by the condition that QZ is pQ 
pendicnlar to SP^ 

Pjl p'dr 



which proves the second property, 

290. To find the mode of description of a given hodogrq 
that it may correspond to a central orbit. 



Here, pd0 = &' = 



r"S0 



P 



' > 



wherefore 



or 



, d0 _ hV dff 
^ dt~ 2>" dt ' 

t dff _ pp"* pr'* 
dt r* ~73sT* 
\dff) 



'4 



"H%1- 



r 



dff* 



, ., ) . I where «' = — ). 
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/8 r 
^ U 



dp 
dr 

which gives the required angular Velocity at any point of the 
hodograph, in terms of the co-ordinates of that point. 

291. When the central force is inversely as the square 
of the distance^ we have by § 289 for the arc of the hodo- 
graph, 

r ft 

Hence for all conic sections described about the focus the 
hodograph is a circle, as was first shewn by Hamilton. 

This might have been shewn in another way, thus. In 
the fig. (§ 289) if PA be a portion of an ellipse or hyperbola 
of which Sia the focus, the locus of Fis the auxiliary circle. 
Hence evidently the locus of Q is a circle^ If PA be a por- 
tion of a parabola of which 8 is the focus, the locus of Y is 
a straight line, and therefore that of Q is a circle passing 
through 8. 

Hence generally, the hodograph for any orbit about a 
center of force whose intensity is inversely as the square of 
the distance, is a circle ; about an internal point for an ellipse, 
an external point for a hyperbola, and about a point in the 
circumference for a parabola. 

A purely analytical proof of the same theorem is easily 
given. If a?, y be the co-ordinates of the planet, f , tf those 
of a point in the hodograpli, then 
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The equations of motion are 

d^x ax u g. 






Hence, as usual, 



d%i dx ^dO T ,^^ 



and therefore 



d^x u 
which gireti, bj integration, 



dt~hdt\r}' 



(2), 



Similarly J + 5=t, + £^ ^, 

and thence 

proving that the hodograph is a circle. 

dx d'u 
Also, bj eliminating -r- , -^ among the three equations 

(1), (2), we get for the equation of the orbit 

which gives the focus and directrix property at once. 

292. The law of diffusion of heat and light from a 
calorific and luminous bodj is that of the inverse square of 
the distance. Hence an arc of the hodograph of a planet's 



J 
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orbit, which arc we have already seen to represent the integral 
acceleration due to the central force, represents also the entire 
amount of light or heat derived from the Sun during the 
passage through the corresponding arc of its orbit. 

Ex. Compare the amounts of light and heat received 
throughout their orbits by the Earth moving in a circle, 
and a comet moving in a parabola at the same perihelion 
distance. 

The hodographs are both circles, one about its center, the 
other about a point in its circumference ; but the diameter of 
the latter is ^2 times the radius of the former (§ 149). 

Hence their circumferences are as \/2 : 1, or the Earth 
in its orbit receives in a revolution »J2 times the amount 
of light and heat which the comet can receive in its whole 
path. 

It is evident that the path apparently described by a 
fixed star, in consequence of the Aberration of light, is the 
Hodograph of the Earth's orbit, and is therefore a circle in 
a plane parallel to the ecliptic, and of the same dimensions for 
all stars. 

293. It is evident that that diameter of the circular 
hodograph which passes through the center of force is di- 
vided by the center of force in the same ratio as the axis 
major of the orbit is divided by the focus; and by (§291) 

its length = -j^. • 

294. Sir W. E. Hamilton enunciates {Lectures on Qua- 
temions, p. 614) the following proposition : 

If two circular hodographs^ having a common chord, which 
passes through, or tends to, a common center of force, he both 
cut perpendicularly by a third circle, the times of hodogra^ 
phically describing the intercepted arcs will be equaL 

It is evident from (§ 293), that the two orbits are conic 
sections of the same species, and with equal major axes. 
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Also, every circle which cats both hodographs perpendi- 
calarlj- miist have its center on the common chord. Let the 




figure represent one of the hodographs, 8 being the center of 
force, and A£P the common chord. Take any point P and 
draw the tangents PT, PT\ We proceed to investigate the 
difference of the times of hodographically describing TT' and 
the corresponding arc for a position of P slightly shifted 
along AP. 

Draw OA perpendicular to AP, Let OT^a^ AB^\ 
OA^c, 8P^r, SM==w, 8if = i;r\ PO^q, PA^r\ and 
PT=PT=^r, If P be moved through a space Sr, the in- 
crease of the angle P8M which is the angle vector in the 



-BJ 



Sr 



orbit, is nearly. But the corresponding radius vector a 



TT 



the orbit is - (§ 289) and therefore the time of hodographically 
describing the small arc at T is 



^ 1 V zjcr 
hisr rr 



rr va 



(§291.) 



I 

J 
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Hence the whole change produced in the time of hodo- 
graphically describing the arc TT* by shifting Pis 

[This is easily seen, if we notice that by the figure 



17 



l=rsin-^sm ^- +sm -?■ J 



Now this is the same for both hodop^^phs, and, as the 
arc TT' vanishes for each when P is at B^ we have the pro- 
position. 

It will readily be seen that this is in substance the same 
as Lambert's Theorem (§§ 174, 175). 

295. We now take an instance of the determination, from 
the hodograph and the law of its description, of the curve 
described and the forces acting. 

The hodograph is a circle described with uniform angular 
velocity about a point in its circumference^ find the original 
path and the circumstances of its description. 

Here we have in the hodograph, 

p = a cos tf , 

= wt\ 

therefore in tbe path 

dx 

— :=p cos 0=^a cos' (i^t, 

at 

^ = p sin ^ = a cos (ot sin tat, 
dt ^ 

Integrating and properly adapting the constants, as they 
affect only the position of the origin, 

aj = — {2(ot -f sin 2©*), 
y = ^(l-cos2o)0. 
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Now tke equations of a cycloid are 

a; ~ ^ (^ + sin ^), 
y = ^(l — cos<^); 

hence the path is a cycloid ; and, since 2a>t = ^, the diiec- 
tion of motion revolves uniformly. The particle moves under 
the action of a constant force perpendicnlar to the base of the 
cycloidal constraining curve, and the velocity at any point is 
that due to the distance from the base which is the brachisto- 
chrone of § 191. The converse is easily proved. 

(xeometrically thus, if AP be the cycloid described by the 
point P of the circle 8P rolling uniformly on the line AS^ 
the velocity at P is proportional to jSP, and the direction of 
motion is perpendicular to 8P, Hence the hodograph (turned 



-P ^ 




through a right angle in its own plane) may be represented 
by the circle 8P, described with uniform angular velocity 
about the point 8. That the motion is due to constant acce- 
leration perpendicular to A 8 is obvious from the fact that, 
if J^ be drawn perpendicular to AS, 8P* x Pp. 

296. J^the orbit be central^ and be a circle described almi 
a paint in its circumference, the hodograph is a parabola dtr 
scribed about the focus with angular velocity proportioruJ, to 
the radius vector. 

For, if 8 be the center of force, Ptbe particle in its circular 
orbit, p the corresponding point of the hodograph : qp, the 
tangent to the hodograph at p, must be parallel to 8P; and, 
therefore, if 8Qq be the tangent at 8, the triangle p8q (being 
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sas 



similar to P8Q) is isosceles. Thus the locus of jp is a parabola, 
for its tangent, pq, is equally inclined to the radius-vector /SJp, 
and to the fixed line Sq* Also the angular velocity of Sp, 
being the same as that of PQ, 




is double that of SP, and is, therefore, inversely as SP\ But 
the length of Sp is inversely as the perpendicular from 8 upon 
PQ, i.e., inversely as SP\ 

297, The only central orbits whose hodographs also are 
described as central orbits, are those in which the acceleration 
varies directly as the distance from the center. 

Let S be the centre, P any point in the path, p the 
corresponding point in the hodograpn, p that in the hodograph 




of the bodograph. Then S^ is parallel to the tangent at p, 
which again is parallel to SP, Hence P8p' is a straight line. 
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AIao, since o belongs (by hypothesis) to a central orbit, tte 
tangent at p is parallel to S^, L e., to the tangent at P. Hence 
the locus otp is similar to that of P, and therefore 8p is pro- 
portional to SP. But Sp represents the acceleration at P. 
Hence the proposition. 

298. A point describes a logarithmic spiral with uniform 
angular velocity about the pole ; find the acceleration. 

Since the angular velocity of 8P and the inclination of 
this line to the tangent are each constant, the linear velocity 
of P is as 8P, Take a length Pr, equal to eSP, to represent 
it. Then the hodograph, the locus of p, where 8p is parallel, 
and equal, to PT, is evidently another logarithmic spiral 
similar to the former, and described with the same uniform 




angular velocity. Hence pt, the acceleration required, is equal 
to eSp, and makes with 8p an angle equal to SPT. Hence, 
if Pw be drawn parallel and equal to^^, and uv parallel to PT, 
the whole acceleration Pu may be resolved into Pv and w; 
and Pvu is an isosceles triangle, whose base angles are each 
equal to the angle of the spiral. Hence Pv and vu bear con- 
stant ratios to Pu, and therefore also to SP or PT» 

The acceleration, therefore, is composed of a central at- 
tractive part proportional to the distance, and a tangential 
retarding part proportional to the velocity. 

And, if the resolved part of P's motion parallel to any line 
in the plane of the spiral be considered, it is obvious that in 
it also the acceleration will consist of two parts — one directed 
towards a point in the line (the projection of the pole of the 
spiral), ana proportional to the distance from it, the other 
proportional to the velocity, but retarding the motion. 
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Hence a particle which, unresisted, would have a simple 
harmonic motion, has, when subject to resistance proportional 
to its velocity, a motion represented by the resolved part of 
the spiral motion just described. 

If a be the angle of the spiral, to the angular velocity of 8P, 
we have evidently PT. sin a = 8P. w. 

Hence 

Pv = Pi« = »« = =cr7r = -^ — PT^-^-^8P=^ n\ fi[P(suppose) 
^ SP sin a sm a ^ '^^ ' 



and vu = 2P?; . cos a = — -. Pr= Ic.PT (suppose). 

sina 

CO* 

Thus the central force at unit distance is n* = . » ^ ai^d the 

sm* a 

coefficient of resistance is i = — ^ . 

sma 

The time of oscillation is evidently — ; but, if there had 
been no resistance, the properties of simple harmonic motion 
shew that it would have been — : so that it is increased by 

/ P 

the resistance in the ratio cosec a : 1, orn : a/ n'— — . 

The rate of diminution of 8P is evidently 

P^ ©cos a ^n ^ QT) 

PT. cos a = — ; bP^ -r 8P; 

sin a 2 

that is, 8P diminishes in geometrical progression as time in- 

creases, the rate being - per unit of time per unit of length. 

By an ordinary result of arithmetic (compound interest pay- 
able every instant) the diminution of log. 8P in unit of time 
. k 

2 

This process of solution is only applicable to resisted har- 

monic vibrations when n is greater than - . When n is not 
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greater than - the aoxiliarj' curve can no longer be a logaritk" 

mic spiral, for the moving particle never describes more thans 
finite angle about the pole. A curve, derived from an equi- 
lateral hyperbola, bj a process somewhat resembling that bj 
which the logarithmic spiral is deduced from a circle, must bi 
introduced; and then the geometrical method ceases to l)e 
simpler than the analytical one, so that it is useless to pursue 
the investigation farther, at least from this point of view. 

These geometrical results may easilv be deduced by the 
principles of the preceding chapter, whicn give at once for the | 
rectilinear motion the equation 

d^x J dx ^ ^ ^ 



EXAMPLES. 

(1) Investigate the diflferential equation of the path of 
a particle in a plane 

dx\ d*y 
\ d? 

(2) A particle slides down an inverted cycloid from xwt 
at the cusp ; shew that the whole acceleration at any instant 
is g, and that its direction is towards the center of the gene- 
rating circle. 

(3) When the whole force on a particle is along tlrt 
radius vector, shew that the centrifugal force from the pole 

(4) A particle moves in a plane under the action of anj 
forces, whose resolved parts are F in the radius vector, and t 
perpendicular to the radius vector. Shew that the chord of 

2v' 

curvature through the pole is pT^ji — T-ft where yjr is the 

exterior angle between the radius vector and tangent. 



J 
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(5) A catenary is freelj described under the action of 
a force parallel to the axis ; shew that the centrifugal force is 
constant 

(6) A particle, projected from the origin along the axis 
of y, describes the curve y* = 4aa? under the action of a force 
^y parallel to y^ and another parallel to x ; shew that 



«* = /*(! + £) (c*+y*). 



^7) The curve y = ^ (a?) touches the axis of y at the 
origin, and is described freely by a particle under the action 
of K>rces y parallel to y, and /parallel to x ; shew that 

and that if foe af^^ n is negative. 

(8) A particle describes the hyperbola a? =y* + fl?, so that 

Find the forces. 

(9) The velocity of a particle in the central orbit varies 

as -^. -A-pply the principle of Least Action to find the orbit, 

and thence the law of force. Deduce the same results from 
the Conservation of Energy. 

(10) Shew that the amounts of heat and light received 
by a planet in one revolution are each inversely as the square 
root of the latus rectum of its orbit 



(11) If P, P' be the central forces for an orbit and its 
hodograph, 

T. D. 22 



PP' = ^ r/. 



» 
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(12) The hodograph is a circle about a point in its di 
cumferencei and if be the angle which the radius y( 
makes with the diameter, the angolar velocily is given by 

de _ h 

^ dt^'A/ie^-iy 

shew that the path is a cycloid with its vertex upwards, 
that the velocity at anj point is that due to a fall from tbj 
tangent at the vertex, 

(13) The hodograph for a particle moving in a verti( 
circle with the velocity due to the depth below the high( 
point is 



r = c cos - . 
Ji 

(14) When the hodograph is a straight line descril 
uniformly, the path is the trajectory of a projectile in vacuo. 

(15) When it is a straight line described with unifoimj 
angular velocity about a pomt, the path is the catenary 
uniform strength 



e* = sec T 



and the acceleration is parallel to y and varies as the sqi 
of either of these equal quantities. 

(16) The hodograph for a circle about a point in tb 
circumference, is a parabola about the focus described 
angular velocity proportional to the radius vector. 

(17) Determine the motion of a simple pendulum^ osdt 
lating in small arcs, when its point of suspension describefli 
uniformly, a horizontal circle. 

Explain the peculiarity of the solution when the timed 
rotation of the point of suspension is equal to that of a com- 
plete oscillation of the pendulum. ^ 

(18) Apply the principle of Varying Action to the inYtf* 
tigation of the motion of a simple pendulum, slightly dis- 
turbed in any manner from its position of equilibrium. 
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(19) Find the form of the surfac5es of equal action for 
particles projected horizontally from points of a vertical line, 
the velocity being due to the aistance from a given horizontal 
plane. 

(20) Find analytically a central orbit whose form and 
mode of description correspond with those of the hodograph 
of another central orbit* 

Shew that there is but one law of central force for which 
this is possible except, of course, in the case of the original 
orbit being a circle about its center, when any law of force 
may obtain. § 297. 

(21) A particle is acted on by a repulsive force tending 
from a fixed point, and by another force parallel to a fixed 
line, and when the particle is at a distance r from the fixed 
point, the magnitudes of these forces are 



?('-3'»^?(^3- 



/x, a, c being constants ; shew that if the particle be abandoned 
to the action of the forces at any point at which they are 
equal to each other, it will proceed to describe a parabola of 
which the fixed point is the focus. 

(22) A particle is acted on by a force the direction of 
which always meets an infinite straight line AB at right 
angles, and the intensity of which is mversely proportional 
to the cube of the distance of the particle from the line. The 
particle is projected with the velocity from infinity from a 
point P at a aistance a from the nearest point of the line 
m a direction perpendicular to OP, and inclined at the angle a 
to the plane A OP, Prove that the particle is always on the 
sphere of which is the center ; that it meets every meridian 
hue through AB at the angle a ; and that it reaches the line 



a* 



AB in the time —= , ja being the absolute force. 

J fju COS a 

(23) A smooth right cone has its semivertical angle a, 
and a generating line vertical, the vertex being upwards : a 

22—2 M 
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particle is projected in the horizontal tangent, from a 
on the generating line opposite to the vertical one, at a 

tance r from the vertex, and with a velocity 2 sin a Jgr. Wi 
it leave the cone or not ? 

(24) A particle attached to a light elastic string is drop] 
from the fixed point to which the other end of the string 
attached. Draw a line representing by its ordinate the ^ 
viva as it falls. Shew that it will consist of an are of 
parabola, and the tangent at one extremity. Also shew 
the greatest vis viva exceeds that at the point where the striif 
becomes tense by one half of what would be its excess at thit 
point if there were no string to check it. 

(25) A smooth right cone has its axis vertical and rertei 
downwards. A particle is projected inside it in a horizoni 
tangent at a distance R from the axis with velocity RQ,, Sh 
that when it is again moving horizontally its distance (r) " 
the axis is given by ^ (JB + r) fl* tan a = 2yr^, a being 
semivertical angle of the cone. 

(26) A particle moves under the action of two coi 
forces in the ratio of 9 to 1 whose directions rotate in opj 
directions with uniform angular velocities in the ratio of 3 to_ 
prove that under certain initial conditions the path of 
particle will be a closed curve of the same form as that repr 
sented by the equation r = a cos 2d. 

(27) A smooth surface is generated by the revolution 
the curve a?y=^(? about the axis of y which is vertictl 
downwards, and a heavy particle is projected along the sn 
face with velocity due to the deptn below the horizoni 
plane through the origin; prove that its path intersects 
the meridians at a constant angle. 

(28) A particle is attached to an elastic string, the o4( 
end of which is fixed. Shew that if the particle fe projecft 
in a vertical plane, the part of its vis viva in any position d« 
to the action of the string is proportional to the square of tb 
string's extension. [Of what is this a particular case?] 
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(29) A fixed hemisphere whose radius is a has its axis 
vertical, and a groove is traced on it whose equation is 



Z=ologtan(J + ^), 



the position of any point on the sphere being determined by X, 
the length of the arc of a great circle perpendicular to the base 
of the hemisphere intercepted between the point and the base, 
and I the length of the arc of the base ; if a particle be pro- 
jected from the base up the gjoove with a velocity V2^a, shew 
that the time of passing over an arc whose length is a 

, tan — 



tan 



U 4aV2/ 



(30) If P and Q be the accelerating forces along the 
tangent and normal to the path of a particle, and '^ the angle 
the tangent makes with a fixed line, the equation to the hodo- 
graph will be 

where a is a constant. 

(31) A lemniscate whose equation is r^ = a*cos25 is 
placed with the initial line vertical, and a heavy particle is 
constrained to move on it, moving from rest at the pole ; prove 
that the hodograph is defined by the equation 

4 4 77 + 20 ,7r4-20 
r* = c* cos — r— ^ cos* r— ^ , 

where c is a constant. 

(32) Shew that the central force necessary to make a 
particle describe the hodograph of a central orbit is inversely 
proportional to the normal force at the corresponding point of 
the orbit 

(33) One particle describes a given orbit about a center 
of force, and another particle describes the hodograph of that 
orbit under the action of a force in the pole of the hodograph; 
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shew that the product of the accelerations of the particles I 
two corresponding points of their orbits varies as the prodJ 
of the central distances of those points. | 

(34) A particle moves freely under the action of a fori 
whose direction is always parallel to a fixed plane, and dl 
scribes a curve which lies on a right circular coae, afl 
crosses the generating lines at a constant angle; prove tbm 
its hodograph is a conic section. I 

(35) A point describes a pertain curve, its acceleratid 
being initially normal, and when its direction of motion bi 
turned through an angle ^, that of acceleration has tum(l 
through an angle 2<f> in the same direction; prove thi 

the acceleration varies as cos ^ ~ ; and that the hodograpl 

will be a circle described about a point in the circumferenceu] 

(36) If the Brachistochrone be a conic about the focnl 
the hodograph of a particle describing it will be a circle. 1 

(37) The resistance of the air being supposed to vary d 
the cube of the velocity, shew that the hodograph of a prd 
jectile is 

the axis of x being vertical. 

(38) A particle under the action of a system of forced 
describes their tautochrone in a time T. Shew that the actio! 
in a complete oscillation is 

27rV I 

T ' 
where c is the length of the arc described. 

(39) Find by the method of Art. 278 the relation betweea 
the velocity and the distance from the center of force that the 
brachistochrone may be a circle. 

(40) Prove that a planet moving freely about a center of 
force in one focus of its elliptic orbit is describing a brachis* 
tochrone (for the same law of velocity as regards position) 
about the other. 
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CHAPTER X 

IMPACT. 

299. We come next to the consideration of the effects of 
a class of forces which cannot be treated by the methods 
employed in the preceding chapters. These are called ImpuU 
ewe forces, and are such as arise in cases of collision ; lasting 
{in the case of bodies of moderate dimensions) for an exceed- 
ingly short time only, and yet producing finite changes of 
momentum. Hence, in dealing with the immediate effects 
of such forces, finite forces acting along with them need not 
be considered. 

When two balls of glass or ivory impinge on otie another, 
no doubt there goes on a very complicated operation during 
the brief interval of contact First, the portions of the sur- 
faces immediately in contact are disfigured and compressed 
until the molecular forces thus called into action are sufficient 
to resist farther distortion and compression. At this instant 
it is evident that the points in contact are moving with the 
same velocity. But, most solids beinff endowed with a certain 
degree of elasticity of form, the balls tend to recover their 
spherical form, and an additional pressure is generated ; pro* 
portional, as Newton found by experiment, to that exerted 
during the compression. The coefficient of proportionality id 
a quantity determinable by experiment, and may be conveni- 
iently termed the Coefficient of Restitution. It is always less 
than unity. 

The method of treating questions involving forces of this 
nature will be best explained by taking as an example the 
case of direct impact of one spherical .hall on another; firsts 
when the balls are inelastic. Again, when their coefficient of 
restitution is given. 

And it is evident that in the case of direct impact of 
smooth or non-rotating spheres we may consider them as 
mere particles, since everything is symmetrical about the line 
joining their centers. 

300. Suppose that a sphere of mass M, moving with a 
velocity v, overtakes and impinges on another of mass M\ 
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moving in the same direction with yelocitj v'; and that at Ae 
instant when the mntnal compression is completed, the spheres 
are moving with a common velocitj F. If P be the common 
action between them at any time t daring the compressioD, 
it most evidently be of the nature of a pressure exerted hf , 
each on the other ; and we have, if r be the time dtiring 
which compression takes place, 

M{v - F) « ]Fdt =» B, suppose, 



M'(V'-v')^rPdt^R; 



whence V^ m+M' * ^^^ -^^ M+W^^^'^^' 

From these results we see that the whole momentum after 
impact is the same as before, and that the common velocity is 
that of the center of inertia before impact. Had the balb 
been moving in opposite directions, v' would have been 
negative, and in that case we should have 

From the first of these results it appears that both balls will 
be reduced to rest if 

Mv = M'vi 

that is, if their momenta have been originally equal and 
opposite. I 

This is the complete solution of the problem if the halls 
be inelastic, or have no tendency to recover their original 
form after compression. 

301. If the balls be elastic, there will be generated, by i 
their tendency to recover their original forms, an addi- , 
tional action and reaction proportional to B. 

Let e be the coefficient of restitution, v^, v/, the velocito 
of the balls when finally separated. Then, as before, 

M{V^v,)=-eR, 
if(i;/-F)=«^; 



J 
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whence 

,, ,.Mv + M'v' MM' , ,. 

^"^ = ^ M^M' -'mTW^"-"^' 
and 

(M--eM)v + M'{l+e)v' M'^^., ,. 

"*"- MTW^ "'M+M^^-^'^^''-''^' 

with a similar expression for v^. 

A rather singular result may easilj be deduced from the 
last formula. Suppose if = M , e^l, that is^ let the balls 
be of equal mass, and their coefficient of restitution unity (or, 
in the usual, but most misleading phraseology, ^'Suppose 
the balls to hejpeTfectly elaatic^^); then in this case 

Vj = Vj and similarly v/ = v, 

or the balls, whatever be their velocities, interchange them, 
and the motion is the same as if they had passed through one 
another without exerting any mutual action whatever. 

302. The only other case which we can treat in the 
present work is that of oblique impact when the balls are 
spherical and perfectly smooth, for in rough and non-sphe- 
ncal balls rotations are generated and the motion of each ball 
requires to be treated as that of a rigid body. 

The simplest case is that of a particle impinging with 
given velocity, and in a given directiony on a smooth plane. 

Suppose the plane of the particle's motion to be taken as 
that of reference; its trace on the given plane as the axis 
of X, and the point at which the impact takes place, as 
origin. 

The impulsive effect of the plane will evidently be per- 
pendicular to it, since it is smooth. Let this be called R ; 
and let the velocity of the particle be resolved into two v^, Vy, 
respectively parallel to the axes. For the first part of the 
impact 

M{v,^vj)^0, 
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But v/, being the common velocity of the plane andUl, 
is eyidentlj zero ; hence 

or, the Telocity parallel to the plane is nnchanged, wliile 
that perpendicular to it is destroyed. So far for an inelastic 
ball. If the ball be elastic, let t;J', vj' be the final velodties, 
then 

if (v;- 0=0, 

These equations give 

shewing that the velocity parallel to the plane is unaffected; 
and 

or, Vy ' = — eVy, 

that is, the velocity perpendicular to the plane is reversed m 
direction, and dimmished in the ratio 6:1. 

If we designate by the name of angle of incidence the io- 
clination of the original direction of the ball's motion to the 
normal to the plane, and give that of angle of reflexion to the 
angle made with the same line by the path after impact; 
then denoting the total velocities before and after impact ij 
Fand F", and these angles by 0, <f) respectively, we have 

Fsin^ = t;., F"sin<^ = <, 

Fcos^ = Vy, F"cos^ = «;/'; 

and the previous results give at once 

ccot^ = cot^ 
sin^ 



F"= F 



sin^, 



Of course these results are applicable to cases of impact 
on any smooth surface; by making the legitimate assumption 



J 
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that the impact, and its consequences as regards the motion of 
the ball, would be the same if for the surface its "tangent 
plane at the point of contact were substituted. 

303. Two smooth spheres^ moving in given directions and 
with given velocities^ impinge ; to determine the impact and the 
subsequent motion. 

Let the masses of the spheres be Jf, M*\ their velocities 
before impact v and v\ and let the original directions of 
motioQ make with the line which joins the centers at the 
instant of impact, angles a, a . These- angles may easily be 
calculated from the data, if the radii of the spheres be given. 

It is evident that, since the spheres are smooth, the entire 
impulsive action takes place in the line joining the centers at 
the instant of impact, and that therefore the future motion 
of each sphere will be in the plane passing through this line 
and its original direction of motion. 

Let R be the impulse, e the coefficient of restitution ; then 
since the velocities in the line of impact are v cos a and 
v' cos a , we have for their final values v^, v/, after restitution, 
by § 301, the expressions 

v^=,v cos a — -TT — Tft (1 + ^) (^ cos oL'-v cos a), 

M 

^^ =c: v' cos a'+ ^ j^, (1 + e) {v cos a — v' cos a ), 

and the value of R is 

■^gr-j-^,(l+e)(t;cosa-i; cosa). 

Hence, the sphere M has finally a velocity v^ in the line 
joining the centers, and a velocity v sin a in a known direc- 
tion perpendicular to this, namely in the plane through this 
<and Its original direction of motion. And similarly for the 
sphere M\ Thus the impact is completely determined* 
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304. Recurring to the equations in § 300, we haTe 

Jf(t;-F) = £, 

and, eliminating F, 

^^M+M'^"-'''^ ^*^* 

Hence, if e be the coefficient of restitution, v„ v/ the final 
Telocities, 

JK(l + e) 



»,=« — 



M 






(2). 



Hence, ilf», + Jf r,' = Jf» + Mv', whatever e be, or there 
is no momentnm lost. This is, of coarse, a direct conse- 
quence of the Third Law of Motion. 

Again, Mv* + M'v^= Mv" + Mif* 

The last term of the right-hand side is therefore twice the 

kinetic energy apparently destroyed by the impact. When 

MM' 
^ = 0, its magnitude is greatest and equal to ^ ^, {v-vj* 

When € = 1 its magnitude is zero, that is, in direct impact 
when the coefficient of restitution is unity no kinetic energy 
is lost. 

The kinetic energy which appears to be destroyed in 
any of these cases is, as we see from § 78*, only transformed^ 
partly it may be into heat, partly into sonorous vibrations, as 
in the impact of a hammer on a bell. But, in spite of this, 
the elasticity maj be perfect Hence the absurdity of the 
common designation alluded to in § 30U 
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Also by (2), 

= e(t;-0, by (1). 

Hence the velocity of separation is e times that of impact. 
These results may easily be extended to the more gene- 
ral case of § 303. 

• The case of a rough sphere cannot be treated here, inas- 
much as it involves the Dynamics of a Bigid Body, and this 
is beyond our professed limits. 

305. We proceed to some special problems illustrating 
the subject of impact. 

Tq one extremity of a uniform and perfectly flexible chain, 
lying in a given curve on a smooth horizontal plane, a given 
impulsive tension is applied in the direction of the tangent at 
that extremity ; it is required to jind the impulsive tension cU 
any other point of the chain. 

Let this be T at a point of the chain whose co-ordinates 
are x, y ; and let the initial velocities of that point, parallel 
to the axes, be t?^, v^\ then, /la being the mass of a unit of 
length of the chain, we have the following equations : 






(!)• 



The geometrical condition is to be determined as follows. 
The chain being inextensible, the length of an element hs 
is invariable, therefore the velocities of its two extremities 
resolved along the element must be the same. This gives 
evidently 

^^^^^^Q .g. 

ds ds da ds 

From these equations we proceed to eliminate r„ v,. 
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if 8^a0, that is if T be the impulBive tension at a point 
whose distance from the tended end subtends an angle 6 A 
the center. 

Suppose now that the axis of y is the tangent at tlie 
tended end ; that of x being the diameter through that point, 

then a? = a(l — cos^), 

y =s a sin 0. 

These give -r- = sin 0j 

from which, by (1) and (5), 

Differentiating, and then substituting different values 
of 0, we get the initial directions of motion of the corre- 
sponding points of the chain. Thus, for the tended end, it 
will easily be seen that, putting ^ = 0, we have 







=- 


• 


For the free end 












V. 


= 00, 



as we should expect, since there is initially no force on J* 
parallel to the axis of x, 

307. Example II. Suppose it be required that tbe 
tension at each point should oe proportional to the distance 
from the free end of the chain. 
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Then I being the length, and s denoting the same quantity 
as before, 

r=r,(l-.?) by hypothesis; 

•••-^-r = 0, or by (4) -^ = 0, or p = oo, 

that is, the chain must lie in a straight line, as is othervrise 
evident. 

308. Ex. III. Suppose the chain to form a portion 
of the logarithmic spiral. In this case /o = e« where e is the 
cotangent of the angle of the spiral Hence the equation 
becomes 



or, if we put 



ds' 6 V"" ' 



d}T dT T 
d<f>' d<f> 6*~ 



This is easily integrated, and thus the problem can be 
completely solved. 

309. To find the angle which the initial direction of motion 
of any element maJcea with the corresponding tangent, 

d (j,dy\ 
Generally, let tan 6 =— = -7-^ — 5 — , 

d8\ ds) 

dy 

and tan'Jr = ^ = —-. 

^ ax ax 

da 
T. D. 23 






354 



IMPACT. 



Then (^ *- '^) is the required angle ; and 

,, ,v d8\ ds) ds €l8\ dsjds 

dt\ daJda^dsK ds) ds 
rpfe^ d'jf dy d^ie S, 

IT 



da 



T 



(6). 



^& 



Hence again, if the condition be that every element 
the chain is to move initially along the chain, ^-'\Jr=( 
and therefore p==oo, or the chain must lie in a st'*'"' 
line. 

310. To find the absolute initial velocity of any element i 
ih^- chain. 

Squaring and adding equations (1), after performing 
differentiations indicated, we have 



_^^rndT (^d}x dy £y\ 
^^^ ds \d8 ds' ^ ds d^ } 
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Again, if t?, be the velocity of an element resolved along 
the corresponding tangent, 

which might have been found at once from 

hj taking the axis of x parallel to the element Bs. 

311. These problems might perhaps have been more 
readily solved by finding the equations of impulsive motion 
of the element along and perpendicular to its tangent. Call- 
ing v^Vf^j the initial velocities in these directions, we have 
at once 

the direction of v^ being towards the center of curvature. 

The kinematical condition furnished by the inextensibility 
of the chain is 

From these equations the foregoing results may be easily 
deduced. And the reader may e$isily work out for himself 
the obvious extension of the processes of this section or § 305 
to a chain of varying section originally at rest in the form of 
a curve of double curvature. 

311*. The investigation of the motion which takes 
pl&ce after the impact is not usually considered under 

23—2 
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Djnamics of a particle — ^but it is obvious that from vk 
we have just arrived at we may writedown the equations i 
motion of a string in the form 

the finite forces X, &c. now coming in as we are no longer 
dealing with impact. 

When the string is stretched, and practically inextensible, 
and when the disturbance is small, we may write a? for « if 
we take the undisturbed direction of the string as axis of t. 
The equations of transverse vibration then become 

The student is particularly to observe that we have now bees 
led to partial differential equations. 

312. The only other case we shall consider is that i 
a continuous series of indefinitely small impacts, whose efied 
is comparable with that of a finite force. The obvious methol 
of considering such a problem is to estimate separately ^^ 
changes in the velocity produced by the finite forces,, 
by the impacts, in the same indefinitely small time &, 
compound these for the actual effect on the motion in that 
period. 

313. A spherical rain-drop^ descending hy the actmi 
gravity, receives continually hy precipitation of vapour an Q^ 
cession of mass proportional to its surface ; a heing its radiii 
when it begins to descend, and r its radius after the intervd^ 
shew that its velocity is given by the equation 



fft / , a a* a*\ 



the resistance of the air being left out of account. (Challi 
Smith's Prize ExaminMiony 1853.) 

Let e be the thickness of the shell of fluid deposited a 
unit of time. Then evidently 

r^ai-et (!)• 



m^» ■■jj»^w^-ii L.,^j ' ^ — w ip^^w 8«Bu.ii, MM j i iu.».i_ u ^^^^^^^^^^^i^^^ammm^fmmff fi 
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Also let Sv = Sjt? + Bjo be the increase of velocity in 
time ht; the first term due to gravity, the second to the 
impacts. 

Evidently, S^v=gSt; and if Jf be the mass at time ^, 
8 {Mv) = is the condition of the impact 

This gives 

4t'7rr'eSt SevSt SevSl 



or S^v = — v 



4 . r a-\-et 



From these we have 

dv __ Sev 

Multiplying by (a + et)\ and transferring the last term to 
the left-hand side of the equation, it gives by inspection 

(a-f- eO*« = ^ (a + ety -f G. 

But = 1^ a* 4- (7 by condition. 

Hence « = £|(a+^)-^-|L_|. 

Substituting for e from (1), 

4:{r-a)\ r*) ■ 
at f , a a* , a*\ 

as required. 

To verify this solution, suppose no moisture to be de- 
posited, then r = a, and we have v =^^ as it ought to be. 



L 
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314. One endy 'By of a uniform heavy chain hangs over a 
small smooth pvlly A, and the other is coiled upon a table atQ. 
If B j>reponaerates, determine the motion. 

The moying force due to gravity is the weight of AB 
minus that of AC ^ fig {x^ a) suppose. 

Now in an indefinitely small interval St, this woold 
generate in the portion BAG of the chain an increment of 
velocity 

^ Mfi^-o) ^^ (s^^ ch XII, 

But the whole uncoiled chain, being in motion at the com- 
mencement of the interval ht with velocity v, lifts up a portion 
of length vht from the table during that interval. Menc^ 
if h^ be the change of velocity arismg Irom this impact, w« 
have by the condition that no momentum is lost. 



,,, MV 
1. e. > =5 



M-\-M 



f » 






/A(a?4-a)4-/At;Si 

or 5gV= -— , 

* x + a 

quantities of the second and higher orders being omitted. 

TT Sv Sj) . Sjv 

Hence as t^ = -W^ 4- -^ . 

H St it ' 

proceeding to the limit we have 

dv,^ dv ^g (x'-a) — t^ ^ 
dt^ dx" {x'\-a) ' 

dt) 
which gives {x-\-ayv-j- + ^ {x-\-a)=^g {a?^a*) 



or (x + a)*i^ = {x + ay {-^j =2fff{a?-a*} dx, 

and this determines for any given initial circamstances the 
velocity at any instant. The final integration, for the deter- 
mination of ( in terms of x, requires the use of Elliptic 
Functions. 



(1) If e=l, one hall cannot he reduced to rest by 
direct impact on another equal hall, unless the latter is at 
rest. 

(2) If two balls for which e= 1 impinge directly with 
equal velocities, their masses most be as 1 ; 3 that one may 
be reduced to rest 

(3) Shew that if two equal balls {e < 1) impinge directly 
with velocities ^ V and —V, the former will be reduced 



(4) Shew that the mass of the ball which must be 
interposed directly between Jtf at rest, and JT moving with a 
given velocity T^so that J/ may acquire the greatest velocity, ia 

V(30/'), 

and that that maximum velocity is . -77 ^ - ; ■ ,„;„ . 

(5) Suppose e= 1, and an infinite number of balls to be 
interposed, shew that the maximum velocity which can thua 
be given to 3f, is 

[Note that, by the result of the preceding question, the 
masses must form a geometric aeries, and the above is easily 
deduced.] 
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(6) Particles for which e = 1 slide down radii vectores 
from the focus of a parabola whose axis is horizontal and plane 
vertical. After reflexion at the curve they describe thdr 
trajectories. What is the locus of the foci? 

(7) A impinges on B, shew that A' a deviation is greatest 
when its tangent is - j±-^ \/{~JJ ' 

(8) A particle for which € = — is projected from a point 

in a smooth horizontal plane. Find how far it goes before i 
ceases to rebound. Shew that the times between successive^ 

rebounds are in a ffeometric series whose ratio is — , and the 

^ m 

heights above the plane in another whose ratio is — , . 

(9) A particle for which 6 = 1 is projected from the fo 
of an inclined plane in a direction making an angle y3 wit 
the plane ; the plane is inclined at an angle a to the horizoiul 
Shew that if 2 tan ff = cot a, the particle will return after one] 
rebound to the point of projection. 

If there be two rebounds before coming back to the pointj 
of projection, and the coefficient of restitution be e, 

cot)8= (1 +6 + e*) tana. 



(10) A OB is the vertical diameter of a circle. A par- 
ticle for which 6 = 1 slides down any chord AC, and is re- 1 
fleeted at BG. The locus of the focus of its path is the circkj 
whose diameter is A 0. 

(11) If the direction in which one ball is moving wh«i 
it impinges on another equal ball at rest, bisect the angle 
between their future directions ; then that angle is 

2 tan"^ V^. 
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(12) If e = J, find the direction in which a ball must be 
projected against a smooth vertical wall, so as, with the least 
possible velocity, to return to the point of projection. 

(13) ABO is a triangle, a, J, c the points of contact of 
the inscribed circle with the sides, a being in BG, &c. Shew 
that if a particle projected from a to 6 be reflected to c, 
-46 = e Cbj and if it return to a, 

AB^eAG. 

\ (14) A number of balls A^ 5, C, &c. for which e is given, 
I are placed in a line ; A is projected with given velocity so as 

to impinge on J?, B then impinges on (7, and so on ; find the 
' masses of the balls B, G, &c. in order that each of the balls 

Ay B, O, &c. may be reduced to rest by impinging on the 
^ next ; and find the velocity of the w**^ ball after its impact 

with the {n - l)*^ 

(15) A ball is projected in a given direction within a 
fixed horizontal hoop, so as to go on rebounding from the 
surface of the hoop ; find the limit to which the velocity will 
approach, and shew that it attains this limit in a finite time, 
e being less than 1. 

(16) A given inelastic mass is let fall from a given height 
on one scale of a balance, and two inelastic masses are let fall 
firom diflferent heights on the other scale, so that the three 

; impacts take place simultaneously ; find the relations between 
: the masses and heights that the balance may remain per- 
manently at rest. 

' (17) A particle moving in a parabola about a center of 
force in the focus, strikes a hard plane at any point of its 
path- If it describe a parabola after the impact, find the 
direction of its axis. 

(18) OA, OB are rods in the same vertical plane in- 
clined at angles a, 13 to the horizon. If a particle, for which 
, e=l, projected firom A, strike B and continue to tebound 
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between A and J?, then T being the time of flight, 7 the !»• 
clination of AB to the horizon^ 

tan 7 = J (cot /3 — cot a) , 
2c sin (a + )8) 



and far- 



g V{^ sin" a sin* ^ + sin" (a — /»)} ' 

(19) Equal particles revolve in opposite directions about 

3 

the focus in an ellipse of excentricity - , and impinge at the 

o 

nearer apse. Find the distances of future impacts, and shew 

that i{p be the original apsidal distance, the particles fall into 

the center after the time 

TT (5;?)! 
14 V(3m)- 

(20) Two equal particles, connected by a string whick 
passes freely through the pole^ are constrained to move in the 
same logarithmic spiral. If they be originally at rest 
one be projected with given velocity (so as to increase 
distance from the pole), determine the impact. 

(21) Three balls (supposed indefinitely small), for wU 
6=1, are placed at the comers of a triangle. To find thft 
relations among the masses that the sphere A if projected t> 
strike 5, may be reflected to C and from (7 to its origiDil 
position. The impacts are supposed to take place at eadjj 
comer so that the line joining the centers of the spberesil 
perpendicular to the opposite side of the triangle; 0,^,7] 
being the angles of the triangle, we find 

A sitiiS A sin 7 



B 8in(a-.7)' C sin08-a)' 

(22) If a rocket, originally of mass Jf, throw off eveif 
unit of time a mass eM with relative velocity F, and if M' li 
the mass of the case, &c., shew that it cannot rise at onoft 
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MVe 
unless Ve>g^ nor at all unless ^TTr>9* If it do rise at 

once vertically, shew that its greatest velocity is 

M Qf. M' 



"'-^-K'-^). 



and the greatest height it reaches 

(23) If an infinite number of perfectly elastic material 
points, equally distributed through a hollow sphere, be set in 
motion each with any velocity, shew that the resulting con- 
tinuous pressure (referred to a unit of area) on the internal 
surface is equal to two-thirds of the kinetic energy of the 
particles divided by the volume of the sphere. 

(24) A comet in moving from one given point to another, 
throws off at every instant small portions of its mass which 
always bear the same ratio n to the mass which remains. 
If v be the velocity with which each particle is thrown off, 
a the inclination of its direction to the radius vector, prove 
that the period t will be diminished by 

-^ {(^' - ^) V(«p) sin a - (r - r ) cos a}, 
/» 

^ and ^ being the excentric anomalies, r and r' the focal 
distances at the given points, a the mean distance, 2p the 
latus rectum, and/ the rorce at distance a. 

(25) A ball of relative elasticity e strikes another equal 
hall at rest ; shew that the greatest possible angle between the 
directions, before and after impact, of the first ball is 

2V2 Vl - e 
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and that in that case the Inclination of the line of centers to 
the previous direction of the impinging ball is 

tan — - — . 



(26) A perfectly elastic particle is suspended by a 
weightless inextensible string from a point in the axis of 
a hollow right circular vertical cylinder. The particle is hdi 
in contact with the cylinder, and is then projected so that the 
string is always stretched. Prove that the portions of ill 
paths between any two consecutive impacts are similar. 

(27) Particles (2n — 1) in number, connected by inexten- 
sible strings, are suspended from two fixed points in a hori- 
zontal plane so as to hang symmetrically, their weights being 
such that the inclination of each string to the one immediatelj 
below it is a, which is also the inclination of each of the two 
lowest strings to the horizon. Find their weights ; and shew 
that if the lowest whose mass is m be struck by a vertical 
blow P, the horizontal component of the initial velocity of 
any particle varies inversely as its weight, and the vertical 
component of the initial velocity of the r^ from the lowest 
is 

5— j (271 — 2r — 1) sin a + 2 cos a cot wa — sin (2r + 1) o l 

2m cos" a ^^ ' \ / i 

(28) A particle of elasticity e is fastened by an elastic 
string of natural length a to a point in the intersection of two 
smooth planes, one vertical and the other horizontal, on the 
latter of which it moves. It is drawn out to any length, ani 
then let go. If b^ J«, 6„ &c. be the greatest length of the 
string, and 0^, 6^ 6„ &c. the angles at which it is inclined to 
the vertical plane after successive impacts, prove that 

{\ - a) cos 0^ 

is the same for all values of n. 
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(29) A uniform and perfectly flexible string is lying in a 
»tenary on a smooth horizontal plane, and the element at the 
owest point is suddenly projected towards the directrix with 
I given velocity; shew that the impulsive tension at any point 
iraries as the ordinate of that point, and that every point of 
he string starts in the same direction. 

(30) A flexible chain lies upon a smooth horizontal plane 
n the form of a portion of a common catenary, the tangents 
It the extremities making angles 0^, 0^ with the tangent at 
the vertex of the catenary. An impulsive tension Tj is ap* 
plied at the former extremity ; shew that the impulsive tension 
it a point of the chain where the tangent makes an angle 
mth. the tangent at the vertex is equal to 

^ cos 0^ — 0^ 
^cos^ 0^/ 
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CHAPTEE XL 

DISTURBED MOTION. 

315. In the Investigation of the motion of a particb 
subjected to the action of disturbing foTces, we may, whei 
the latter are very small In comparison with the forces nndff 
which the undisturbed orbit is described, suppose that at anf 
instant the actual orbit is of the same nature as the undia- 
turbed, but that its magnitude, form, and position are slightlf 
different By this means the consideration of motion in tt 
orbit whose equation cannot be found, or if found would be of 
extreme complexity, is reduced to the cases considered in thft 
foregoing Chapters, the only additional process being the 
determination of the changes of the elements or Parameten 
of the orbit, due to the disturbing forces ; these parameteri 
being thus made explicit functions of the time. The principal 
use of this method is in the planetary theory, and there the 
elements of the Instantaneous Orbit cannot be determined hot 
by approximation, which this method affords us the best 
means of effecting. 

It is not necessary that the orhit should be changed by the 
disturbing force, in order that the method of parameters may 
be applicable ; suppose for instance a particle be constrained 
to move on a given curve ; the extent of its oscillations, and 
the velocity with which it reaches a particular point in the 
path, for instance, are parameters, and in terms of such the 
motion may be expressed This method is therefore appli- 
cable to any case of free or constrained motion, always sup- 
Eosing the disturbing forces to be small ; the only difference 
eing that in constrained motion there are fewer parameter 
of which to find the variation. 

316. The general principle of the method may be ex- 
plained as follows. 
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Let 



de 



= X+Z' 



de 



^. = T+Y' 



= Z-{-Z' 



(1). 



le the equations of motion of a particle whose co-ordinates at 
time « are x, y, z; and suppose, farther, that X', Y", Z' are 
the sums of the resolved parts of the disturbing forces pa- 
rallel to the axes. Had there been no disturbing forces, we 
should have had the equations of motion * 



d^x 

de 
de 
de 



=x 



= Y 



^Z 



(2), 



Now let the solution of equations (2) be 



(3), 



involring six arbitrary constants ; and the fonns of the func- 
tions ^, p^ '^, being known. 

Let US remark iu passing that, if the motion were con- 
strained, we should have in addition one or two relations 
between a?, y and «, leading to others between their diflferen- 
tial coeflScients, so that the number of arbitrary constants 
would be reduced. 

Now suppose the solutions of (1) to be of the same form 
as the expressions in (3), a^, a,, ... a. being no longer con- 
stants but functions of t to be determined. 

The fact of (3) having to satisfy (1), gives us the three 
lollowmg unavoidable equations for the determination of 
tuese parameters, 
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=X+Z' 



df 

de 



=r#=r+r' 



^=z+^' 



(4)- 



317. We are at liberty then to make any three additio 
hypotheses regarding them that we please. The most coi 
venient are those afiorded by the condition that not only ' 
expressions for the co-ordinates of the particle, but also 
expressions for the resolved parts of the velocity parallel 
the co-ordinate axes, shall be of the same form in the 
turbed as in the undisturbed orbit 

Now in the disturbed orbit, 

dx _ (d^\ fd^\ da^ f^\ ^«2 • • f^\ ^« 
di " \di) ■*■ \d^J ~dt ^ 1,^^ W*"*""*" VW ^' 

with similar expressions for -^ and -j j the brackets 

used to express j^arftaZ differentiation. 
But in the undisturbed orbit 



dis* 



dx ^ (d4\ 

di^KdiJ' 



and similarly for I and I . 

This gives tlie three necessary additional relations betm 
c„ Oj, a,, a^, a„ a, and t, in the form 



{daj dt ^\daj dt '^'"'^Ua,) dt'" 

\da^J dt \daj dt \daj dt 

(df\ da^ f&^\ da^ fdf\ da,_ 

W/ dt "^ \daj dt '^'"'^[daj dt~ 1 



* ••••••••• \y)* 



w 
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And taking these into account as well as equations 
(2), (3), equations (4) become 




da^ I \dt) \da^ ^ y, 

dt '" \ da, I dt 




rf««_^ 



...(6> 



doi I dt \~da^ J dt "' \ da^ J dt 

Equations (5) and (6) suffice to determine the six para- 
imeters in terms of t', and it may be remarked that, should 
|any of these quantities themselves appear in the coefficients in 
ithese differential equations, they may be treated as constants, 
JBince their yariations maybe neglected for a short time at any 
period of the motion, on account of the smallness of the dis- 
[turbing forces. This will evidently amount analytically to 
iTieglecting higher powers of the disturbing forces than the 
first. 

318. Supposing then the parameters found as functions 
of f, if in equations (3) we substitute their values, and then 
eliminate t from the three equations, we shall have two re- 
sulting equations which will be the equations of the orbit 
actually described by the particle. 

But if t be eliminated, a^y a^,...a^ being considered con- 
stant, and then the values of o^, a„ ...a^ as functions of ^ be 
substituted, the two resulting equations will, for any particu- 
lar value ^ given to t, represent a curve which evidently 
coincides with the actual path at the time t'y and which would 
be from that instant the actual path if the disturbing forces 
were then to cease. This curve is called the instantaneous 
orUt at the time ^ = ^, and its form and position must evi- 
dently undergo a slow change in consequence of the disturb- 
ing force. 

319. If the constants be fewer than six, as in the case of 
constrained motion^ so many equations as those just indicated 

T. D. 24 
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will not be necessary ; but the preceding sketch -vrill enal 
us to apply the method to any such case. Thus if the pi 
be constrained to more on a given surface, taking its eqi 
along with equations (3), there will evidently be two of 
six constants at once determined completely in terms of 
others. And if the motion be on a given curve, four of 
constants will be got rid of. In that case, s being the lei 
of the arc described at time t, S the tangential force, 8' 
tangential disturbing force, the equation of motion along 
tangent is 

^1^8+8' (7). 



Now if 
be the solution of 



« s= ^ (a, a, i) 



(8). 



we shall get the values of a, a in terms of t, in order that (J 
may satisfy (7), and also that the expressions for the velocit 
in the instantaneous orbit and the real orbit may be the 
by solving the equations 



Kdd) dt'^Kda) dt'^^' 




These equations evidently correspond to those of groi 
(5) and (6) respectively. 

320. To determine the effect of a small disturhing forot 
a simple cycloidal pendulum. 

If s be the arcual distance of the particle from the loi 
point at time ^ putting 



we have (§ 182), 






d'5 . J ^ 
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as the equation of undisturbed motion. Its solution is 

s = a3ia(nt + b), 

where a and h are arbitrary constant quantities depending on 
the length of the arc of vibration and the time of passing 
the lowest point. 



We shall now suppose that/is a small tangential disturb- 
ing force : the equation of motion is 

The solntion of this equation we assume to be 

« = aBin (nt + h), 

a and h being considered unknown functions of t, which it is 
onr business now to determine. 

Taking as a condition, that the form of the expression for 
the Telocity is to be still the same ; since 

J- = na cos {m( + S)+ jam{nt + i)+acoB{nt + b) -^ , 



' dt 
which is the assujned relation between a and b. 



Again, since ^ = na cos (n( + J), 

^ = — n*(i sin (n* + i) + n -J- C08(n(+ J) -na sin (rK + 6) - , 



motion, and we bare 
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n -J- COS {nt + }>)'-' na sin {nt + J) ;t^ =/, 
which is the second equation connecting a and h with I 

Eliminating successively -jz and -j from these, we law 



cZ^ dt 

na 



^=^cos(n« + 5), _ = -i8m(««+J). 



If we could solve these equations exactly we should 
the complete determination of the motion. In few cases i 
this practicable : in all to which we shall have to apply tb 
investigation an approximation is sufficient. 

We suppose /to be a very small force. Hence the van- 
able parts of a and h are of the same order of magnitude as j 
and may be neglected on the right-hand side of the aboiw 
equations if we agree to neglect the square and higher powert 
of/. 

In order to find the alteration in the extent of vibia- 
tion which takes place in one oscillation we must integntt 

- cos {nt + 1) dt between the limits of t corresponding to o» 

oscillation; that is, from a value of t which gives n^ + i=« 
to the value of t which gives w^ + 6 = tt + a. Here a may b 
any quantity: in different cases we shall find it convenient to 
integrate between different limits. 

Hence, increase of arc of semi-vtbration = - I /cos («Hi)» 
between the above-mentioned limits. 

To find the alteration in the time of oscillation, let % f 
be the values of t at two successive arrivals of the pendulufl 
at the lowest point \ B, B' the values of h at these times. 
Then 

n n ' 
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mwB'^B^r^dt=^^^rf3m{nt + h)dt: 

therefore the increase of time of oscillation 

^—l fain(nt'\-l)dt, 

and the proportionate increase of time of oscillation 

= I /sin (nt + h) dt, 

irnajT 

If the circumstances are such that we must integrate 
through two vibrations, then 

proportionate increase of time of oscillation 



= 2^/>'«^("* + *)'^^ 



; 321. These formulae are convenient when / can be ex- 

i pressed in terms of t If however f be expressed in terms 

\ of «, as is the case particularlj in clock escapements, we must 

i modify the formulae : thus 

da ^da dt 1 ^ ^ f 

ds dt ds'^ na cos (nt + b) dt v?a ' 



and 



db^ 1 dh 

da na cos {nt + b) dt 

f f 

== — T-5 tan (nt + 5) = — -^-j 



8 



n^a^ ^ ' ' rfo? ^J{a^ - s^) * 
Hence^ the increase of arc of semi-vibration is 



Mj^' 



proportioTiate increase of the time of vibration 



1 /* jsds 
irnWj^.^/[a^--sy 
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The limits should strictly be — « and «', where s* diffen 
from « by a quantity which depends upon the change in fl* 
arc of vibration : but we may neglect this difference betweeai 
8 and «', since the terms in which they occur are small 

322. Instead of vibrating in a cycloid, let the pendvSm 
tnbrate in a circle. 

Here the force = fl^ ^^^ 7 = ^ "" f^ nearly ; 
therefore proportionate increase in time of vibration 
Now J sin* {nt+h) d< = i J {3 - 4 cos 2 (n« + 6) + cos 4 (n< + l)]i 

3 TT 

= — , from w^ + J = to ir ; 
8 n 

therefore proportionate increase of time 

ga^ a' . ^ g 

The increase of arc of vibration 

= M^[ cos {nt + b) sin' (nt + h) dt 
6nL J 

^ J±- gin* (nt + l)+G^O between the limits, 

as we might easily have foreseen. 

823. Su2>pose the friction at the point of suspension to k 



constant. 



J 
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It will be convenient to take the integrals daring that time 
in which the friction acts in the same direction : that is, from 
the beginning of a vibration to its end, or from w^ + J = — i tt 
tow<+6 = ^7r. Here /= — c, since the friction retards the 
motion ; 

/. increase of arc = — I cos {nt + 1) dt 

= — jSin (nt + l)+ (7= — 5 , 

proportionate increase of time = 1 sin {nt + b) dt 

c 
= — ^ cos (nt + b) •{• C= 0, between the limits. 
7rn cb 

324. Suppose the resistance of the air to produce a force 
varying as the m!^ power of the velocity or = kv", m being any 
whole number. 

The velocity in moving from the lowest point 

= ndcos (nt-^-b) ; .'. /=» —ifen"'a"' cos* {nt + b] ; 

therefore increase of arc 

= - Jfcn**'*a~ I cos"^^ (n^ + i) d[^ from n« + 6 = -j7r to Jtt 

= ^fam-"a- 7^^,^f '"-•'; (m odd) 

(m+l)(m-l)...2^ ^ 

- o7>.^m-« ^m ^ (^ -- 2) 2 , . 

= — 2Ajn a -7 — -— r-r — — - fm even). 

(m+ 1) (w— 1)...3 ^ ' 

When w = 2 (the law usually taken) the decrease of the 
The proportionate increase of time of oscillation 



= - - n"^^a"*"' I cos"* (w^ + b) sin (n^ + b) 



dt 



JcrT-^^nini 



cos"*"^^ (n« + J) + = between limits, 



Tr(w + 1) 
whether m be a positive integer or fraction. 



' At 



.Jvs* 
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826. Suppate the resistance of the air is expressed hy atf 
function of the velocity. | 

Here/ss — 4> (v) for motion in the positive direction : m 
the increase of the arc of vibration | 

^n^ar^^Kin{nt^by^''n^a]sJ{nW'-t^ 

from V = to V = again. But it must be observed that froni 
vsO to t7s:9ia (that is, from s^-^a to« = 0) the. radical 
mnst be taken with a negative sign, because sin {nt + i) it 
then negative. The increase of the arc is conseqnentlj 

1 p* v4>{v)dv 1 r v<j>{v)dv 
^ n*aj. V(«V - v^ "*■ n'a}^^(n*d' - 1;*) ' 

and therefore there is a decrease = -y- j ,, * V — f • 

naj ^ »J\na — v) 

The proportionate increase of time of vibration 
— — B-j'^W —^ ^^^ v = to v = 0. 

TTTl a 

i 

Hence a resistance which is constant, or which depends <»' 
the velocity, does not alter the time of vibration. 

326. Let the resistance he that produced hy a current cf 
air moving in the plane of mhration with a velocity Y greakt 
than the greatest velocity of the pendulum : and varying as ih» 
sguare of their relative velocity. 

Here /= <f){v) = k{ F— v)' when the pendulum moves in 
the direction of the current, which we suppose to be the 
positive direction of s ; and/s <f){v) =k{V+v) when it moYCS 
m the opposite direction. 

Bj the formula in the last Example^ when the pendnlom 
moves in the direction of the current, the arc is increased b/ 



- /2F* Vair 4a»\ 
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and when it returns the arc is diminished by 



- 327. Let a force F act through a very small space x. at the 
distance cjrom the lowest point. 

I The increase of the arc = -5- / Fds = -r- nearly. 

I naj, n'a ' 

The proportionate increase of the time of vihration 

. Trn'a'J, V(»'~»*)' 

' If the general value of the integral be ^ (a), then the propor- 
tionate increase of time 

If tlien an impnlse bo given when the pendalnm is at ita 
lowest point, c = and the time of vibration is unaffected. 

328. To determine the motion of a projectile in a tinifonn 
inedium, the resistance heing as the square of the velooity. 

Here as before (§ 236), 



de~ "^ ds ~"'dtdt 

df * ds " dt dt 

Now if i ™ 0, we have evidently 
x = a-^-mt \ 



..(1). 



J 
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where a, b are the co-ordinates of the point of projection, 
and m, n the initial horizontal and yertical Tclocities. 

^ Now supposing (2) to be the solution of (1), a, I, m and % 
being now limctions of t^ we hare 



dx 



1 



in both orbits ; therefore 



Also 



da dm 
db dn 



*=vK+(»-<7vn, 



(3). 



and equations (1) become 
and (3) becomes 



....(4); 



^^ = k(n-s't)W{m*+(n-g'ty] 



(5). 



The last four equations suffice to determine a, b, m, n in 
terms of t, and thence the instantaneous orbit. For a first 
approximation, we may on account of the remark in § 317 
integrate these equations on the supposition that the right- 
hand side of each is variable only so far as it explicitly 
involves L 
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Now equations (2) shew that the latus recttim of the in- 

(tantaneoos parabola is —7- ; and as -^ is negative, by (4), 

ipe see that the latus rectum continuallj diminishes. 
Also bj equations (2), 

Fhese give for the co-ordinates of the focus of the instan- 
:aneous orbit 

^ y 

If these expressions be differentiated and -7-, &c. be 

eliminated by means of (4) and {5), it will be seen that 

-^ is negative, or the axis of the instantaneous orbit moves 

backwards^ until the particle reaches the vertex: ; after which 

it progresses for the rest of the motion; also that -^ is 

positive if m > n, that is, the focus of the instantaneous orbit 
moves upwards while the direction of motion of the particle 
makes with the horizon an angle less than 45^ i. e. while the 
particle is above the latus rectum of the instantaneous orbit. 

329. A particle, moving about a center of force whose 
intensity is inversely as the square of the distance, is suhjected 
to a small disturbing force in its plane of motion/ to investigate 
the change in the form and position of the orbit. 

Let the disturbing force be resolved into two, ^ and yjr, 
one along the radius vector and the other perpendicular to it ; 
the equations of motion are 

^-'^UJ— r»+* ^jj^ 
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Now the solutions of these eqoations «ie 
p = J{l + c cos (<?-*)} 



(2). 



if we omit the forces ^ and '^. When we consider their 
effect, then the quantities A, e and «- most be considered 
▼ariable. 

But in the instantaneous orbit the velocity and direction 
of motion are the same as in the actual orbit^ and therefore if 
(2) be differentiated, considering h^ e, and «j variable, the 

results for r, -r-, and 3- must be the same in form as if the 

cU at 

disturbing forces had not acted. This will enable us to avoid 
second differential coefficients of h, e and «j ; and the substi- 
tution of their values for t-, -^ , and ^ in (1), will give us 
altogether three equations for 

dh de dtsr 

Tt' It' Hi' 

The expressions for these quantities are complicated and so 
we do not give them. Thej will be more easilj investigated 
in particular cases, when ^ and '^ are given. 

In the case of the orbit being an ellipse^ A* = /£a (1 — 6^, 
so that we have by substitution 

da de « d& 

TV dt'^^'di* 

And the second integral of the second of eauations (1) in- 
volves € or the epoch, which will also be tnus found as a 
function of t 

380. If we desire the change produced in the form and 
position of an orbit by a slight change made in the velocity, 
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direction of motion, &c. at some particular point, we must 
esipress separately each of the elements of the orbit in terms 
of the quantity to be changed ; then taking the differentials 
of "both sides, we have the required changes of value. 

Thus, we have generally in an elliptic orbit 

At the extremity of the axis major farthest from the focus 
this becomes 

al+e' 

Now if at this point Fbe made V+BV, without change of 
direction, we have the condition that in the new orbit a (1 + e) 
shall have the same value as in the old ; since this will still 
he the apsidal distance. 



Hence 



^ ^ \al-\-eJ' 



and S{a(l+e)}=0; 

al+e 



or 



^=-V{^(^-^)}^^ 



And Sa = — z Se 

1 + e 



-yei-i-:)*"- 



which determine the increase of the axis major and diminu- 
tion of the excentricity, and the same method is applicable to 
more complicated cases. 
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Again, in the case of a parabolic orbit, as in Chap. lY., 
it is easy to see that a change in the magnitude of the velo- 
city shifts the focus in the line joining it with the point d 
projection through a space 

VBV 



raises the directrix through an equal space, and increases the 
latus rectum by 

4FSF , 
cos' a, 

where a is the inclination of the path to the horizon at the 
instant of the impact 

If the direction of motion only be changed, the directrix 
is unaltered, the focus moves in a direction perpendicular 
to the line joining it with the point of projection, and the 
latus rectum is diminished by the quantity 

4F" 
sina cosa Bou 

9 

In the latter case the new orbit again intersects the old, 
and the tangents to either at the two points of intersection 
are at right angles to each other; so long as the displace- 
ment ZoL is indehnitely small. 

These results may easily be extended by geometrical pro- 
cesses, as in Chap. IV., or deduced by differentiation from 
the analytical results there given. 



EXAMPLES. 

(1) If a small velocity n ^ be impressed on a planet, in 

the direction of the radius vector, shew that 

Se = nesin (5 = «7), 



)« p i * I 



w 9 n^9^^ u 1.^ ■ *■ ^ ■ fcj I ^ !■ ■ ^^\y ' T^"^^^ 1^1 1 ■ ■ p 
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(2) A satellite moves about a spherical planet in the 
plane of its equator, in a slightly elliptic orbit. Find the 
motion of the apse due to an uniform mountain ridge at 
the equator. 

(3) Central force varying as the distance, the velocity of 
a particle is increased by - th when it is at the extremity of 

one of the equal conjugate diameters of its orbit. Shew that 

each axis is increased by — th, and that the apse regredes 

through an angle 

1 ah 



(4) At what point of an elliptic orbit described about 
the focus, can a small change be made in the direction of 
motion without altering the position of the apse? 

If S^ be this change, shew that (in the supposed case) 

(5) Shew that in an elliptic orbit about the focus, if the 

velocity be increased by - th when the true anomaly is ^ — -cj ; 

we shall have 

^ nr sin {6 — -bt) 

ae 

as the particle is moving to or from the nearer apse. 

(6) A particle moving about a center of force in the 
focus, in an ellipse of small excentricity, receives a small 
impulse perpendicular to its direction of motion at any instant. 
Find the effect on the position of the apse. 

(7) Again, if at the extremity of the axis minor the 
velocity be increased by - th, and the direction changed so 
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that h remains the same, find the alteration in the form 
position of the orbit. 



Ba 



-©'*'-• 



a..(e)'(l-.).K 

(8) The first term of the central disturbing force on the 
moon is — m\ where the central force is -5 ; shew that the 

T 

apsidal angle (the orbit being nearly circular) is 



TT 



(1 + 1 5) nearly, 



where — is a mean lunar month. 
n 

(9) A particle is moving in a circle about a center of 
force oc (Dist.)"". The absolute force of the center increases 
slowly and uniformly. Determine the approximate elements 
of the orbit after a given time. 

(10) A particle moves in a focal elliptic orbit in a very 
rare medium whose resistance is as the square of the velocity; 
determine the effect of the resistance on the periodic time. 

(11) A particle is projected along a slightly rough in- 
clined plane ; find the approximate path, and the velocity nt 
any point 

(12) A point is describing a circle, the acceleration tend- 
liig to the center and varying inversely as the square of the 
distance : if the velocity at any point be increased in the 

ratio of Jb to J2, find the excentricity of the new orbit. 

(13) A spherical cloud of small masses, whose mutual 
attraction is insensible, and whose velocities are very small, is 



r 
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overtaken by the sun so as to be incorporated into the solar 
system. How will the form of the cloud alter as it pursues 
its approximately parabolic orbit ? 

(14) A particle revolving about a fixed center to which it 
is attracted by a force varying inversely as the square of the 
distance is acted on by a small disturbing force /m the direc- 
tion of the radius vector: prove that the variations of the 
major axis, the excentricity and the inclination of the line of 
apses are determined by the equations 



da 

di 



de fa (1 — 6^1 */».//! \ 

- — -|-A_^}/cos(^-«.). 

(15) The bob of a simple pendulum of length I is acted 
on by a horizontal force =spg cos nt, where ^ is a large num- 
ber, and 7n* is large compared with g : shew that the pendu- 
lum may oscillate about either of two points distant a from 
the lowest point with an amplitude ^8 where 

cosa = 2 — y, p==-. 
ffP P 
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CHAPTER XIL 

MOTION OF TWO OR MORE PARTICLES. 

331. Hayino considered in detail the varions cases wUdi 
occur in the motion of a single particle subject to the actios 
of any forces, and whose motion is either free, constrained) oc 
resisted, we proceed to the investigation of some very simplft 
cases in which more particles than one are involved. The 
cases will divide themselves naturally into two series ; firs^ 
when the particles are entirely free, and are subject to theii 
mutual attractions as well as to other common impressed forces: 
and second, when there are in addition constraining forces; 
BQch as when two or more of the particles are connected b] 
inextensible strings, &c Let us take these in order :— ^ 

L Free Motion, 

332. An immediate application of the third law of motiQi 
shews that if two particles attract each other, they exert eaa 
on the other equal and opposite forces, in the direction of du 
line joining them. 

If then m, m\ be the masses of the particles, and the fo«< 
between two units of matter at distance D be ^' (D), the coo 
mon force is 

333. A system of free particles is subject to no for(^ 
hut their mutual attractions; to investigate the motion of i^ 
system. 

Let, at time ^, x^ t/^, z^ be the co-ordinates of the partich 
whose mass is tw^, and let <^' (Z>) be the law of attractioa« 
Let ^r^ express the distance between the particles m^ and««,| 
then we have for the motion of m^ 
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«,.^'=S {m,«,.f (.r.) ?=^} (1), 

m.^ = S {m,«,.^XrJ ?=Zli| (2), 

«..^' = S|m,m.^'GrJ ?=^j (3), 

with similar equations for each of the others ; the sums being 
taken throughout the system. Before we can make any 
attempt at a solution of these equations, we must know their 
number, and the laws of attraction between the several pairs 
of particles. But some general theorems, independent of these 
data, may easily be obtained : although not nearly so simply 
as in Chap. IL- 

334. I. Conservation op Momentum. In the ex- 
pression for m^ --j^ , we have a term 

and in '"^q—T^ we have 

Hence if we add all the equations of the form (1) together 
the result will be 



Similarly 2(«»^|) = 0, 



s(4;)-o. 
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Now if or, V, e, be at time t the co-ordinates of the center 
of inertia of aU the particles, § 58, 

And the abore equations maj be written, 



d*x 

dt 



Sm = 






or 






de 



= 0, 



= 0. 



Whence 






dz 

dt 



= c 



These equations shew that the Telocity of the center of inertii 

Sarallel to each of the co-ordinate axes remains invariabk 
uring the motion, that is, that the center of inertia of it 
system remains at rest, or moves uniformly in a sirc^ 
line. See § 72. 

The values of a, l^ c, may thus be determined, 



dx 






dt 



Sm 



Now if the initial velocity of Wj were resolvable M 
t/i, Vi, w^y parallel to the axes respectively, and similtflf 



for wij, &c. 



a = -=^ — ' , and so for 5, &c. 
Am ' ' 
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385. II. Conservation op Moment op Momentum. 

Again, it is evident that if we multiply in succession equation 
(1) by y^, and equation (2) by aj^, and subtract, and take the 
sum of al] such remainders through the system of equations 
of the forms (1) and (2), we shall have 

Integrating once we have 

where the left-hand member is the moment of momentum of 
the system about the axis of z. 

Now if in the plane of xy we take p, 0^ the polar co-ordi- 
nates of the projection of m, 

dy dx ^ ^dO 

^dT^'di^P Jt' 

therefore Sf «i/>'-^J = 2-4^ 

Now if o, be the area swept out by the radius vector p 
on the plane of xy^ 

- 2 dB da^ 

^Pdi'^di' 

and our equation integrated gives 

2 (ma.) = -4,f , 

no constant being necessary if we agree to reckon a, from 
the position of p at time ^ = 0. 

This equation shews (since xy is any plane) that generally 
in the motion of a free system of particles, subject only to 
their mutual attractions, the moment of momentum about every 
axis remains constant; or, as it is commonly but inconve- 
niently stated, the sum of the products of the mass of each 
partide of the system^ into the area swept out by ^ radius 
vector of its projection on any plane, and about any point in 
thatplane^ will be proportional to the time. See § 72. 
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Take a., a, to represent for the planes yz^ xz the same 
that a, represent for xy^ then 

The vulne of this quantity for a plane, the direction cosines 
of whose normal are X, fi, v, will be 

and will he a maximum if 

XA^ + fjbA^ + vA^ is so, 
subject to the equation of condition 

X" + /a" + i'* = 1. 

This gives X == ^^^^, /j: + ^3») == A ^^PP"^- 

with similar Taluea for fi and 1/ ; 

and the value of the product for the plane so found is evidently 

At. 

Hence, we see also, that, as indeed is evident from the 
simple statement above, the aocis about which the fnameni of 
momentum is greatest remains parallel to itself^ or, as it is 
usually put, the plane for which the sum of the products af 
the masses of the particles into the sectorial areas described 
by the radii vectores of their projections is a maximum j is a 
fxed plane or parallel to a fixed plane during the motion. It 
has been called on this account the Invariable Plane. 

336. IIL Conservation op Energy. Multiply 
(l)by|s (2)b7f, (3)by§; 

and, treating similarly all the other equations, add them all 
together. 

Let us consider the result as regards the term on the right- 
hand side involving the product m^m^ 
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Written at length it is 

+ similar terms in y and z] ; 
md the portion in brackets is equal to 

- [i^9-^p) Tt K •" ^^ + similar terms in y, z] ; 



dt 



)r, 



'^* dt ^^^ ' 



-, r /ctr e?*aj dy d^y dz d^z\{ 
bence ^ |«i (^^ ^ + ^ ^ + -^^ ^^j} 

= - S K»i,0' (,r,) ^ (,r,)| ; 
therefore, on integration. 

And by taking this integral between limits, we see that — 
(he change in the Kinetic Energy of the system in any time 
depends only on the relative distances of the particles at the 
beginning and end of that time^ § 78. 

337. So far for the case of several particles. The simplest 
examples will of course be found in the case of two particles 
only, and to such we will confine our attention ; as, when three 
or more are involved, the problem does not admit of exact 
solution, and in the two most important applications which 
have been made of it, namely to the Lunar and Planetary 
Theories, it is found that a distinct method of approximation 
is required for each. 

Since the acceleration of the center of inertia is zero, it 
follows that the motion of each particle with reference to 
that point is the same as if the latter were at rest. Also, if 
we apply to each particle of the system an acceleration equal 



d92 
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and opposite to that of any one of them, the latter will b] 
reduced to rest, and the relative motion of the others about il 
will be unchanged. Hence, if there are only two, we m[ 
that the relative motion of one about the other will be tb 
same as if the sum of the masses were substituted for &»{ 
latter. 

338. Tibo partidesy moving initially with given vdociAm 
in the same straight line, are street to no forces but thein 
mutual attraction which is inversely as the square of ih\ 
distance; to determine the motion. 

The motion will evidently be confined to the straight line* 
Let m, m' be the masses of the particles estimated on tk 
hypothesis that unit of mass exerts unit of force at unit d 
distance ; x, oi their distances at any time t from a fixed point 
in the line of motion, then 



rf'^ 



m,m 



W-r5- = 



m 



de {x-xy 
f ux mm 



dl' 



(x' - »)» 



(!)• 



Hence, if a? be the co-ordinate of the center of gra^tv at 
time t, 



m 



d*x , ,d^x' 



.d 



X 



de 



+ «' -T5- = (m + m*) -— = 0, 



de 



Of 



dx ,daS . ,^ dx f^ 

-=mr+m'V', ^ 
if V and F' be the initial velocities. 
Integrating again, 

mx+m'x' = (m + m') 5 = {mV+ m'F') t+C 

=^{mV+m'V')t + ma + mW (2), 

if a, a' denote the initial positions of the particles. 
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Again, from equations (1)^ 

rf* jx' " x) _ m + m 

from which, by multiplying by m or w', we see that the 
relative motion is the same as if the one particle moved to 
the sum of the masses collected at the other, the position of 
that other being considered fixed. 

Integrating once, we have 

At ^ = 0, this is 

^ ' a —a 

and, eliminating (7, 

This is of the form 

therefor. f=j ^{i'f°B.) ■ 

which may be integrated by putting a) = y*._ The integral 

:ai] 



•will be circular or logarithmic according as B is negative or 
positive. Thus we have x --x in terms of t, and as we also 
tnow mx + m'x' by (2), the motion is completely determined. 

If at the instant of projection 

/XT rr'\t _ 2 (tw + m') 

the formula (3) becomes 
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|(x'_»)« = C±V{2(m+«')l<, 

|(a'-a)«-a 

and the motion is completely determined. 

339. There is another method of treating this problem. 
Suppose thaty instead of determining the relative motion of 
the particles, we consider that of each rehitiyelj to the com- 
mon center of inertia. The distance of m from the center of 

inertia is 

_ mx + mx m (x -^x) 

x-x^ -T—r-x^ — -■; 

m + m m + m 



and we easily find firom (1), 

, /cPx' cPx\ _ ^ mm ^ tn" 

^['de^wj" {x - xy P'^^* 

Hence, for the relative motion of m and the center of 
inertia^ 

d* (x—x) _ mm' 

mm 



{m+m')\x-xy* 

whence x^-x may be determined, in finite circular or loga- 
rithmic terms, as before. 

340. Two particles^ anyhoto projected, are acted on solely 
by their mutual attr(zctton ; to shew that the line Joining them 
9S always parallel to a fixed plane, [This is obvious from 
§ 26.] 

If m and m be the particles, a?, y, «, a?', y\ «', their 
co-ordinates at time t, r their distance, and P the mutual 
attraction, we have the following equations, 

cPaj j^x — X , d^x' j^x — cb' 
with similar "expressions for the other co-ordinates ; hence 
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d'ix^x) d^iy-y) d^jz^z) 
df d^ df 



X —a? y — y « —z 

and integrating, 

,, Kdiy'-^y) ,, .dix'-'X) ^ 
with other two similar equations. Therefore 

Hence the line joining the particles is always parallel to 
the plane whose direction-cosiues are as C^, C,, G^ This 
corresponds to § 335. 

Also it is evident that the motion of the particles with 
respect to each other in a plane parallel to this is the same as 
if the plane were at rest (§ 337). 

From the preceding propositions the following are evident 
deductions. 

The center of inertia of the two particles is at rest only 
when the initial velocities are zero, or when the directions of 
projection are the same or parallel^ and the momenta equal 
and opposite. 

The plane of relative motion will be at rest only when the 
initial directions lie in one plane. 

If the force be inversely as the square of the distance, the 
relative orbits of the particles about each other, and therefore 
(§ 27) about their center of inertia, will be conic sections 
about a focus. 

It is needless to pursue this any further, as the preceding 
results enable us to reduce the problem to cases treated of 
in former chapters. 

341. Two particles in space move under the action of 
given forces^ aa well as their mutual attraction ; to determine 
the motion. 

Taking the same notation as in § 340, if X, Y, Zy 
X\ Y\ Z\ be the resolved parts of the given forces on 
unit of mass^ we havQ 
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m 



de 



r ^ at r ' 



with similar equations for the other co-ordinates. 



Hence. ^S^^^^*!t±^p<^ 



— X 



+ X'-X, 



mm r 

and so on. Thos we see that the relative motion aboat m wi 
be found hy applying to both particles (reversed in direction]| 
the forces to whose action m is subjected. 

Also, i{x,y,zhe the co-ordinates of the center of im 
we find, from the above, three equations of the form 

^fn + m)'^^m-^ + m^^^mX+mX, 

which shew that the motion of the center of inertia is the sami 
as if the particles had been collected into one^ and acted on ij 
the whole of the impressed forces. 



IL Constrained Motion. 

342. Of the constrained motion of particles, we can onl] 
take particular examples, but there are some general con-| 
siderations which deserve attention. 

If two particles be connected by an inextensible string] 
its only effect is to prevent their relative distance becomiDf 
greater than its own length. If we introduce an unknowi 
force T^ for the tension of the string, the equations of motioi 
can be written down, and the conaition that the distance 
the particles is equal to a given quantity will give us 
additional equation, enabling us to eliminate, or to find the 
value of, this unknown force. If at any time the value of 
so found becomes equal to zero, the motion of the particle 
must be investigated henceforth as if they were free, until th( 
values of their co-ordinates shew that the string will begin 
be tended again. In such a case, if their velocities resolve 
along the line joining them be not equal, an impact will take 
place, whose effects must be investigated by the methods of 
Chap. X. 4 
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When the particles are connected by a rigid rod without 
mass, we have an unknown reaction in the direction of the 
rod ; and, to determine it, we have the geometrical condition 
that the distance between the particles is constant. 

If there be more than two particles attached to the rod, it 
may exert a transverse force; but cases of this kind more 
properly belong to the Dynamics of a Rigid Body; and we 
therefore omit all consideration of them. 

343. Two particles, attached to each other hy an inexten- 
stble string, are projected with given velocities in space; to 
determine the motion* 

We may without loss of generality consider the distance 

between the particles at the instant of projection, to be equal 

to the length of the string. If their velocities are wholly 

perpendicular to its direction, or if their resolved parts along it 

are equal and in the same direction, there will be no impact. 

If not, suppose the masses m and m' to have velocities v and v 

parallel to the string at the instant it is stretched. It is evi- 

mv "I" 7n V 
dent that the impact will change each of these into t- . 

This then is determinate ; so we may now in addition suppose 
the resolved parts of the velocities along the string equal to 
each other. Let x, y, z, x\ y\ z\ be at any time the co-ordi- 
nates of the particles, then, if a be the length of the string, 

and so on. 

Also, (a,' _,T)«+(y-y)« +(/-«)• = a", 

which are feeven equations to find jT, and the six co-ordinates 
of m and w. From the form of the equations, or by treating 
them as in § 340, we see that the string remains parallel 
to a fixed plane, that the center of inertia moves uniformly 
in a straight line, and that the motion of the particles about 
each other and about the center of the inertia is the same as 
if that point were at rest Hence, the particles revolve with 
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unifonn angular yelocitj, and the tension of the string ii 
constant From the above equations 

m + m a 

is the relative velocity. The same result might have been 

easily obtained hj using the last formula in § 144 when we 

consider that the velocitv of m relative to the center of inertit 

m'V 
is — ; — , , that the radius of the circle it describes about 

tn'a 
that point is ^ , and that T is the force which maintains 

it in that circle. 

344. Two jparticles, connected hy an tnextenstble string 
which passes over a small smooth pulley^ move under the actm 
offfraviiy ; to determine the motion. 

. This was partly anticipated in' § 342» Let m, m' be tbe 
masses, and let Xy x' denote their distances from the pullej 
at time t. Then if T be the tension of the string (the same 
throughout since the pulley is smooth), we have 

fax I Mrf 

* ■ 

But a; + a;' = length of string = a suppose. H^ce sup- 
posing m>w, 

(w + fn0^=(wi-w')<7 (1). 

This equation completely determines the motion. Also, 
if we eliminate x and oi^ we have 
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,„ 2Mtn 

and it is therefore constant. 

This is one of the cases in which theoretical results may 
be tested by actual experiment with considerable accuracy. 
And it was this combination, with many delicate precautions 
against friction, &c. which Atwood made use of for experi- 
mental verification of the laws of motion* 

We see, for instance, by equation (1), that we may easily 
keep ni'hfn' constant while m — m has any value, and thus by 
measuring the accelerations produced, find whether 'they are, 
in the same mass, proportional to the forces producing the 
motion. Again, keeping m —mi constant, m + m' may be 
varied at will Hence by this process the second law of mo- 
tion may be tested. See § 68. Again if, while the masses are 
in motion, a portion be suddenly removed from the greater 
so that they remain equal, (1) shews us that observation will 
enable us to test the first law of motion. 

345. Instead of two masses, connected by a string, suppose 
a flexible and uniform chain of length 2a hang over the pulley ; 
then if x be the length hanging down on one side at time ^, 
there will be 2a — a; on the other, and the difference or 

2(a?-a), 

is the portion whose weiffht accelerates the motion. Hence, 
/i being the mass of the cnain per unit of length, we have 

which gived x-a^ ^e^* + Be" ^" . 

If the chain were initially at rest, a portion a + h being on 
one side of the pulley, 

b = A + B, 
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This is true Tintil x s= 2a, that is, till the chain leaves the 
pulley ; the value of t at that instant being t^ we have 







and therefore «, = ^| log ft + V (^. " 1 )} • 



ft/9 

If, for example, &«— , i.e. if the portions of the chain 



were initially as 4 : 1, 



«.=y^iog.3. 



346. A particle^ of mass m, hangs over a small puUey, 
and the other end of the string is attached to a mass va! lying 
on a smooth horizontal plane ; to determine the motion. 

Let a be the length of the string, then It is evident that 
if J be the height of the pulley above the plane, the angle 
the string attached to m' makes with the vertical, and x fiie 
distance of m from the pulley, we must have 



aj + 



cosd 



=sa 



(1). 



Also, if T be the tension of the string, the equations of 
motion are 



m 



X 



d^ 

de 



^mg^T 



m 



•^^^ = .Tsm0 



(2). 



These will suffice for the determination of the motion, and 
the tension of the string ; unless T cos should become greater 
than m'g, in which case the mass m' will be withdrawn ftom 



J 



UOTION OF TWO OK HOKE FAKTICLES. 401 

the plane, and instead of the last of equations (2) we must 
have two equations for the determiuatiou of its motion. 

347. Tmo particles, m, m', connected hy a rigid rod, &f6 
farced to move one on each of two straight lines in a vertical 
plane, inclined at angles a, a! to ike vertical ; to determine the 
motion, and to find the time of a small oscillation about the 
position of eguilibriam. 

Let 6 be the inclinatioa of the rod to the vertical at time t, 
Tits teoaion, S, B' the reactions of the linss, x, ai the dis- 
tances ef the particles from the point of intersection of the 
lines, and a the length of the rod. 



.(1). 
.(2), 



Then, 

d*x 
m -j^ = ni^ cos a + r cos (^ + a) 

m -T^ = m'g cos a'— J* cos {9 — a') 

^ — m^ sin R + Tsin (^ + a) 1 
R = m'ge,mo: + Tim\e-a)\ 

!c = a;'cos (a + a') —o cos (5 + a)! , . 

iB' = arcos(a + a') + aco8(fl-a')| ^'' 

These six equations give a, x', R, B', T and 6 in terms 
of (, and thus theoreticallj complete the solution. 

348. For the time of a small oscillation, ve must first 
find the position of eqailibrinm. This will, of course, be 
obtained by equating to zero the right-hand members of 
equations (1). (§ 69.) Let x, x, correspond to this position, 
aud let 

a: = S + f, aj' = S' + f, 

where f and f are indefinitely small. 

. Eliminating T from equations (1), and substituting for 6 
in terms of x and x' by means of (3), we have, putting 

T. ». 26 



i 
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m 



[ "^— y cosa) (x '— a?co3)9)— m' l—^—ffcos a' Var-aj'cosjS)" 



But 



SB^ + aj'' — 23CX cos-/3 = a' ; 



from which, neglecting quantities of the second order, we 
that 



therefore 



x — x cos /3 



r=f 



X cos ^ — X ' 



Hence, eliminating a?, x, and f ' from these equations, 
have 



x — x cos fi Q 



ni(§-^cosa)|^'-^cos/3 + f(|^^^^___, 
, /rf'f X — i'cos /8 



- /at x — x cos p A 



X Ja? — a;'cos^ + f fl — 



a?— aj'cosiS 



cos /i^ — a 



>cos)8U- = ^- 



Keeping only terms of the first order in f , since the tei 
not involving f or its difierential coeflScient must evident 
vanish of themselves, we have 

[m(x —X cos /9)' 4- w' (^ — a?' cos ^f] -A 

+ g sin* /9 {jax cos a + m'i' cos a) J = 0,| 
an equation of the form 

27r 
and the time of osdllation is — , § 133. 

n 

349. Tiro heavy particles^ m an<? m', are attachedi 
different points to an mextensible stringy one of whose 
tremtttes isjixed. If the system be displaced^ to determiM 
Tnotion. 
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Take the axes of x and y horizontal, and that of z verti- 
cally downwards, the extremity of the string being origin. 

Let a, a be the lengths of the portions of the string, 0, 6' 
the angles they make with the vertical, ^, <^' the angles which 
vertical planes through them at time t make with the plane 
of ocz. Let a?, y, «, aj', 'y\ z\ be the co-ordinates of the parti- 
cles and T, T' the tensions of the strings. 

d'^x 



Then 



m 



de 



= - Tsin 5 cos ^ + T sin & cos ^', 



d^v 
w -1^ = — Tsln 5 sin <^ + T' sin 9' sin ^\ ^ 

d^z 
m-r^ —mg-- Teas d + T' cos ffj 

^' J' = ^rsin5'cosf, ' 



w'^=-T'sin5'sinf, 



m 



di 



= mff-T' cos 0'. 



Besides these, we have the six equations for x, y, z^ 
ic\ y\ z' in terms of a, a , 5, ^, &, <^'; in all, twelve equations 
for the determination of the twelve unknown quantities in 
terms of t. 

350. These equations will be much simplified if we con- 
sider the displacement to be in one plane, as the motion will 
evidently be confined to that plane. By this means we at 
once get rid of y, y\ <f> and ^'. A still greater simplification 
Trill be obtained by taking in addition the condition that 
6 and ff are so small, that their squares and higher powers 
may be neglected. With these our equations become 

d^x 



m 



m 



de 

d^z 

de 



= ^T6+Tff, 



^mg^T+T\ 



26—2 
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Andy to a sufficient approximation. 

Hence, T' == rag, and r= (m + m') g, 

maj^^=-{m-^rn)gd-\''m;gff, 

Introducing an indeterminate multiplier, and adding, 

Let Xj, X^ be the roots of the equation 

X a __ X — 1 

m + Xm' a m + m ' 

Evidently one is positive and the other negative, ani 
the form of the equation shews that for both w + W i 
positive. 



Put 



6 = 5+ — r^— .- 5' = 5 + A;^, suppose. 
^ m + Xm a ' ^^ 



Then the above equation gives 

d'<i> g m + m' 
dr ' a m + Xm ^ 
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By the recent remark the coefficient of <^ is positive for 
both values of \ ; let its values be n^ and n*, and we have, 
Aj, <f>^j A,, <^,, being the corresponding values of k and <^, 

^^^e-\-\ff=^a^ cos {n^t + /8i), 
^, = ^ + i/ = a,cos(w,< + ^^, 

where «!, a,, iS^, /S,, are arbitrary constants. 

Hence, 
1 



e^ 



T — T {h'Xi COS {n,t + A) - hois cos (n,« + /9a)}> 

A/j ~" /Cj 



5' = r r- {Oi COS {rijt + )8i) " ^a COS (n^^ + fi^) }. 

/Cj "~ /i72 

J/} Jff 

Having given the initial values of ^, 6\ -r- and -rr > we 

find tti, Oj, iSi, )9j, and thus the solution is complete. It may- 
be noticed that the values of 6 and may be found at any 
time by taking the algebraic sum of the corresponding values 
of the inclinations to the vertical of two pendulums whose 

27r 27r 

times of oscillation are — and — . Also, if w,, n,,, be com- 

mensurable, the system will in time return to its first position, 
and the motion will be periodic. 

A very sKght modification of the process gives us the 
result of small displacements not in one plane : but the stu- 
dent may easily work out these for himself. 

We have here a simple example of the principle of the 
Coexistence of Small Oscillations ; but this principle, for 
its satisfactory treatment, requires in general the use of 
D'Alembert's Principle ; which, though (§ 74) merely a corol- 
lary to the Third Law of Motion, and clearly pointed 
out by Newton as such, is beyond the professed limits of 
the present treatise. 
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351. The examples, which have just been given, may 
suffice to convey an idea of the mode of applying our methods 
to any proposed case of motion of two constrained particles. 
These methods are applicable to more complicated cases, when 
more particles than two are involved ; but nothing would be 
gained by such a proceeding, as D'Alembert's Principle sup- 
plies us with a far simpler mode of investigating the motions 
of any system of free or connected particles : especially when 
it is simplified in its application by the beautiful system 
of Generalized Coordinates introduced by Lagrange. See 
Thomson and Tait's Natural Philosophy ^ § 329. 



EXAMPLES. 

(1) Two spheres whose masses are M and M' are placed 
in contact, and one of them is projected in the line of centers 
with velocity V. If the law oi attraction be ZT*, find where, 
and after what time, they will meet. 

(2) If the sun were broken up into an indefinite number 
of fragments, uniformly filling the sphere of which the earth's 
orbit is a great circle, shew that each would revolve in a 
year. 

(3) A thin spherical shell of mass M is driven out sym- 
metrically by an internal explosion. Shew that if, when the 
shell has a radius a, the outward velocity of each particle be v, 
the fragments can never be collected by their mutual attrac- 
tion unless 

a 

(4) Two equal particles are initially at rest in two 
smooth tubes at right angles to each other. Shew that 
whatever be their positions, and whatever their law of 
attraction, they will reach the intersection of the tubes 
together. 
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(5) In last question suppose the original distances from 
the intersection of the tubes to be a, J, and the attraction as 
the square of the distance inversely, find the future paths 
if at any instant the constraint is removed. 

(6) A number of equal particles, attracting each other 
directly as the distance, are constrained to move in parallel 
tubes ; if the positions of the particles be given at the com- 
mencement of the motion, determine the subsequent motion of 
each ; and shew that the particles will oscillate symmetrically 
with respect to the plane perpendicular to the tubes which 
passed through their center of inertia at the commence- 
ment of the motion. 

(7) Two given masses are connected by a slightly elastic 
string, and projected so as to whirl round ; find the time of a 
small oscillation in the length of the string. 

Give a numerical result, supposing the masses to weigh 
1 lb. and 2 lbs. respectively, and the natural length of the 

string to be 1 yard, and supposing that it stretches — th inch 

for a tension of 1 lb, 

(8) Two equal masses jJf, are connected by a string 
which passes through a hole in a smooth horizontal plane. 
One of them hanging vertically, shew that the other describes 
on the plane a curve whose differential equation is 

d6^ ^ 2 2AV "" ^' 
and that the tension of the string is 



(9) Two equal particles connected by a string are placed 
in a circular tube. In the circumference is a center of force 

oc y. . One particle is initially at its greatest distance from 
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the center of force, shew that if t?, v be the velocities witi 
which they pass through a point 90* firom the center d 
force. 

J? •! 

cM + c*** =1. 

(10) Two equal balls repelling each other with a force 

1 . ' . 

oc -j^ hang from the same point hj strings of length L Shew 

that if when in equilibrium, the strings making an angle 22 
with each other, they be approximated by equal small arcs, 
the time of an oscillation is the same as that of a pendulum 
whose length is 

Z cos a 

1 + 2 cos* a * 

(11) One of two equal particles connected by an inelastic 
string moves in a straight groove. The other is projected 
parallel to the groove, the string being stretched ; determine 
the motion, and shew that the greatest tension is four times 
the least. 

(12) Two particles are connected by an elastic string of 
length 2a, and one is projected perpendicularly to the string 
when it is unstretched. Shew that in the relative orbit 



or p ^ ' 

(13) Two equal particles connected by a rigid rod moTe 
on a vertical circle. If they be slightly disturbed from the 
higher position of equilibrium, determine the motion. 

Also find the time of a small oscillation about the position 
of stable equilibrium. 

(14) Two particles P and Q are connected by a rigid rod. 
P is constrained to move in a smooth horizontal groove. If 
the particles be initially at rest, PQ making a given angle 
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'■with the groove in a vertical plane through it, find the velo- 
"Icity of Q when it reachea the groove, and shew that Q's path 
^ in the vertical plane is an ellipse. 

(15) A particle of mass m has attached to it two equal 

weights m' by means of etriogs passing over pulleys in tlie 

same horizontal plane, and is initially at rest halfway between 

■'them. Determine the motion. Shew that if the dislanee 

;, hetween the pulleys be 2a, the velocity of m will be zero 

" when it has fallen through a space 



and that it will have its greatest velocity when passing 
through its position of statical equilibrium. (§ 78.) 

(16) Two masses M, M' are connected by a stri% whicli 
.'.passes over a smooth peg. To M' is attached a string wliich 
': supports a mass m sucn that M' +m = M, and m is displaced 
^'through an angle a. Investigate the motion, supposing m so 
; small that the horizontal motion of M' may be neglected. 
Shew that the string M'm will be vertical after the time 



\gj jo\co8 f — cosa/ 
where \ is the length of M'm. 



GENERAL EXAMPLES. 

(1) A spiral spring is stretched an inch by each addi- 
tional pound appended to its lower endj find the gicalest 
. velocity which will be acquired by a mass of 20 lbs. appended 
to the unstretehed spring and allowed to fall 

Also find how far the mass will fall, and the time of a 
, complete oscillation. 
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(2) Find the form of the hodograph, and the law of itj 
description, for any point of one circular disc rolling uni* 
formly on another. Hence, find the force under which a frefr.j 
particle will describe an epitrochoid, as it is described by a 
point of the uniformly rolling disc. 

(3) Find the law of the force when the brachistochrone 
is an ellipse with the center of force in its focus. 

(4) A rod slides between two rough parallel horizontal, 
bars, in a plane perpendicular to the bars : determine the 
motion while it is rectilinear, but neither horizontal nor 
verticaL 

(5) Determine the (unresisted) motion of a mass pro- 
jected vertically at a given point of the earth's surface with 
velocity of 7 miles per second* 

(6) Apply the principle of varying action to the deter- 
mination of the (unresisted) motion of a projectile, 

(7) Shew that the action and time, in any arc of thej 
ordinary brachistochrone commencing at the cusp, are repi 
sented by the area and arc of the corresponding segment 
the generating circle. 

(8) In the parabolic motion of a projectile, the action is 
represented by the area included between the curve, the 
directrix, and the two vertical ordinates : and the time by thu 
intercept on the directrix, 

(9) Given a central orbit, and the law of its description, 
find the differential equation of a curve such that if tangenta 
be drawn to it from any two points of the orbit, the actioa 
shall be represented by the area included by these tangents 
and the two curves.. 

(10) A particle moves in a given line, under the action 

da 
of a force = — /x« "f T ' ^^^ * given impulse acts on it; 

alternately in opposite directions in its line of motion, at 
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intervals each eqaal to T. Find tlie resultant periodic 
motion. (This 13 the general problem of the motion of the 
pendulum of an electrically-controlled clock.) 

(11) The point of auapensioa of a simple pendulum hag 
a horizontal motion expressed by 



Find the effect on the motion of the pendulum, especially 

when 

a Q 
m'-f, 

or nearly so, I being the length of the pendulum. 

(12) Determine the most general (small) motion of a 
heavy particle attached at a given point to a stretched elastic 
Btrmg, Shew that it -will vibrate with equal rapidity in 
all directions of displacement, however much the string he 
stretched, provided the particle be placed at a distance lium 
oue end equal to half the length of the unstretched string. 

j (13) A particle P describes an ellipse freely under tlie 
attractiomof a second particle Q which is constrained to move 

■ along the major axis; G, but not P, is attracted to the 
center; find the laws of the attractions that P(7 may be always 

I the normal at P. 

I If it were conceivable that P should repel G with the same 
[force that Q attracts P, a certain relation between the mas.ses 
'of the two particles would render imnecessary any force to tlio 
[center. 

I (14) A particle P describes an ellipse P with unifoi-m 
'Telocity under the action of two equal I'orcea, one directed 
^towards the focus 8, and 'proportional to CD", and the other 
itowards the other focus H; CD being the semidiameter con- 
; jugate to CP. Shew that n = - 2. 

(15) A particle P is attached to a point Q by a wire 
Iwithout weignt, and is acted on by a force whose accelerating 
!effect varies as the distance from a point to which it tends ; 
[prove that, if ^ be constrained to move in a cucle with the 
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same velocity as a free particle would describe that cii 
under the action of the force, P will in all cases move i 
formly relatively to Q in a plane parallel to a fixed plane. 
Q(? be the length of the wire, shew that, if F be ever at i 
its absolute path will be a straight line. 

(16) A number of equal heavy particles are fastened 
equal distances a on an inelastic string, and placed in cent 
in a vertical line ; shew that if the lowest be then allow* 
to fall freely the velocity with which the n"* begins to movt 
is equal to 



^ 



(n^l)(2n-l) 
^ 3n 



(17) Two particles, of masses m and m* respectively, ai 
connected by a light elastic string of modulus 2a. The systei 
is then suspended from a smooth pulley and so adjusted t 
each particle is at a distance a from the pulley. If the sys 
be then left to itself and yy be the distances of the partic 
from their original positions at the time t, then 

my --my =(w — m)^. 

(18) A particle attached to the end of a string rests 
a smooth horizontal table ; the string passes through a sm^ 
hole in the table through which it is pulled with unifo 
velocity ; prove that if the particle be acted upon by a foi 
inversely proportional to its distance from the hole, and ptf 
pendicular to the string, it will describe if properly projecto 
an equiangular spiral. 

(19) A center of force which attracts a particle of mass 
with a force mw x distance, moves in the circumference 
a circle of radius a with uniform angular velocity «;, and 
particle is placed midway between the centre of force andt 
centre of the circle ; if r and 6 be its polar coordinates wh 
the centre of force has moved through an arc a^, prove that 



= |(l + ^j ,.^ + ^ = tan^, 
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the center of the circle being the pole, and the initial line 
passing through the initial position of the particle. 

(20) Three particles each of mass m are lying on a smooth 
, horizontal table io a straight line joined together by two 
Btrings, each of length a. The two outer particles are pro- 
jected simultaneously with the same velocity v in a direction 
perpendicular to the strings, prove that 

/d0\' «' 1 



I \dtj a'2-co32^' 

, where is the angle the string joining the middle particle with 
either of the other two has turned through in any time, 

(21) Three particles are joined by two eqnal strings and 
are placed in one straight line on a smooth table ; if the middle 
one be projected perpendicular to the string with a velocity ] ', 
the velocity of the other two when they impinge is 



(22) Two heavy particles are joined by a string which 
passes through a small ring, the particles are held in the same 
horizontal line, and the string is tightened and then let go; 
if p, p be the radii'of curvature of their paths initially, a, a 
the initial lengths of the portions of the string, m, m' their 
niasses, shew that 

m m , 1 1 1 1 

— = -7 and - + -=-+-. 
p p . a a p p 

. (23) Investigate the equation of motion of a chain con- 
strained to jndve in a fine tube under the action of given 
forces, 

A heavy chain of length 4a is coiled up on a horizontal 
table at the distance a from one edge of the table, and one 
end of the cfaaiti is then drawn out at right angles to tlie edge 
and just over it ; the height of the table above the floor being a, 
^investigate completely the motion of the chain. 
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(24) An elastic string of length a, mass ma, is placed ^ 
a tube In the form of an equiangular spiral with one ei 
attached to the pole. The plane of the spiral is horizoni 
and the tube is made to revolve with uniform angular vel 
city 6> about a vertical axis through the pole ; prove that H 
length, when in relative equilibrium, is given by the equatic 

, tan 6 

where il>^ato cos a a/ — . 

(25) A heavy particle is suspended from a fixed point bj 
an elastic string, and performs small oscillations in a vertia 
direction ; supposing the string uniform in its natural stall 
and of small finite mass, shew that the time of oscillation wil 
be approximately the same as if the string were without weigl 
and the mass of the particle increased by one third of that 
the string. 

(26) The resistance of "the aether to a planet or coidC 

dV 1 
moving with the velocity V being assumed to be Z; -j- and 

the sun's attraction being ^ , obtain the following exa( 
equations : 

at 

Obtain also the differential equation of the orbit in tb 
form 



c 



dd) "^^ "" A-(l-A:)^-*' 



(27) A body moves in a plane about a fixed point under 
the action of given forces. If the areal velocity and the fr 
rection of motion of the body at a proposed point be knowi»i 
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find the semi-latus-rectum of the elliptic orbit which has a 
contact of the second order with the real orbit at that point, 
its focus being at the given fixed point. 

Also find the changes produced in an indefinitely small 
time in the eccentricity and in the position of the apse in 
this elliptic orbit in terms of the corresponding change of 
the semi-latus-rectum. 

(28) Prove that the apparent path of a comet on the 
celestial sphere u concave or convex towards the sun's apparent 
place according as the comet or the earth is nearer to the sun. 

(29) It has been found by comparing theory with obser- 
vation that the perihelion of Mercury progresses at a rate 
greater by a than that due to the attraction of known bodies ; 
shew that this increment would be accounted for if the law of 

force tending to the sun were ^ + ^ , and if /Lt' == a a/ - , the 

orbit being supposed to be nearly a circle and the mean dis- 
tance to be c. 

(30) A comet moving in a parabolic orbit makes a near 
approach to a planet; point out from general considerations 
the circumstances under which the orbit of the comet is 
rendered elliptic or hyperbolic. 



APPENDIX. 

A. On the ifUegratum of the equations of motion ahaut a 
center offeree. 

In general (Chap* V.), the problem of central forces is 

Bolved by considering the equation connecting w [ or - j and 9, 

and employing the resulting integrated relation between r and 
to find u in terms of t from the law of equable description 
of areas. If we try to express r and separately, in teras 
of t, without first determining the form of the orbit, we are 
led to a host of curious results which may be easily obtained;, 
80 easily indeed, that we shall merely notice one or two of 
them. 

From the usual equations for motion about a center, tie. 

~de r' 

where P is the acceleration due to the central force, we get 
at once 

and fl,_+y^ = -Pr. 

Adding, we have immediately, 
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This, for any aasigned form of P in tenns of r, will 
evidently give us r" in terms of i. 

Now there is a remarkable case in which r" can be 
generally expressed as a rational integral fdnction of t. Sup- 
pose 



2JPdr-B-==C 



■(3), 



therefore r^ = A + 2Bt+C^ (3). 

From (2) we find by differentiation 

therefore Px-i. 

Hence the case in queation is that of the inverse third power. 
[ It may be worth while to find 6 in terras of *, and to obtain, 
by elimination of (, the equations of the orbits which are 
possible with snch a force. 

We have, in all central orbits, 



Hence, in the present case, by (3), 
dt A + lBt+Ce G'7 



i 



> 
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dd ^ h 1 /.A 

There are, of coarse, four cases. 

L AG^ff. The integral of (5') is 

and r==±VCT. 

Here Cmust be/H)5tVv«. Hence 

h 



r= + 



the equation of the reciprocal spiral. 

II. ^^^,^ ^a\ (3') and (50 give 

^(e + a)=tan-^-, 
h ^ ^ a 

aC 

and therefore r^ = Ca* sec' -v- (5 + a), 

or r cos "T- (^ + «) = a/ 7y — 

III. j^^ — = — a'. Here 

^(5 + «)=-log^^, 

and r» = (7(T»-o»), 

whence, after reduction. 



»•=* 






J 



APPENDIX. 419 

IV. C=0, 



??• 



riiese are, of course, the results of the integration of the 
isual equation between u and d. [Compare Chap, V, Ex, 
[15).] 

As another case, suppose in (1) 

-2JPdr-Pr=^mr^+- (6). 

Differentiate, multiply by r', and integrate, then 

^ r 

Ilenee, in the case of the direct first power, or a combination 
ot" this with the inverse third, 

which gives, according as m is positive or negative, 

2^ \MeoBy{-2m)t + N]) 

"By means of (4), these equations give us in terms of t, 
and, the latter being eliminated, we have the required orbit, 
which becomes the ellipse or hyperbola as usual when n = 0, 
it being observed that we have an additional disposable con- 
stant introduced by the method employed in obtaining equa- 
tion (1). It is evident that results of this kind may be 
multiplied indefinitely. To classify the cases in which the 
equations for r* and in terms of t can be completely in- 
tegrated would be an interesting^ but by no means an easy 
problem. 

The method here employed 19 interesting as being that 
which 18 at once suggested by the application of Quaternions 
to the problem of Central Orbits, (Tait's Quatermems^ § 345.) 

27—2 
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B. To find the time of fall from rest dovm any arc of aa 
inverted cycloid. 

Let be the point from which the particle commences 
its motion. Draw OA ' parallel to G4, and on BA' describe 




a semicircle. Let P, F, P" be corresponding points of the 
curve, the generating circle, and the circle just drawn, and 
let us compare the velocities of the particle at P, and the 
point P". Let P"T be the tangent at F\ 



velocity of F' element at F' 
velocity ot P "" clement at P 

F'T F'T / A'B 

AB 



" BP' BF'\ 

_ AB /AB 
^2A'F'\/ AB' 

Bat velocity of P= sj{2g . AM) = ^ J^ . AP\ 
Hence velocity of P" = A/g^' ^'^> * constant 
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And, as the length of A'F'B is ^ . A'B, 

ime from ^' to £ in circle = time from to £ in cycloid 

AB 



lAB 



^9 

Cor. It is evident from the proof, that the particle de- 
scends half the vertical space to B in half the time it takes 
to reach B. ^ 

C. To find the nature of the hrachistochrone^ gravity being 
the only impressed force. 

The following is founded on Bernoulli's original solution, 
(WOODHOUSE, Isoperimetrical Problems.) 

From Art. 191 it is evident that the curve lies in the ver- 
tical plane which contains the given points. Also it is easy 
to see that if the time of descent through the entire curve is 
a minimum, that through any portion of the curve is less 
than if that portion were changed into any other curve. 

And it is obvious that, between any two contiguotis equal 
tallies of a continuously varying quantity, a maximum or 




n 
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minimum must lie. [This principle, though excessively simple 
(witness its application to the barometer or thermometer), is of 
very great power, and often enables us to solve problems of 
maxima ana liiinima, such as require in analysis not merely 
the processes of the Differential Calculus, but those of tb 
Calculus of Variations. The present is a good example.] 

Let, then, PQ^ QR and PQ^ QR be two pairs of inde- 
finitely small sides of polygons such that the time of de- 
scending through either pair, starting from P with a given 
velocity, may be equal. Let ($Q be horizontal and indefi- 
nitely small compared with PQ and QR, The brachisto- 
chrone must lie between these paths, and must possess any 
property which they possess in common. Hence if v be the 
velocity down PQ (supposed uniform) and t?' that down QRf 
drawing Qm, Q'n perpendicular to RQf^ PQ^ we must have 

Qn_ Qm 

V V 

Now if d be the inclination of PQ to the horizon, ff that of 
QRy Qn^ QQ' cos ^, Q'm = QQ' cos 0'. Hence the above 
equation becomes 

cos _ cos 0" 

/ • 

V V 

This is true for any two consecutive elements of the required 
curve ; therefore throughout the curve 

V Qc cos 0. 

But v^ QC vertical space fallen through. (§ 180.) Hence the 
curve required is such that the cosine of the angle it makes 
with the norizontal line through the point of departure varies 
as the square root of the distance from that line ; which is 
easily seen to be a property of the cycloid, if we remember 
that the tangent to that curve is parallel to the corresponding 
chord of its generating circle. For in the fig. p. 186, 

cos OP'N=^ cos OAF = ^ = \/z^^ ^'*^" 
The brachistochrone then, in the case of gravity being the 
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only impressed force, is an inverted cycloid whose casp is at 
tlie point from which the particle descends. 

C^. Were there any number of impressed forces we might 
suppose their resultant constant in magnitude and direction 
for two successive elements. Then reasoning similar to that 
in § 191 would shew that the osculating plane of the brachis- 
1:ochrone always contains the resultant force. Again we 
should have as in last Article, 

cos tf _ COS & 

i^irhere is now the complement of the angle between the 
curve and the resultant of the impressed forces. 

Let that resultant = F^ and let the element PQ = S^, and 
ff ^O-V Bd. Then since Fia supposed the same at P and Q, 

«;" - v" = 2FSs sin d (by Chap. IV.), 

or vBv = FBs sin ft 



But t? X cos ; which gives 

Sv^ Bind 
V "" costf 



B0. 



Hence F ~ ~ i^cos 0. 

dd 

. . & 
But in the limit ^=/>, the radius of absolute curvature 

at Q^ and Fcoad is the normal component of the impressed 
force. Hence in the general brachistochrone the pressure due 
to centrifugal force equals that due to the impressed forces, 
our result of § 201. 

Cjj. Now for the unconstrained path from P to jB we 
have fvda a minimum. Hence in the same way as before, 
<^ being the angle corresponding to ^, t; cos ^ = v cos ^' from 
element to element, and therefore throughout the curve, if the 
direction of the force be constant 
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But In the brachistochrone, 

cos 6 ^co%ff 

Now if the velocities in the two paths be equal at any 
equipotential surface, they will be equal at every other. 
Hence taking the angles for any equipotential surface 

cos 6 cos ^ = constant. 

As an example, suppose a parabola with its vertex up- 
wards to have for directrix the base of an inverted cycloid; 
these curves evidently satisfy the above condition, the one 
being the free path, the other the brachistochrone, for gravity, 
and the velocities being in each due to the same horizontal 
line. And it is seen at once that the product of the cosines 
of the angles "^Jv^hich they make with any horizontal straight 
line which cuts both is a constant whose magnitude depends 

• . 11 

on that of the cycloid and parabola, its value being * /— 

where I is the latus rectum of the parabola, and a the dia* 
meter of the generating circle of the cycloid. 

D. To shew that of two curves hath concave in the sense 
of gravity f joining the same points in a vertical plane and net 
meeting in any other pointy a particle vnll descend the enveloftd 
in less time than it will the enveloping curve; the initial velocttg 
being the same in both cases. 

Take the axis of a; as the line to a fall from which the 
initial velocity is due, and the axis of y in the sense of 
gravity, then 

dx 






r-^^ «^ 
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(since the limits are constant), 

f's J r i VCl + P*) .! f g 

] 






N/yCi+p")* 



yVy (!+;>')* 






J Xi 



X 



2/ Vy (1 -f y)^ 



Now the curve is convex to the axis of a?, hence yq^ is 
positive, and by (1) V^ ^^d V(l +i>') have the same sign. 
Hence the sign of 8^^ is the opposite of that of Sy, and for an 
enveloping curve hy is negative. Hence the time of fall will 
be longer. 

We may thus pass from one curve to any other enveloping 
one, even situated at a finite distance, provided the latter be 
concave throughout; else the multiplier of Si/ . ^ in the in- 
tegral might change sign between the limits. (Bertrand, 
Liouviiya Journal, Vol. Vil.) 

A simple geometrical proof of this theorem may easily be 
obtained by drawing successive normals to the inner curve 
and producing them to meet the outer. The velocities in the 
pairs of arcs, thus cut out of the two curves, are equal (if the 
curves be indefinitely close), but the arcs themselves are 
generally longer in the outer curve, since the convexity of 
the inner curve is everywhere turned to it. 

E. Ta find the curve in which the time of descent to the 
lowest point is a given function ^ (a) of a, the vertical height 
fallen through. 



fa ^g 
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Hence, the problem may be thus stated. 

Having given ^ (a) = 1 -j= , 

J V a — X 

ichere <f> is a known functiouy find s in terms of x. 
Consider the integral (Gregory's Examples^ p. 471) 

(where a and y3 are each positive). 
Let /8 = 1 — », where n < 1, then 



j.(i-i,r r(a+i-«)- 



Next put y — -, the limits are and a, and 

W a f * o"'^J8"'' dz _ TaV (1 - w ) , 
/ «y~J, («-«)• r(a+l-n)' 



or 



(' z'-^dz rar(l-w) .^ 
j, (a-^r'rCa+l-n)* ' 



Hence 



j. (a;-a)'-"i. (a-a)*~r (a + l-n)]. (x-a/-"* 
But, putting a = fr, we have 

j, (a;-ar-j, (»-^)'- -'' J. (1 -ir 

. r(a-n+i)r« 

bj the formula already cited. 
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Hence 

r* da p g*'V^ _ e ^a^(l-n)^(7^) 



= a; — 



a sm nTT 



Now, let 



j^(a)a:*rfa=/(a:), 
wlience I ^ (a) aa?"~* dd =f'{x)j 

and U{(^)oLSi'^'d2=f(z); 

then multiply the terms of the last equation by a^ (a) da, and 
integrate. We have 

r da ../«^W«"*^a-^^ ^ r 

r da rf{z)dz TT -, , 

Now if the datum of the problem had been 

^ W ~ I 7 vi » ^® should have had 

f' 4>{ fl)da ^ r da f' da 



8. 



am tiir 



Hence, as in the given problem we have w = i 

^ 1 r 4>{a)da 
-^h {x^a)^' 

-which is the required expression, (Abel, CEuvreSy Tom. i.) 
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Ex. L Suppose the Tautochrone be required 



Here s 



or 



^ ^(2g)t, r' da ^ 2V(2(y)f, ^^. 

Sot* 
8* s= -^ a; ; the cycloid, as in § 182. 



a 



Ex, 11. Let (f) (a) = ^(25^) - , that is, let the time be pr 



portional to the vertical height fallen through. 



Here 



irca 



^ f * ada _ 
^0 (x — a)^ 



V(2<7)^ Jo (a? -a)* 
tion of the required curve. 



.r^)r(i) 
r(2+i) 



-a^, the equa- 



THE END. 
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